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ABSTRACT 

In this dissertation, numerical solution of mixed convective laminar boundary layer flow 
around a vertical slender body with suction or blowing has been investigated. Firstly, the 
governing boundary layer partial differential equations have been made dimensionless and 
then simplified by using Boussinesq approximation. Secondly, similarity transformations are 
introduced on the basis of detailed analysis in order to transform the simplified coupled 
partial differential equations into a set a ordinary differential equations. The transformed 
complete similarity equations are solved numerically by using computer software. The flow 
phenomenon has been characterized with the help of obtained flow controlling parameters 
such as suction parameter, buoyancy parameter, Prandtl number, body-radius parameter and 
other driving parameters. Finally the effects of involved parameters on the velocity and 
temperature distributions are presented graphically. It is found that a small suction or 
blowing can play a significant role on the velocity and temperature fields. 
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CHAPTER 1 

Introduction and Literature Review 

Fluid dynamics is a subject of widespread interest to researcher and it become an obvious 

challenge for the scientists, engineers as well as users to understand more about fluid motion. 

An important contribution to the fluid dynamics is the concept of boundary layer flow 

introduced first by L. Prandtl [50]. The concept of the boundary layer is the consequence of 

the fact that flows at high Reynolds numbers can be divided into unequally spaced regions. A 

very thin layer (called boundary layer) in the vicinity (of the object) in which the viscous 

effects dominate, must be taken into account, and for the bulk of the flow region, the 

viscosity can be neglected and the flow corresponds to the in viscid outer flow. Although the 

boundary layer is very thin, it plays a vital role in the fluid dynamics. Boundary layer theory 

has become an essential study now-a-days in analyzing the complex behaviors of real fluids. 

The concept of boundary layer can be used to simplify the Navier-Stocks' equations to such 

an extent that the viscous effects of flow parameters are evaluated, and these are useable in 

many practical problems (viz the drag on ships and missiles, the efficiency of compressors 

and turbines in jet engines, the effectiveness of air intakes for ram and turbojets and so on). 

Further the boundary layer effects caused by free convection are frequently observed in our 

environmental happenings and engineering devices. We know that if externally induced flow 

is provided and flows arising naturally solely due to the effect of the differences in density 

caused by temperature or concentration differences in the body force field (such as 

gravitational field), this type of flow is called 'free convection' or 'natural convection' flow. 

The density difference causes buoyancy effects and these effects act as 'driving forces' due 

to which the flow is generated. Hence free convection is the process of heat transfer which 

occurs due to movement of the fluid particles by density differences associated with 

temperature differences in a fluid. In such case, the free stream velocity falls away, in deed, 

no reference velocity does a priori exist. If the density in the vicinity of the object is kept 

constant, natural convection flow can not be formed. Thus, the natural convection is an effect 

of variable properties, where there is a mutual coupling between momentum and heat 
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transport. The direct origin of the formation of natural convection flows is a heat transfer via 

conduction through the fixed surfaces surrounding the fluid. If the surface temperature is 

4 
greater than that of ambient fluid, heat is transferred from the plate to the fluid leads to an 

increase in temperature of the fluid close the surfaces and to a change in the density, because 

it is temperature dependent. If the density decreases with increasing temperature, buoyancy 

forces arise close to the surface and warmer fluid moves upwards. Such buoyancy forces are 

proportional to the coefficient of thermal expansion fiT' defined as 

,where p, land p are density, temperature and pressure respectively. 
p 1  ( 1110  )p= constant 

It is observed that fi.. = for a perfect gas, and we see that stream is well approximated by 

the perfect-gas result /37.T = 1 at low pressure and high temperature. Also /3 <- for a 

liquid and may even be negative, and /3. > for imperfect gas, particularly at high 

pressure. /37  is also useful in estimating the dependence of enthalpy 'h' on pressure, from 

dp 
the thermodynamic relation dli = c1 1J + (1 - /37.1 )-, where I is the absolute temperature. 

p 

For the perfect gas, the second term vanishes, so that h h(T) only. The natural convection 

studies begun in the year 1881 with Lorentz and continued at a relatively constant rate until 

recently. This mode of heat transfer occurs very commonly, the cooling of transmission lines, 

electric transformers and rectifiers, the heating of rooms by use of radiators, the heat transfer 

from hot pipes and ovens surrounded by cooled air, cooling the reactor core (in nuclear 

power plant) and carry out the heat generated by nuclear fission etc. The Mixed convection 

flows, combined forced and free convection flows, arise in many transport processes in 

engineering devices and in nature. This follows are characterized by the buoyancy parameter 

(measure of the influence of the free convection in comparison with that of forced convection 

on the fluid flow) which depends on the flow configuration and the surface heating 

conditions. Bulks of information are now available in literature about the boundary layer 

form of natural convection flows over bodies of different shapes. The theoretical, 

experimental and numerical analysis for the natural and the mixed convection boundary layer 
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flow about isothermal, vertical porous flat plates have been carried out widely by many 

authors (viz. [13, 38, 40, 45, 57, 60, 63, 64] ) in view of its applications in many engineering 

and geographical problems. Ramanaiah et al. [52] considered the problem of mixed 

convection over a horizontal plate subjected to a temperature or surface heat flux varying as a 

power of x. 

Schmidt [56] was apparently the first researcher who investigated experimentally the 

behavior of the flow near the leading edge above a flat horizontal surface. The theoretical 

analysis of the laminar, two-dimensional, steady natural convection boundary layer flow on a 

semi-infinite horizontal flat plate was first considered by Stewartson [61] (later corrected by 

Gill, Zeh and Del-Casal [17] ). In that analysis he used the Buossinesq approximation to 

show how the boundary layer analysis could he incorporated with the natural convection on 

rectangular plates, which are of high plane form aspect ratio. 

Rotem and claassen [54] investigated the boundary layer equation over a semi-infinite 

horizontal surface of uniform temperature and results were presented for some specific 

values of Prandtl number with its limits from zero to infinity. The effect of buoyancy forces 

that exist in boundary layer flow, over a horizontal surface, where the surface temperature 

differs from that of ambient fluid, was studied by Sparrow and Minkowycz [59]. The free 

convection above a heated and almost horizontal plate has been treated by Jones [31]. 

The problem of mixed convection due to a heated or cooled vertical flat plate provides one of 

the most basic scenarios for heat transfer theory and thus is of considerable theoretical and 

practical interest and has been extensively studied by Sparrow et al. [65], Wi!ks [68], Afzal 

and Banthiya [5], Hunt and Wilks [24], Lin and Chen [35], Hussain and Afzal [27], Merkin 

et al. [42] etc. However, the problem of forced, free and mixed convection flows past a 

heated or cooled body with porous wall is of interest in relation to the boundary layer control 

on airfoil, lubrication of ceramic machine parts and food processing. Watanabe [69] has 

considered the mixed convection boundary layer flow past an isothermal vertical porous flat 

plate with uniform suction or injection. Satter [62] made analytical studies on the combined 

forced and free convection flow in a porous medium. Further, a vast literature of similarity 

solution has appeared in the area of fluid mechanics, heat transfer, and mass transfer, etc. as 

it is one of the important means for the reduction of a number of independent variable with 
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simplifying assumptions. It is revealed that the similarity solution, which being attained for 

some suitable values of different parameters, might be thought of being the solution of the 

4 
convective boundary-layer context either near the leading edge or far away in the 

downstream. Deswita et al. [13] obtained a similarity solution for the steady laminar free 

convection boundary layer flow on a horizontal plate with variable wall temperature. 

The boundary layer type of the natural convection flow, which occurs on the upper surface of 

heated horizontal surface has been investigated theoretically and experimentally by among 

other, Rotem and Claassen [55], Pera and Gebhart [47 , 48] and Goldstein, et a! [18]. It is 

seen from their experiments and also from the flow visualization of Husra and Sparrow [23] 

that a boundary layer starts from each edge of a plate edge, each boundary layer having its 

leading at a straight-side plate edge. The boundary layer development occurs normal to the 

corresponding edge so that collisions between opposing boundary layer flows occur on the 

plate surface. After collision, the fluid cheeked in the boundary layer fonns a rising buoyant 

plume. 

Furthermore, the study of complete similarity solutions of the unsteady laminar natural 

convection boundary layer flow about a heated horizontal semi-infinite porous plate have 

been considered by Hossain et al. [25, 26] even the solution of a system of coupled partial 

differential equations with boundary conditions is often difficult and even impossible to solve 

with the usual classical method. Thus, it is imperative to reduce the number of variables from 

the system which reached in a stage of great extent. Similarity solution is one of the 

important means for the reduction of a number of independent variables with simplifying 

assumptions and finally the system of partial differential equations reduces to a set of 

ordinary differential equations successfully. The similarity solutions in the context of mixed 

convection boundary layer flow of steady viscous incompressible fluid over an impermeable 

vertical flat plate were discussed by Ishak et al. [29]. Ramanaiah G and Malarvizhi G. [53] 

studied the similarity solutions of free, mixed and forced convection problems in a saturated 

porous media. 

In 1978, Johnson and Cheng [30] examined the necessary and sufficient conditions under 

which similarity solutions exist for free convection boundary layers adjacent to flat plates in 

porous media. The solutions obtained in their work were more general than those appearing 
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in the previous studies. With a parameter associated with the body shapes a similarity 

solution on the natural convection flow has also been studied by Pop and Takhar [49]. 

Ferdows Ct at. [1 5] have been made a similarity analysis for the forced as well as free 

convection boundary layer flow of an electrically conducting viscous incompressible fluid 

past a semi-infinite non-conducting vertical porous plate by introducing a time dependent 

suction. 

Most of the above analysis were based on the Buossinesq approximation and have been 

concerned with the seeking of similarity solutions in which the plate temperature varies with 

the distance from plate leading edge. In this approximation thus density, viscosity, thermal 

conductivity and specific heat variations are ignored except for the necessary inclusion of the 

density-variation in the body force term. 

An analysis is performed by Chen et al. [9] to study the flow and heat transfer characteristic 

of laminar natural convection in boundary layer flows from horizontal, inclined and vertical 

plates with power law variation of the wall temperature. 

In most of the above analysis the boundary layer of the natural convection flows were 

considered over heated or uniformly heated horizontal vertical, horizontal or near horizontal, 

semi-infinite, rectangular porous plates. The surface is impermeable to the fluid, so that there 

is no transpiration i.e., suction or blowing velocity normal to the surface. This led to the 

kinematic boundary condition v, = 0. 

The problem of boundary layer control has become very important factor; in actual 

application it is often necessary to prevent separation. The separation of the boundary layer is 

generally undesirable, since separated flow causes a great increase in the drag experienced by 

the body. So it is often necessary to prevent separation in order to reduce pressure drag. 

Suction (or blowing) is one of the useful means in preventing boundary layer separation. The 

effect of suction consists in the removal of decelerated particles from the boundary layer 

before they are given a chance to cause separation. The surface is considered to be permeable 

to the fluid, so that the surface will allow a non-zero normal velocity and fluid is either 

A. 
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sucked or blown through it. In doing this however, no-slip condition u = 0 at the surface 

(non-moving) shall continue to remain valid. 

In driving the boundary layer equation, it is anticipated that the v-component of the velocity 

is small quantity of the order of magnitude 0 Re 2  and it is assumed that the suction (or 

blowing) velocity v. = 0 normal to the surface has its magnitude of order (characteristic 

Reynolds number) 12 . The consequence of this is that outer flow is independent of v,, and 

the boundary condition at the surface is given by y 0; u 0, v = v,,.(x). 

Suction or blowing causes double effects with respect to the heat transfer. On the one hand, 

- 

the temperature profile is influenced by the changed velocity field in the boundary-layer, 

leading to a change in the heat conduction at the surface. On the other hand, convective heat 

transfer occurs at the surface along with the heat conduction forvH 0 . A summary of flow 

separation and its control can be found in Chang [6, 7]. 

The study of natural convection on a horizontal plate with suction and blowing is of huge 

interest in many engineering applications, for instance, transpiration cooling, boundary layer 

control and other diffusion operations. The effects of blowing and suction on forced or free 

convection flow over vertical as well as horizontal plates were analyzed in a systematic way 

by Gortler [19], Sparrow and Cess [58], Koh and Hartnett [32], Gersten and Gross [16], 

Merkin [37, 39], Vedhanaygarm, Altenkirch and Eichhorn [66], Hasio-Tsung and Wen-Shing 

[22], Merkin [41] and Acharya, Shing and Dash [1] etc. 

Using the usual asymptotic approach, the similar solutions of the steady natural convection 

boundary layer for a non-similar flow situation on a horizontal plate with large suction 

approximation has been developed by Afzal and 1-lussain [3]. A detailed study on similarity 

solutions for free convection boundary layer flow over a permeable wall in a fluid saturated 

porous media was carried out by Chaudhary et al. [8]. They have shown that the system 

depends on the power law exponent and the dimensionless surface mass transfer rate. They 

also examined the range of exponent under which the solution exists. With constant plate 

temperature and particular distribution of blowing rate Clarke and Riley [11] obtained a 
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special case of similarity solution, allowing variable fluid density. But there is still a shortage 

of accurate data for a wide range of both suction and blowing rate. Lin and Yu [34] presented 

a non-similar solution for the laminar free convection flow over a semi-infinite heated 

upward-facing horizontal porous plate with suitable transpiration rate as a power-law 

variation. Emphasis was given for an isothermal plate under the condition of uniform 

blowing or suction. Lately, using a parameter concerned pseudo-similarity technique of time 

and position coordinates, Cheng and Huang [10] studied the unsteady laminar boundary layer 

flow and heat transfer in the presence and absence of heat source or sink on a continuous 

moving and stretching isothermal surface with suction and blowing. In their analysis they 

paid attention on the temporal developments of the hydrodynamic and thermal characteristics 

after the sudden simultaneous changes in momentum and heat transfer. Recently, an analysis 

is performed by Aydin, 0. and Kayato, A. [4] for the laminar boundary layer flow over a 

porous horizontal flat plate, particularly, to study the effect of uniform suction/injection on 

the heat transfer. Using the constant surface temperature as thermal boundary condition they 

also investigated the effect of Prandtl number on heat transfer. 

Recently, Hossain and Mojumder [21] presented the similarity solution for the steady laminar 

free convection boundary layer flow generated above a heated horizontal rectangular surface. 

They investigated the effect of suction and blowing on fluid flow and heat transfer as well as 

skin friction coefficients. They also found that suction increased skin-friction and heat 

transfer coefficients whereas injection caused a decrease in both. 

1-lossain et al. [28] obtained a complete similarity solution of the unsteady laminar combined 
free and forced convection boundary layer flow about a heated vertical porous plate in 
viscous incompressible fluid and investigated the effects of several involved parameters on 
the velocity and temperature fields and other flow parameters like skin friction, heat transfer 
coefficients across the boundary layer. The combined free and force convective laminar fluid 
motion caused by a heated (or cooled) vertical slender body moving through a viscous fluid 
has not so far been considered for a large scale study. Van Dyke [67] successfully analyzed a 
natural convection flow near a vertical thin needle for the case of a constant surface 
temperature. Kuiken [33] has studied the axi-symmetric free convective boundary layer along 
an isothermal vertical cylinder of constant thickness. 

The problem of forced laminar flow over thin needles, such that the boundary layer thickness 
is comparable to the local needle thickness, has been investigated by Lee [36] and Narain and 
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Uberoi [44]. The combined free and force convective laminar fluid flow for the steady case 
has been studied also by Narain and Uberoi [43] for slender needles for the cases of 
isothermal wall and uniform wall heat flux. Furthermore, no attention has been paid to the 
corresponding unsteady problems of needle flows which may have applications in the field of 
aeronautics, atomic power, chemical engineering and electrical engineering etc. 

The purpose of the present study is, therefore, to find a possible similarity solution of the 
combined free and force convective laminar fluid motion caused by a heated (or cooled) axi-
symmetric slender body of finite axial length immersed vertically in a viscous incompressible 

fluid. The thermal distributions on the outer surface of the body as well as the motion of the 
body itself are assumed to be unsteady. Furthermore, throughout the investigation, the effect 

of suction or injection has been taken into consideration. We are attempted to investigate the 
effects of several involved parameters on the velocity and temperature fields and other flow 
parameters like skin friction, heat transfer coefficients across the boundary layer. We are also 
tried to calculate the role of suction or injection velocity on these parameters as well. 

-41 In attacking this problem the equations expressing conservation of mass, momentum and 
energy will be formulated in a manner which readily admits the variation of thermodynamic 
and transport properties of fluid with temperature and pressure. The governing non-

dimensional boundary layer partial differential equations are simplified first based on the 
Boussinesqu approximation. The similarity transformations are then introduced on the basis 

of detailed analysis in order to transform the simplified coupled partial differential equations 
into a set of ordinary differential equations. The transformed complete similarity equations 
are then solved numerically by using computer software. The flow phenomenon has been 
characterized with the help of obtained flow controlling parameters such as suction 
parameter, buoyancy parameter, Prandtl number and the other driving parameter. 

The numerical solutions including the velocity and temperature fields are to be presented for 
different selected values of the appeared dimensionless parameters. The influences of these 
various parameters on the velocity and temperature profiles will be exhibited in the present 
analysis. It may be expected that the effects of suction and blowing can play an important 
role on the velocity and temperature fields, so that their effects should be taken into account 

with other usefu( parameters associated. 

Here we adopt the method of classical 'separation of variables' which is of the simplest and 

most straightforward method of determining similarity solutions. This method was first 

initiated by Abbott and Kline (1960). In this method, a form of similarity variable is chosen, 

the given PDE is changed under the selected co-ordinate system. The dependent variables are 

to be expressed in terms of the product of separable functions of the new independent 

variables where each function is dependent on the single variable. Substitution of the product 



from of the dependent variables in to the original PDE generally leads to an equation in 

which no functions of single variable can be isolated on the two sides of the equation unless 

4 
certain parameters are to be specified. Usually, these parameters can be specified quite 

readily and "separation of the variables" is achieved. On this way the separation proceeds 

until the one side becomes an ODE. Four different similarity cases arise here, viz. Case A, 

Case B, Case C and Case D, on the basis of our assumptions. 

This thesis is composed of Five Chapters. An introduction of basic principles of boundary 

layer theory, natural convection flows, suction and blowing phenomena with historical 

review of earlier researches and background of our problem are presented in CHAPTER 1. 

Basic equations governing the problem, dimensional analysis with simplifying assumptions 

and similarity transformations with possible similarity case are given in CHAPTER II. In 

CHAPTER III, a detailed discussion of one of the four similarity case, namely, Case A has 

given. Under the considered condition, the numerical solutions with graphs and tables have 

also been given there for some selected values of the appeared parameters. The effects of 

these parameters on several variables will also be exhibited in the analysis. CHAPTER IV is 

concerned with the study of another similarity case (Case B). The numerical solutions with 

the graph and tables for this case are also displayed there. We also have predicted the role of 

small suction or blowing velocity on these parameters concerned. 

In CHAPTER V, the conclusions gained from this work and brief descriptions for further 

works related to our present researches are discussed. 
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CHAPTER-H 

Mathematical Formulations 

2.1 Basic Equations 

An axi-symmetric heated (or cooled) slender body of finite axial length is immersed 

vertically in a viscous fluid of variable properties. The surface temperature (=T,), the 

velocity and the temperature of the undisturbed fluid (e  and T,) close to the body 

surface but outside the boundary-layer are all general functions of x and 1. r, is the radial 

distance from the axis of symmetry to the surface of the body, x is the distance measured 

along the axis of symmetry of the body and I is the time. The physical configuration and 

the coordinate system of the problem are shown in Fig.2.1. 
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Ue 

Te 

[i 

Fig: 2.1 physical configuration and coordinate system 

Ar The influence of body force generated by buoyancy effects on the flow field near the 

surface is significant if the Froude number of such a flow field is of order unity. That is 

the non dimensional form of the buoyancy force is 

T. 
- 

g,L 
O(l) 

i;, U 2  
(2.1) 

where gv  is the gravity component in the x-direction, L is a suitable characteristic length 

and U is a suitable characteristic velocity. In attacking this problem the equations 

expressing conservation of mass, momentum and energy will be formulated in a manner 

which readily admits the variation of thermo-dynamic and transport properties of the fluid 

with temperature and pressure. 

.4'  

10 



If ii, v are the components of the velocity in the x and r directions respectively then the 

equation governing the motion of the fluid as shown in Fig. 2.1 may be written as 

follows: 

Op a a 
r—+_pru)+----prv)= 0 
at  Ox Or 

(2.2) 

Du Op 
+ v—=1_— ! I ii 

Di Ox rOr[
ir 

 Or Ox 
(2.3) 

— + 

+ a  [2p 
 o (i a Ou 

)j Ox ox rOr Ox 

Dv Op O[ 
i 

Ou')] 

+ 

2it(&vv') 

L) DtOr0x Ox Or rOr r 

0 [2,, 0 

+ 
+ i—(rv)+ 

Or Or r Or Ox 

PCP 
DT I a (

rk 
 OT (k 0T 

) 
(2.5) 

+ { .1?. + ap  +
arf 

where 

r 2 2 ' 2 ] 
+ 

aU]2  (Oz,Y (Ov Ou" I [Ov v 
I +i — +—  I 0r) r) LOx) Ox Or) J [Or r Ox 

D 0 0 0 and -—+u—+v-- 
Di at Ox Or 

Also p is the density, p is the pressure, p and 2 are the dynamic and second 

coefficients of viscosity, Tthe temperature, k the thermal conductivity Cp  the specific heat 

at constant pressure and ,8 = ----- is the coefficient of thermal expansion of the 
pOJ ("P )P  

fluid. As usual in the boundary-layer approximation, the equations (2.2)-(2.5) are reduced 

to (on the basis of non-dimensionalisation in boundary-layer theory) 

.4. 

Ar- 

11 



ap  
 r + 

a 
(pru )+--(prv)=0 (2.6) — 

at 8x 

Dii a,, I a( ôu 
(2.7) 

O= ap (2.8) 
ar 

pc (2.9) 
' DI rar ar) 

In their non-dimensional form, the boundary-layer momentum equations (2.7) and (2.8) 

ignore terms of order Re ', whilst the energy equation (2.9) ignores tenns of order 

. 

Re
—I 

 and E (for the stress work terms). Here R = 
UL.. 

L = 
U2 

are the e 
v0  

Reynolds and Eckert numbers of the flow respectively. We are concerned with those 

types of boundary-layer flows where Re --*oc and EK<1. 

Imposing the boundary conditions at the outer edge of the boundary layer 

(asp — p, it —* u, T - i 'p —* p,  and LP  -40) we get from the equations (2.7)
ar  

- 

(2.9) 

3u au p. 

p=p(x,t)  

aT aT C+ u __i=O (212 
at

ax 

Here subscript 'e' refers to conditions in the outer or external flow. The values with the 

subscript are the values to which the solutions in the boundary-layer must be matched as 

the boundary-layer co-ordinate normal to the surface tends to infinity. In general 

Ue  7 are functions of x and /. However, equation (2.12) has the solution 

= constant for a given fluid element. In what follows it will be assumed that 



constant throughout the flow field. By virtue of (2.6)-(2.9) and (2.10)-(2.12). the 

boundary-layer equations which are to be studied in this chapter may be written in the 

following forms: 

ap a a 
0 (2.13) 

I)u I ôz.ç äu, 1 i 
( ji 

au 
 = p-p,)g +p--- +Ue r— I (2.14) 

I ax J r5r 8r) 

DT ia( 5T 
PC p 1j (215) 

2.2. Transformations 

The equations (2.13)-(2. 15) take the following forms for a Boussinesq fluid: 

a a —(ru)+—(rv)=0 (2.16) 
ax ar 

Du ôu i/o" OU\ 
+u r (2.17) — = -gfl7.ATO+-7 

ax r Or  ar 

-- 
a —I 

( 
r-- ae 

(2.18) 
Di ax 

I 
D8 1 

_-(1oAT)+-(1oAT)}9+ 
i 

Prrar ar) 
9-72 

1.1 . where v = - , Pr = 
p  1 -, -J, 

 = A/ 0  1= -1 and 1 = is treated here as 
p k 

constant temperature for the ambient fluid. Since the Boussinesq from of the state 

relations is p = p(T), it follows that p = p0  (constant). T and 7, in general depend on 

both x and 1. A solution of the equations (2.16)-(2.18) is now sought, these equations 

being valid in the limit Re -* cc and E- 0. 1-ligher order effects are not discussed here, 

as the present investigation concerns the first order boundary- layer approximations only. 

The complexity of the above governing differential equations makes the use of 

simplifying approximations desirable so that tractable solutions may be obtained. The 

- method of similarity provides a convenient and accurate procedure for computing heat 

13 



transfer, skin friction and other laminar boundary-layer characteristics. Guided by this 

idea independent variables (x,r,t,) are changed to a new set of variables (,Ø , r) where 

the relations between the two sets are 

r 2  
r=t, 0= (2.19) 

2yx,I) 

Here y(x,I)is thought to be proportional to the square of the local boundary-layer 

thickness. This definition of 0 arises purely for reasons of convenience in using the axi-

symmetric from of the equations. From (2.19), we get 

aa a 

at or 
(2.20) 

a 

Ox 3 y 7 
(2.21) 

5 
- 

r S 

5ry3Ø 
(2.22) 

Here suffices denote partial differentiation with respect to corresponding arguments. The 

continuity equation (2.16) is identically satisfied by introducing a stream function 

r, t) defined by 

ru=- (2.23) 
a!,  

a' ,' 
(2.24) 

ax 

By virtue of (2.22) and (2.23) we have 

a al u = 2 
O(r2) = lr(x,,)j' 

(2.25) 

Using, for the moment, a non-dimensional scaling factor U (x, t) for the velocity 

component u we can write 

14 



U 
= 

U aøU'u 

or 0, r)-t( '0 r)= y (JJ -dO 
00 

=yUF(,q,r) (say) (2.26) 

where F(4,Ø, r)= f-_do and 00  is the value of 0on the body. That is 
00 

 

Ac ______ Wo 2yx, I 

In view of (2.21), (2.24) and (2.26) we can write 

( 

1j

a 

 - 

Y. r) 
ao 

ayi(,Ø,)Ø ayi(,Ø,r) 

q5 a 
=--{y 

or, -rv=(yUF)-ØyUF (2.28) 

where - ry =yi'(,,r) (2.29) 

We assume that the surface of the body is porous, therefore v, # 0 represents the suction 

or blowing effects and since r,, -= r, (x) only we take yI (, Ø , # 0. In this situation the 

convective operator 
D

becomes 
Dl 

D a a a 
- + U - + V - 

Di a ax ôr 

a o a 
0~3~ja 0 3'i 

---y —+-- J-j'Ub ) -0yJJ —rvvwc
80 8çb3 80) r y ao 

-k 
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a q$ a a Iy1JF-yi(,Ø0,r)1(a 0 
Y, 

 a (TUF)!  a 

aT 7 aO aO 7 7 aO) Y  ao 

+ -'--ibyJJF# + 
rWVU. 

ÔØ yOØ 

a 71 a 
___ 

_(1u) a 

+ -1-ØyUF + rW vIV  a 
aqs 

+ 
(yuF). 

- 

~ao 
---+UF a 

ar Uv r r  

In attempting separation of variables for F(c,q,r) and 9(,Ø,r) we write 

G(Ø,z)= m(,r)9(Ø) 

Since ,Ø0 ,r)=I, 

We may put without loss of generality 

rn(,r)=1 Or 0(0,)=1 

Now, 

v
—
a( ôu v,• a[ r a la(yi 

— I r—  1= —. r -- ---I ---I - 
rar &r }  r 7a 7aa7 

= [2L1i 
7a aøaø 

V 19 
 20  a 

 f a  (Ul'l 
 

2'a aa 

=UL-- ØJtI 
' a 

=±(JL--lØ--(f )1 
.,' aø[ aj 

=(IL---[bf] 
4. aØ 0 
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(2.30) 

(2.31) 

(2.32) 



=?-±ØULf00   + - ULf (2.33) 

&zt(8  o  . a  )
u, 

 

-- 
(2.34) 

ar 7TØ 

&u, (a 
U —=UI----7:—IU 

I 

au 

(2.35) 

By virtue of the above equations from (2.19) to (2.35) the momentum equation (2.17) 

reduce to 

au s au a 1 (i) rV 1 a 
+ UF = —g j3ATO+ Yr 

11  

 - - - r1 + 
3r y I - 

a) 
 11 
aØy) aao 

aue 
U,  t a 2v 

+uLf oo 

a 1 )i. 
 - rwVry 

~ ao 
+ 

a a (yUF + 
-))  = —g,j3AT9 =l 

ar 1 
+ 

r r y 

0 u au q 3u 2v 
IreY011 f ar 

Y 

-

a 

(
- 

~,V 
y + 

?vVrr 1 ~UF a a
ar lao  

au au, au 0 a 2v 2v 
—i- i- u - -+-0ULf_ +—ULJ0 

ar ao ea y0 r r 

=> 
 (

a dt 
Yr 
 + (yUF) 

(IT' __)(uii) = —gflLi9 
5v y y 

0 3u 0 au 2v 
ar y 3b 
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---(uiZ)- Jy + - 
1vvw 

}(uzZ)~uF ---(uiZ)= T evro 
' az 7  

+ aue  0 5u 3u q5 &ie + 
±i0UiZ#b + UI, 7 

or , 

00 

V
HI 

= (ui) 70 
- { 

. + 
(ruii) 

- 
}uJ + u(ii) (ui )= —gflA7' 

0 On On 0 On 2v - 2v 
e7 0t0 f 

Or 0 eO 7 - 00 i r 

(uL)J o 
- 

(yuL)7 uL? 
+ uL? + uI,(uL)J = —g.fi7 .ATO 

7 
2v 5u 0 On 

!+u 
7 Oq 7 7 

-1--(fL) - 1 yULf - 

(u4 f(j2J7 + —f W — 1 (117 + 117(uL) ? 
UL (IL (IL 7 q' UL 7 UL 

A19+—(---+u -)+2v+2vf 
Lill ULO-r 

e 

- (ui,), 7 
- 0yJ - (yUL) 7 + r. + yUL). 72  

.iT9+— 
y 
 (---+u --)~2vf000  +2vf4 , 

Ou On 

(IL Or 

=2v0+a3 )f} ~f 0(~a3 )+a9 }7 +(a1+a2)? 
(2.36) 

-aJ -a4 f +a5 19+a6  = 0 

-4 

In 



and energy equation (2.18) reduce 

I a + ''"' 1-- + IF 8) = _{ - (log T) 
+ 

(log T)Jrn9) 
ar j 7 y Ja 

1 yr a r a + - - - r - - rn 8 
Prrya 

I 
yôq5 )f 

=  
ar Y  ao 7 a 

í a 
= - u - (log LT) + -- (log 8)+ - 1 ---- 8

20 -- -p (m 
PryabL ao J 

(UL). r 
y - f9 + _W V JV  

7 7 7 

= —Iu--(log  AT)+ --(Iog Ar)}(19)+ _I1 ~20(8)
pryaø ao f 

- L y'so
(yUL).. r.V 

so 
- f.9 + 11 W 

7 

= ju
ax 

 (log A T) + f (log T)}(8)+ {2 0,90  

Pr (2.37) 
- (a7 + aJ )8 =0 

where 

(i) y=a0  

(ti) (yuL) =yuL + y(UL);  = a1 + a2 

(ut) —=a3 =Ø0  
2y 

(uv) 
y(UI 

= a4  
UL 

(v) y(UL) = a2 

'.4. 
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y(u1-)=a1  

1
/3r c1s  

 

v(logAT) = a7  

(9 vu1.logT}4  =a 

(xe) -,. V. = a9  

andØ=rlr = 0-00 (2.38) 
21(x,1) aq ao aq5 ÔØ 

Similar solutions for (2.36) and (2.37) exist only when all a's defined in equations (2.38) 

are finite and independent of and r. In such cases, the equations (2.36) and (2.37) will 

be reduced to ordinary non-linear differential equations (i.e. equations containing one 

independent variable). If it, 0, UL is treated then as the non-dimensionalising 

characteristic velocity (e.g. maximum velocity) induced by buoyancy effects at a 

particular station (r..r.i). On the other hand if it, # 0 without loss of generality we may 

pUt UL Ue to simplify the outer boundary condition. This then asserts that the velocity 

component u is non-dimensionalised by the external forcing velocity. Thus the equations 

(2.34) give us the relations for UL ( ) or consequently u. (, 0 and y(, t) separately. 

The latter are the scale factors for the velocity component u and the square of the ordinate 

r. Hence the contractions of 4 and i expressed in terms of the a's in equations (2.38) 

become the conditions to transform the boundaiy-layer equations into similarity 

equations. 

Integrating (i) of (2.38) (i), we get 

y = a0r + B() (2.39) 

Again integrating (ii) of (2.38), we get 

yUL = (a1  + a2  k + A(r) (2.40) 

Differentiating (2.39) with respect to and using (2,38)(vi) we get 

d {B()}=-'- (2.41) 
- UL 

WO 



Similarly differentiating (2.40) with respect to r and making use of conditions (ii) and (iv) 

of (2.38) we get (yuL) = 
dr 

=> y(uL) + yr
uL = dA(r) 

dv 

=> ULa4  +a0
UL = dA(r) 

di- 

UL(a0  + a 4 ) =-- {A(r)} (2.42) 
dv 

As result of (2.41) and (2.42) it may be obtained that 

{A(r)}.{B()}= a, (a, + a4 ) (2.43) 
dv d 

Since t) and UL ('c ) depend solely on the choice of A (i) and B (, the equation 

(2.43) plays a significant role in determining the possible cases of similarity solutions. 

These possible cases are: 

Both --{A(v)} and -9'-{B()} are constants (2.44) 

--A(r)}=0 and --B(4)}#0 (2.45) 

Both 
d 
 JA(r)j and {B()} are zero (2.46) 

0 and --{B()} =0 (2.47) 
dv 

It is seen that the similarity conditions (2.38) lead to four possible classes of similarity 

listed in equations (2.44)-(2.47). However in the present case an additional condition for 

similarity arises becauseØ0  (equation (2.27) must be constant also. Since r.,, is a function 

of x only, for 00  to be constant therefore requires that y  is a function of x only. Thus 

similarity is achieved in the present problem in those circumstances for which a0  = 0. 

With this restriction the various similarity cases are discussed consecutively in Chapter III 

and Chapter IV, each one being considered separately either as a combined or a natural 

convection problem. 
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CHAPTER: III 

Similarity Solution: Study of Case A 

In this chapter we will discuss the similarity case, viz., Case A which is obtained in the 

similarity analysis as given in Chapter II. 

dA(r) dB() 
When and both are finite constants, then from the equation (2.42) we have 

dr d 

UL(a0  +a4 )= --{A(r)} 
dr 

3.1 Purely Unsteady Case (ULcot") 

In this case also it is found that 

y=a0r+B(4) 

a4  - Y(UL)t. 
Now, -- 

a0  ULy 

Or, (D 'T4 

UL y a0  

Integrating we get 

In(UL) = - ln(y) + In(K) 
a0  

03  

Or, UL = Ky"° 

(14  

Or, UL = K ( a0r + B) ; B and K are constants 

So that once more similarity solutions are not possible. However, It is possible in this 

case for a0  to be zero. This particular situation is discussed next. 

3.2 Analysis for Combined Convection in Exponential Unsteady Situation (ULccet) 

A case situation is found to be possible in a particular unsteady case if one of the 

similarity requirements stated in equations (2.38) be set arbitrarily to zero(i.e. a0= 0). This 

assumption gives us for the unsteady case A (in view of equations (2.38) (i) and (2.38) 

(iv) 

y=B (3.1) 
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y(UL) 

UL 

or, 
(UL) a4  

UL 7 

Integrating 

ln(uL)= --r + ln(K) 
7 

Or, UL = Ke 7  

I 

Or, UL=Ke 8 (3.2) 

where K and B are constants of integration. For the above specified values of y and UL, 

and substituting the above equations in turn into the equations (2.38), we obtain the 

following relations between the constants: 

a0  = a1  = a2  =0, a1  = a4  = arbitraty, 

a5  = JJX/JT 

g/3ATB 

K e'1  

= - g, /JTATB 
B 

K 

a6  =a4 , a7  =a4  , a8  =0 and a,=arbitrary. 

Hence the general equations (2.36) and (2.37) take the forms for this case: 

2v+a3 )f}+a94 —a4f.+a5 +a4 =0 

Or, 2v{(Ø+a3)f.} +a9 f +a4(l—/-)+a5 9=0 (3.4) 

(3.5) 

Let us now substitute f a1  f and  0 = a217 where the arbitrary constants a1  and a2  

are introduced so as to provide the convenience in simplifications to the above equations. 
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It is convenient to choose a1  = a2  and 
a4a1 

= I and writing R0  the above two 
v 2a1 B 

equations are simplified to 

Equation (3.4): 

2v1(CY7 
a9 

- +- I— f,,,1' +-f,,,, ~a4 (1—J;,)+a5 =o 
a1 213)a1 

J ri 
a1  

f,, + 2j +L(l_j)+L9=o Or, 21'i+ ,a 
J 

1  
2Ba1

77  
Irn V V 

Or, 
lie 

Or, 2(+&1).f,17, +(2+I..)./,1  +i—j;, =0 
Ue  

(3.6) 

Equation (3.5): 

2v{

(i+ 

r 2'\ 
_<_!!_9J +a949.—a4 9=0 

r 213! 
J I 

{  Or, [atii 
2 

j 
+1a91—a4=O 

- 

2v1 

- +----- fa1 213 a1  I a1 J  
1 1/ 

or,--1Iij+ 
'' 

]g,} +!a

71 1/
99,,_  aa4'-i9=0 

i 2 j1 8a1   

Or, 2(i+I?0)S+(2+1t9,1 —J9=O (3.7) 

where UL = u is considered here without loss of generality for combined convection, 

-g,j9AT(Cu) 
(3.8) 

Ue  a4 Ue  

Or, U. = —g ,8-AT(C'u,.) (3.9) 

a9 r v11, 
and - = = - and the characteristic length is Cu,. The constant C. represents 

V V 

here some non-dimensional characteristic time scale and is substituted for-p--, the inverse 
a4  

the coefficient of the external exponential forcing velocity ue  (= u0e 11  ). Until the 

appropriate boundary conditions are specified the transformed equations (3.6) and (3.7) 
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remain incomplete. Hence the similarity equations for this case with controlling 

parameters R0, Pr F'w and are 
Ue  

AL 

U 2  
2(77 + R0  )1,,,,, + (2+ I )f,?,, +1— + 9 = 0 (3.10)

Ue  

2(i + R0  P,1,7  + (2 + P I' )9 - P. 9 = 0 (3.11) 

The boundary conditions are 

.f(0)=f(0)= 0  , J,(co)=l,9(0)=1, 9(co)=0 (3.12) 

The similarity function .f(q),  the similarity variable i, the body radius parameter R0, the 

velocity components u, v and other boundary-layer characteristics (3.12) are 

w = y U F + Øo, r) 

=rULfV)+qi( ,øo ,r) 

= yULa1 f(77)+w(,Ø0,r) 

V 
= 

a4  

vU LZf(r7)+ w(40 , r) a4  

= vUL—f(7/)+y!(,q0,r) a4  

=CVUe f(17)+ ,r) 

Or, a1i = 
r2  - 

= 
r 2  -, 

2a1  r 

r 2  - 

21 B 
a4  

- 
r 2  - 

2 
B
-  v 
a4  

 

(3.13) 
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- 
r 2  - 

2 Cv 

'Iv 

° 2B 

2 
1v 

2- B 
a4  

2 Bv 
a4  

2Cv 

A- ôØ ( y 

3JrU F+w(,Ø0 ,r) 
aøl r 

= 
a(rU]afr(Ø0r) 

y ) ôØ 
 1-7 

=--(uF) 
ao 

= L 
ao 

=ULa(ø) 
aø 

= U L4  

= u, 

-r=(yUE)r by:UF V 'l3 

=--(rLJF)-OruF - iv, 

= -- {YU Lf(Ø)}- q y U
ao {ii(ø)} - ,. v 

=O_ØyJL---{f(q$)} 
ao 
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1 
V = 

au 
TI,=ji— at r=. 

ar 

r ô I a 
lLJt 

r a I a (,y U F + w(' øo' r)J}  

I 

a 
'1a#Iaø J 

a 
yaø{a 

v U L 
j 

1 

= 
iv Uc  

ya1  

Ic E4 o) = flUe 1rn 
IV 

= hUe H4117(0) 

=P"e - /rn (0) 

Iv = /tzç  

= jicrn (°) 

qy=-K - 
aT
---- at r=iy 
or 

0 

=-K--AT- 
ao 

(3.17) 

(3.18) 
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= 
a1  

=—KAT--9(0) 
B 

= 

= —K-'AT9,,(0) 
Lv 

= —K iuAT9;j(0) 

q rf,
= -____ 

(3.19) 

where r, and q11. are the shearing stress and the heat transfer rate at the wall 

respectively. 

To have this class of similarity solution the following physical conditions must be 

satisfied: 

u oo eC (3.20) 

ATo eC (3.21) 

,j. = (3.22) 

The analytical solution of the energy equation (3.11) may be expressed in closed fonn 

satisf'ing the attached boundary conditions as 

j. dz1 

' 8(ri)Ez)= 1_ (3.23) 

0 '1 

where z = .j2 Pr q , z0  = j2 Pr R0, ,i  and R0  are given by the equations (3.14) and 

(3.15). i0(z) is the modified Bessel function in z of order zero. If Pr - 1, the solution for 

the momentum equation (3.10) becomes simpler. Under this restricted value of Pr (= 1) 

the solution may be written as 
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F(z) 

z , 

ç az1 ç az1 

= () 
l - +RE  

zi(z) 

where R1. = and 
Ue  

M(z)=5 zi(z 
' d zi  

ZO 
, I (;) 

FM 

(3.24) 

(3.25) 

dz1  

- J zi J(zi )f_ 2 1zJz)
dz  

ZO :2 0 ( 2 ) I - 
J ., 

z0 l O\I 

3.3 Natural Convection Analysis (AToo ec ) 

Returning to derive the similarity equations for natural convection flows for this possible 

case we have to set a6  = 0. Hence substituting values of y and (IL expressed by the 

equations (3.1) and (3.2) in the similarity requirements (2.38). We can obtain the relations 

between the constants: 

a0  = a1  = a2  0, a3  = , a = arbitrary, a5  = 

a6  =0, a7  =a4  , a6  =0 and a9  = arbitrary. 

- 
g fl1ATh 

e 
K 

Thus the general equations (2.36) and (2.37) reduce to the following forms in natural 

convection flows: 

2v0+a3)f} +a9 7 —a44 +a9=0 (3.26) 

Pr 
+a919 —a4 9=0 (3.27) 
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Substituting 7 = a1  f and 0 = a1i choosing, = I and writing ' = R,,  , the above 
v 2a1 B 

equations becomes 

a1 I
(al  71 +_J1t} 

'1 
 +--j —aj,, +a = 0 

Cr, 
 

Or2{[77+ 
r " 1 a91 

—-f+-t9=0 
J'7'7 

+7/71 
2Bai 

 'l 
v '7 v J  

Or, 2{( +I ) )f},/  + 1YJ -f9  +-S = 0 (3.28) 
a4  

2v 
Ø+----9 +a9I9,, —a4L9=0 

Pr  ( !iI 0 
2B) 

2v11( r2.1 1 1 
Or --I a1 i+--- I-9 +—a919 —a4 9=0 

Pra1 [ 2B)a1 '7J a1 '7 

Or,--j1'7~_ 19,j +—a9 9,---(9=0 
PrR 2Ba1) v / V 

).17 

Or, -{(1+Ro )97/ },,+/y97/ _i9=0 (3.29) 
Pr 

r, Vff, 
where 

a9 
- = F1  = - 
I' V 

Now as = --e' = 
- a4 K a4 (uL)2 (3.30) 

U. = —g/3ATC(UL), = C 
a4 (3.31) 

For natural convection, to find the free convection velocity UP, solely generated by 

buoyancy effects caused by temperature difference (- 7), we may now choose 

Up (IL (3.32) 

resulting in 

U =—gflLTC 
(3.33) 

Here 'C' is a non-dimensional characteristic time scale. Hence the simplified forms of the 

similarity equations are (in view of (3.30) and (3.31)) 
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—f+9=O 
(3.34) 

2(17+Ro )9q  +(2+PF)S,, P p9=0 (3.35) 

The boundary conditions are 

f (0)=f,, (x)= 0, 9(o)= 1, i9(c)= ° 
(3.36) 

The parameters are P,., Fjv and R0  only. The solution for (3.35) is the equation (3.23) and 

that of (3.34) is (for Pr =1) 

dz1  

I 
- .f,,iñ=Io(z M(z)—M(co)° (3.37) 

ç dz 11  

zi(z) 

where M(z) is given by the expression (3.24). The similarity function f(7), the similarity 
AL 

variable i, the velocity components u, v are given by 

vi=rUF+yi(,q0 r) 

= yULf(q5)-f-çeI(,q$0 , r) 

= rUF  a1f(i) + , r) 

= -yg67 ATCa1f(i)+yi(,Ø0,r) 

= B -'-(-g, PT  ATC)f(ii)+w(,Ø0,r) 
a4  

=C v (— g,, 9T  zTC)f(,7)+w(,Ø0,r) 

or, ii =Cv(-g/3AT c)f('7)+ 

r 2  r 2  
= 

27 

2 2 

'7= 
r —rw  
2a1  y 

r 2  -, 

2XB 
a4  

(3.38) 
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- 
r 2  -, iv 

 
2—v 

a4  

2 2 r - rw 
2Cv (3.39) 

as (,Y/ 

a+yi(b0, 

f YUF

)  

I 

(yUF, )
+ p f l/(1,00 j)~  

ao y ab y 

ao 

L7(b)} ao 

= U L {J(Ø)} ao 

= {?(ø)} ao 

u = (—Cg PT  AT)4(ti) 
(3.40) 

-rv=(yui)-ØyuF - rwvw 

.4- 
(rUF)—ØYUF 

= - { U Lf(Ø)}— 0 7 u {i7(q)} - i, v. 
ao 

= 0 i {o} - ao 

— ry = 0 - ry 

1 
(3.41) 

r 

The body radius parameter 'R0' is given by the equation (3.15). The remaining boundaiy-

layer characteristics of interest associated with the equations (3.34) and (3.35) may be 

derived from the equations (3.25) and (3.37). 
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Sometimes, in natural convection flow it is preferable to use a non-dimensional Grashof 

number throughout the analysis. In doing so the following substitution is necessary 

2(77+R0 )= 
(3.42) 

In view of (3.40) and writing 

=R,, + 77,, 
(3.43) 

We have 

2(i+R0 )=(R,, )2 

Or, 77 = ! (i. + )2
Ro  

Or, (R+17V )_Ro} 
377 äi2 

Or, I= + 

Or, I=2(R,, 
)877 

Or-= 
377 (R,,+i,,) 

and 

.117817  

- 3f 377,, 

- 377,. 377 

1 
(R,, + 77 0 

1V  

af 1 

(R,,
+ 

77, 

- 
a f I 

- 1 (R,, + 77)f?1 I a  

= (if,, + - (ii,, + 77)2 (R,, +,,) 
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— 1 1 
2 .f 

- (R + - ( + 

= 
I 

(R, ± , 

)2 
— (R ± , ) } 

ô 1 i 1 11a1 
3 . ,1 

= 
I 
 (i, + 

)2 
- (R + ) j 19)7 

1 1 2 1 3 1 1 

=1 ( + ,, ) - ( + ) — 
(1 + ,, ) + (, + f ( +  Ij 

- 
1 3 3 

— (R, + — (R + )4 .f 
+ (R + 

Again, 

S 
 as 

= 
as a, 

a77  

= (R + 

al 1 
k9,m 

17 l(R. 

- 
a J_i 

7iJa jj  

= { ( — (R. + )2  S } (Ri. + 

- 
1 

19 
1 

- (Rb. + 
)2 1

- (R + )3 

By using the above relations, the equations (3.33) and (3.34) will be transformed to 

- (i - F )_ 2 + (R, + . =0 
W)R  +,) 

W 
 (R,, ±) (344) 

i-c' R, )s } + E,  s, (i, +,. )s = o (3.45) 

with the boundary conditions 

s(o) - 1 (3.46) 
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The similarity fimction f(, ,), the similarity variable ,7,  the body radius parameter R, , the 

velocity components u, v and other essential boundary-layer characteristics r and qy 

Jk associated with the equations (3.44) and (3.45) are given by the following relations: 

= yUF+yi(,Ø0,r) 

= yU Lf(Ø)+w(,Ø0,r) 

= yLJLa1 f(ii)+w(,4,r) 

= yU 
a4  

=vU L--f()7)+yI(b0,r) 
a4  

B 
= VUF  -f(,)+t(, 0,r) 

a4  

= v(- g flTLTC7 (q)+  v'( ,r) 

= v(-g,J3ATCf (q)+ ç&'(,Ø0,r) 

or, = VIGr f (i )+ (b0  ,) 

r -  riv 

R 

a 
U =—I—I 

aJyU P+y/(,00,r) 

ao 7 

= 
a'IO(IIIYIFI  ) a y 

=
ao 

= JLf(Ø)} 
ao 

=ui{7(ø)} 

(3.47) 

(3.48) 

(3.49) 
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= (J 
{

•
7()} 

ao 

it, Gr.f,,,. (17,), 

(3.50) 

-rv=(yUF) —ui 

—ry 

r U i (qs)}—  0 u -ao p- - 

= 0-0 7 'F5  '3   ao 

- ry =0 - 

-v=--r0 v, (3.51) 

o r' c 
'r ./777j. 

Cv (3.52) 

= —L9 (o) 
Cv (3.53) 

where Gr 
= [ 

g I8T ITc v)]. the local Grashof number based on constant 

characteristic length = ,J5) and 'C' denotes here some non-dimensional characteristic 

time. 

3.4 Numerical Scheme and Procedure 

The set of differential equations (3.10) - (3.11) with the boundary conditions (3.12) are 

solved numerically by using computer software. Here the velocity .f, and temperature 9 

are determined as a function of coordinate i. The values proportional to the coefficient 

skin friction J,,  (0) and the rate heat transfer -  9,7   (0) are also evaluated for this case and 

numerical results thus obtained in terms of the similarity variables are displayed in graphs 

and tables for several selected values of the appeared parameters i3., Ll, R0  and Pr 
UC  

below. 
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3.5 Numerical Results and Discussion 

The effects of i. on the velocity and temperature fields are plotted in Figure 3.1 and 

Figure 3.2, respectively. From Figures it is observed that, in all cases the velocity is 

starting at zero, and then velocity increases with the increase of 77 near the leading edge 

and finally moves towards 1.0 asymptotically but temperature is starting at 1.0, then it 

decreases asymptotically and finally leads to zero with the increase of i. From Figure 3.1 

we see that for the case of suction (i > 0), the velocity increases with decreasing F 

but for blowing case (ii. <0), velocity increases with the increase of the magnitude of 

blowing. The usual stabilizing effect of the suction parameter on the boundary layer 

growth is also evident from this figure. 

From Figure 3.2 it is observed that for both the cases of suction and blowing, temperature 

decreases quickly close to the leading edge and away from it temperature decreases 

asymptotically and finally leads to zero with the increase of i. For the case of suction 

> 0), temperature decreases with decreasing suction. But for the case of blowing 

(i <0), temperature decreases more with the increase of the magnitude of blowing. 

Figure 3.3 and Figure 3.4 show the effect of bouncy parameter on the velocity and 

temperature fields respectively. Physically, the flow is said to be aided when 0 and 
U 

is called an opposing flow when <0. Further, when U. <<u, the flow becomes 

forced flow, whereas for u <<LJ the flow becomes a free convection flow. We see 

U 2  
from the Figure 3.3 that with the increase in -f- from negative to positive values, in all 

lie  

cases the velocity is starting at zero and increasing asymptotically to 1.0. But with the 

increase in the rate of change of velocity increases slightly. Thus before being 
uc  

asymptotically goes to 1.0 far away; velocity is higher for higher values of within 
ue  

the boundary layer. Since the energy equation given by (2.28) is independent of the 

buoyancy pararneter  Url-. no effect of this parameter on the temperature field is observed 

as shown in Figure 3.4. 
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Figure 3. 1: Velocity profiles for different values of F  (with fixed values of -f- = 0.5, 

Ue  

RO  =0.1 and Pr=0.71). 
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1 

Figure 3.2: Temperature profiles for different values of F  (with fixed values of 

R =0.1 and Pr=0.71). 
Ue  
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Figure 3.3: Velocity profiles for different values of (with fixed values of Fw  = 0.5 
Ue  

I? =0.1 and Pr=0.71). 
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Figure 3.4: Temperature profiles for different values of (with fixed values of 
Ue  

Fw  =0.5,R0  =0.1 andPr=0.71). 

Vr 
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The body radius parameter R0  depends on the shape of the slender body. There is a 

remarkable consequence of the variation of R0  on the velocity and temperature fields as 

MA are observed in Figure 3.5 and Figure 3.6. Like before, for all values of R0 , velocity 

starts from zero and then increases with the increase of , and finally tends to 1.0, 

whereas temperature launches from 1.0, then decreases with increasing 17  and finally 

asymptotically leads to zero, for large value of i7. We see from Figure 3.5 that within the 

boundary layer, velocity highly increases with the increase of R0, before asymptotically 

being 1.0 for large value of q . From Figure 3.6 it is observed that temperature decreases 

sharply with the increase in R0  before being zero asymptotically for higher value of i. 

1.4 

1.2 

7 
0.8 

Cir  
Sr 

0,6 

0.4 

Ro=0.005 
Ro1i1 
Ro0.15 

Ro0.2 

01 
0 1 2 3 4 5 6 7 

11 

Figure 3.5: Velocity profiles for different values of R0  (with fixed values ofF, = 0.5, 

U 2  
--=0.5 and Pr=0.71) 
U 

or 
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Figure 3.6: Temperature profiles for different values of 1? (with fixed values of 

F;V  = 0.5, -=0.5 and Pr=0.71). 

(p\ 
The last controlling parameter is the Prandtl number Pr = which depends on the 

C 
 

properties of the medium. Here velocity exhibits minor changes while temperature 

exhibits significant changes with the variation of Prandtl number Pr. As observed from 

Figure 3.7 that, velocity increases negligibly with the increase of Pr before being 1.0 

'4 asymptotically in all cases for large value of 77. From Figure 3.8, we see that, temperature 

decreases momentously with the decrease in Pr and asymptotically leads to zero for 

higher ). Thus before being asymptotically zero temperature is lower for lower values of 

Pr within the boundary layer. 

A. 
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Figure 3.7: Velocity profiles for different values of Pr (with fixed values of F 1, = 0.5, 

4=O.5 andR0 =0.1). 
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Figure 3.8: Temperature profiles for different values of Pr (with fixed values of 

F =0.5, ---=O.5 andR=0.1). 
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The values proportional to the coefficients of skin friction f (0) and heat transfer 

- 91(0) are tabulated in Table (3.1)- (3.4). 

Table 3.1: Values proportional to the coefficients of skin-friction (f 11 (0)) and heat 

transfer (-9" (0)) with the variation of suction parameter (for fixed 

U/u = 0.5, R0  = 0.1 and Pr = 0.71). 

Pir f"(0) 

0.50 0.52341 -1.52677 
0.30 
-0.30 

0.84083 
-0.49478 

-2.83987 
3.80024 

-0.50 -0.38129 3.02430 

Table 3.2: Values proportional to the coefficients of skin-friction (f"(0)) and heat 

transfer (-9 '(0)) with the variation of buoyancy parameter U /u 

(for fixed 1, = 0.5, R()  = 0.1 and Pr = 0.71). 

(J/u .f ll (°)  

-2.0 0.69423 -1.52677 
0.5 0.52341 -1.52677 
1.0 0.49312 -1.52677 - 

-1.52677 5.0 0.30218 

Table 3.3: Values proportional to the coefficients of skin-friction fh(Ø)  and heat transfer 

-91(0) with the variation of driving parameter R0  (for fixed F. = 0.5, 

U/u =0.5 and Pr=0.71). 

f11 (0) -D'(0) 

0.005 0.52340 -1.52677 
0.10 0.52341 -1.62166 
0.15 0.51021 -1.63965 
0.20 0.50385 -1.70361 

Table 3.4: Values proportional to the coefficients of skin-friction (f"(0)) and heat 

Transfer (-9' (0) ) with the variation of Prandtl number Pr (for fixed 

lf, = 0.5, u,/u = 0.5 and I? = 0.1). 

Pr f"(0)  

0.71 0.52341 -1.52677 
1.0 0.39925 -1.40267 
5.0 0.07591 1.50934 
7.0 0.04762 1.75093 
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CHAPTER IV 

Similarity Solution: Study of Case B 

4.1 Analysis for combined convection 
(Ue':0 (x + .v0 

)13) 

We shall now discuss in detail the restrictions on the general equations for the case B. 

These restrictions are illustrated in equations (2.45). In view of equations (2.41) and 

(2.42), the equation (2.45) may be written as 

dA('r) 
 
=UL(a4  + a0 )=O= a0  = -a4 ,provided UL#O 

dr 

and 

dB() 
= # 0 => UL is a function of only. As a result of the above two 

d UL 

statements the equations (2.39) and (2.40) may now be put in the following fonns: 

y=a0r+B() 

yUL = (a1  +a2 )+A(r) 

Since UL is a function of only y must also be a function of only, so it is necessary 

to set a0  = a4  = 0. Consequently the expressions for B( ) are 

+a2 +A 
(4.1) 

UL 

and 

dB(e) a1  

d UL 
(4.2) 

Equations (4.1) and (4.2) jointly must specify yand UL and these are found to be, 

a1 
= 

yUL 

a1  + a2  (yUL). 

Or, y;UL = (yUL) 
a1 

Or, = 
(y(IL) a1  

y yUL a1 +a2  

Integrating 
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lnj' = In K1 + 
a1 

ln(y('L) 
a1  + a2  

Or, 1ny=ln1Ki (yUL')'2 

a1  

Or, r =K1(yUL') a+a,  

Or, y=K1 {(a1 +a2)+A}a (4.3) 

Again, 

a2 
- 

y(UL). 

a1  + a2  - (yUL), 

Or, y(UL) = 
a2 

 
a1  + a2  

yUL (uL 
)4  = 

a2 (yUL ) Or, 
UL a1 +a2  

(uL) a2  (rUJ)e Or, 
UL - = a1  + a2  yUL 

Integrating, 

In(UL)+1nK1= a2 ln(yUL) 
a1  + a2  

41 Or, ln(ULK1 )=ln(yUL) 

Or, (ILK J  =(y(jL) 2  

Or, UL = --- (UL)aT 

Or, UL = 1 {(a +a2 )+ A}at +a (4.4) 

respectively, where K1  is a constant of integration. Without loss of generality we may 

write UL = u for combined convection flows. By virtue of equations (4.3) - (4.4) the 

general conditions for similarity requirements (2.38) yield relations between the constants 

(i.e. a 's). These relations are 
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a0  = 0, a1  ,a2  arbitraiy, 

2 
riv 

rj?.  Or,a3 = 01 

2K1  {(a +a2)+A} 

a4 = 0 , 

a5  
UL 

Or, a5  
K1  (a +a2 )+A} 

= 
- 

K' {(a +a2 )+A} 

a1  a2  
14- Or, a5  = —g/3T K?  {(ai  + a2 ) + A}ai +a2  

a
6 
 =i_U e )+Ue (Ue )} 

UL 

Or, a6 =( ---J(JL) 
ULt 

+UL( UL),} 

Or,a6 =-7--5UL(UL)} .(UL).=0 
UL k 

Or, a6  = y(UL) 

Or, a(s  = a2, 

a7  = y(log iT) 

Or, a7  =0, 

a8  =yUL{1ogLT} (Since AT = 
—a5UL 

= 
—a5 (a1 +A) 

Or, a8  =r{io 
(—a5UL
gy)j 

Or, a8  = yUL {log (—a5) + log (UL) —log g, - log PT - log (r)} 

I(ULL Ye1  Or,a8=yUL1 
UL 
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>- 

Or, a = yli 
(uL) 

L - - yUL - 
UL y 

Or,a8  =y(UL). -(JLy 

Or, a8  = a2  - a1  , and a9  is arbitrary. 

In view of the above relations, the general equations (2.36) and (2.37) take the following 

forms in this case: 

2vj+a3 }fL- + ag  j +(a,+a2)77 _aJ2  +a5S+a2  =0 

Or,  2v[{+a}J]+a9f0 +(ai+a2)ft+a2(1— f?)+ast9 = 0 (4.5) 

and 

[{ +a3 }] + a9 9 + (a1  + a2)749  +(a, 
- a2)Z = 0 (4.6) 

As in sub-section Case (A) ((3.2) and (3.3)), substituting I = a,f , = a, 17 choosing 

a, +
a2a, 1, finally writing = R. and 

a2 
= fi the above 

v 2v4+ 0 ) a,+a2  

equations (4.5) and (4.6) are simplified to 

a2 
+ a3 )f} +f +(a, +a2 )f f97, +a2 (I_f,,)+a5  = 0 

Or, ()7+-J

al  

j} +f;111 +(a1+a2)ff;,,+a2(l — t;fl+a5=o 

Or, 2 
{ + ] 

J;rn 
} + 

+ 
a1 ± a2 

a1 f .t;,, + 
a2a1 (i 

- j; ) + =0 

Or, 2(+/?o)f171,7+2f hif (1—f)±=o 
ue  

Or, (77 +(2+/;. +f)j  +fl(1_J;)+ = 0 (4.7) 

and 

2v r( 1 +
a0
-_s + a 1 __+a  

+(a —a 
Pra )7J, a a1 17 1 2 ii 12  
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Or, 
' 

1(17+i) 'q}+i+a1+a2j+(ai_a2)f,i9=O 

R 
a, 

 Or, (71 SIl ,+Prf+Pr{12)a1 F 
q 2ai}.fi,=o 

Or, 2( +R) / +1 J+(i _2fl)J;1 ] = 0 (4.8) 

The boundaiy conditions are j(o) 
= ,ç (o) = = o, f,, (oo) = (o) = 1 (4.9) 

Here the free convection velocity UF , caused by the temperature difference (T,. 
- i) is 

connected with by the following equation: 

U 2  =gflAT(+ O ) (4.10) 

where ( + ), i.e. (x + x0 ), is a local characteristic length. The controlling parameters 

established here are Pr, the Prandtl number of the fluid, R0 , the body radius parameter, 

the square of the ratio beveen the free convection velocity UF  (Ostrach [46]) and 
U 

the forcing velocity u and /3, the exponent of the external velocity u cc  (x + x0 )') 
variations. The latter exponent is consequently related to the exponent of the surface 

temperature (= AT x (x + x0 
)211_1) 

 variations. For the above class of similarity solution, 

the following restrictions must be satisfied: 

(i) u. cc (x + 

(i. —7)cc(x+x0 )2 ' 

rwu r cc(x+x0) 2 •.•R) = 

L 2v(x+xo ) 

The case /3 = 0 results in the outer flow moving with constant velocity around a vertical 

body which is a paraboloid of revolution with latusrectum of length and the surface 
110  

temperature varies inversely as the distance along the axis measured from the stag1ation 

point. The restrictions (i) and (iii) are basically for forced flow, originally established by 

Probstein and Elliott [51]. The similarity function, similarity variable, the velocity 
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components and the body-radius parameter (= I?0  )related to the equations (4.7) and (4.8) 

are 

=yUF+(0,r) 

=yULf(Ø)+yi(,q$o,r) 

= yULa1f(i)+ yi(,00,r) 

=yUL 
V 

a1  +a2  

= 
a2  

v/3 
TUL (U ) f 

U L fi 
(uL) 

log(UL) 
f(q)+ 

= v 109((JL) f(i) + 

= 

Hence (4.10) 

2  —r02 

Or,a1= 
r 

2y 

2  
Or, i = r 

2 a1  y 

r2 - 

2 
V

y 
a1  +a2  

- 
(r 2  r2)a 

2'fl 

- 

(r2  —)y((JL) 

2'/3 
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- 

(r2  - , )(UL) UL 

- 2v/3UL 

- 

(r 2  

2v,8 

- 
(P21 )Ue  

- 2v(x+x0  

(r2 —rj)ue  
Hence i = 

2v(x+x0 ) 

u 

L,  ( 110,  

aJyUF+ct'(4,Ø0,r) 

2' 

= (yUF)+ 
r ) aoI. r 

=--(uF) 
ao 

= JLf(Ø)} 
ao 

= UL 
ao 

=ULf 

Hence 

- v = 
.'L[j(,1)_ (i 

- 
/3) (, + R0  )f)-  ry } 

R= ° 2a1B 

a1  +a2  

= 
, (a1  + a2 ) 

2v 
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- 

r2 
jf.. y(UL) 

2v,8 

Hence - ife (4.14) R0  
- 2v(x+x0 ) 

It is interesting to mention here that in the absence of buoyancy effects (e.g. u = o) the 

similarity solution of the momentum equation given by Glauert and Lighthull [20] may be 

obtained for fl=O  in present case with a minor change in similarity variable 

(=i to 21/a ). 

4.2 Flow Parameters 

The viscous drag of a body moving through a fluid is obtained from the shearing stress 

distribution at the wall. This is one of the boundary-layer characteristics of interest. The 

sheanng stress at the wall is 

ôu 

11-1W 
ill  =u— (4.15) 

ar 

and in terms of the similarity variable, 

au 
r. =p— at r=i 

8r 

= 
raja(yi 

raøar 

= 
" 

r a Jo (yuF+yi(,Ø0 j) 

yaØlaØ 

yOØ f'),10 

=-- f -(1. 
yaø ø 

r1,UL 

r 

= 1u r u 
ya1  

= hu 
r f{.. a1 +a2  e -_____  
I V 1171 
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=Pz'e 
!_2_f (o) 

y(uz) 
f,,(o) = P Ue 

y v/3 

(uL) 

v/3 

2 
Hence /Wu1Cf

71 
 (0) (4.16) 

Usually, the skin friction and Reynolds number are combined to given the boundaty-layer 

shear stress at the wall in the form, 

C f = (0) 

where 

C,. (local skin friction) 
PUe  

R U. (x + 
x0) (local Reynolds number) 

V 

R0  = (local body radius parameter) 
2v(x + x0 ) 

and (x + x0 ) is the local characteristic length. 

(4.17) 

It is necessary to know the heat transfer rate between the boundary-layer and the wall. 

The heat transfer rate at the wall is given by Fourier's law and is related to the non-

dimensional temperature function by 

aT 
q. =-K—, 

ar 

=_K! 
ab 

= -KAT  - 
I 31' 

= _K!LATit9q(0) 
I a1  

=_K  fL AT"1"2  L9(0) 
I V 
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=—K—L7---9 (o) 
y v/3 

=—K---L\T 
v/3 

rUL) 
=—K-- 

. (
AT (o) 

V 18  
" 

Hence q = 
- K AT cvUe (4.18) 

V (x + X0 ) 

Hence the counterpart of the equation (4.17) is 

=—/k9,1 (0) (4.19) 

Due to the non-linearity of the ordinary differential equation it is not possible to obtain 

analytical solutions of the equations (4.7) - (4.8) as in the Case (A) ((3.2) and (3.3)). 

Therefore numerical solutions are obtained for specified values of the controlling 

parameters J3., Pr, R0, 8 and 
U fl  
lie  

4.3 Analysis for Natural Convection (AT cc (x + x0 
 

For natural convection Ue  = 0 yields a6  = 0. Here, UL(obtained in equation (4.4)) 

should be considered as the non-dimensionalsing characteristic velocity (maximum 

velocity within the boundary-layer generated by the buoyancy effects). Without loss of 

generality by setting UF  ()2 = 1, we get UL or U1.. 
= [- gfi. AT(x + x0 )}2.  Replacing 

UL 

u. by U1, in the combined convection analysis and setting a1., = 0, the governing 

simplified equations for this case take the following forms: 

2v 
+ a3 )J,,,} ~ + (a1  + a2 )f - a2 / + a5  = 0 

at  

2,1( a3

I 

1 
Or, -I i+ —  f,,,, +--f,,,,+(a1 +a2. j,,, —a2f+a519=0 

ait (x, I 
 

a I . 

117 

a9 . a1 + a2 . a2  Xj 
+ =o Or, 2 + If,,,, ~-J,,,, +

a1 ) v v v v 
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A. 

ra 

U 2. 
Or, 2(77+1?)j; jq  +2f,171 + 13 +fj;,-i3t; =0 

Or, 2(77+1)f; +(2+J3.. f)J;—l8i;? + 9 =0 (4.20) 

and 

2v 
a177+a3)S,1}+f2-9,+(ai+a2)fi9,,+(aj_a2)t,t9=0 

Pr a 

Or, 
2v f(77J ++(a1+a2).f,,+(a1—a2).f=0 

Prai11. a1 ) I a1  
) 'I 

Or, {(77+I ) )} + a1a2 
ai
f

i
~ a2 ) 

Pr v'1 v v 

Or, 2(i7+R),,,, +29q  +PrI39,,+Pr,f S,, + Pr
1+a2)a1 

—2 
 a, 1 

{ 
--af,,%9=0 

Or, 2(i7+&)), +Pr[~
Pr 
 & +f )+(l_2fl)J;,]=o (4.21) 

The boundary conditions are j(o)= j(o)= f(co) = 0, 9(0)= 1, 9(co)=  0 (4.22) 

The similarity function, the similarity variable and the velocity components associated 

with the above equations are 

[(17) = {v(x + xo)} '  11/4,,r)—  w(,ø0,r)1 (4.23) 

31 2 2\ 

gx,8T 

( 

AT(x+xo) 

r 
(4.24) 

[ 
- 4v2 ]2v(x+x0 2  

u - UFf(q), (4.25) 

—v = [f(17)_(1  -fi) (17 + R0 )f (17)— 1jvw ] (4,26) 

respectively. The parameters are I, Pr, fi and R, where fi is related to the exponent 

of the AT -variations (= Q(x + x0 
)211) 

 and R0  is the body radius parameter given by 

I 'AT X 

] 

-'312 2 

R0  =I-' (4.27) 
[ 4v x+x0 )2  

The parameter /1 establishes a bridge between the exponents of AT, ij, and ui,- 

variations for combined convection flows. For this situation (natural convection flows) 

similarity solutions exist only when the natures of AT and ,,' are 
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(i) AT cc x2/?_1 

1-13  
rw  oc X 2 

It will be recalled that Van Dyke [67] has also studied this type of flow and the above 

statement agrees with that of Van Dyke [67]. The body shear stress and heat transfer rate 

are given by 
3 

/tr V g/3T AT(x+xO ) 
(4.28) 

'3 :4 
k1 .AT [ g/3AT(x+x ) 

] 

,(o) (4.29) 

The expressions ((4.28) - (4.29)) replacing Ue  by U,, in the definitions of C., R and 

R0, where 

U = —g/37.LxT(x + x0 ) 

Substituting 2( + R0)=(R + 
))2 (where Ris constant) gives 

77  =(R +,7V)2  —R0 

77, 
Or,1 = . 2( - 

' ôi7 

Or,= 

Now, 

1 

- a q -  a 'i  a 7  - (R + n,,  ) 

- 
a (aj a (afaii 1( 1 

- 
- 

) I 

a, + n + n,) 

[1 1 ii 
- I 

LR + (R + nt,) j R, + ii, 

f,1I?,=---(f )=a& ) 
'' 

a, " 
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a  [  1 
______ _____ = 

+ 
)2 .f?l 

 - (R + )' j ( + 

= (R + ) - ( 
)4 i;M. 

+ (1? +)7 )5  

Again, 

191, 

ô9 ô9 ai, I 
19 

3i ô q,  5i R + 

a (119 a (a91 a17, 

= (Ri, ± 
)2 iii. 

- (R + q, ) 

The equation (4.20) is transformed to 

+ 
)2 [ I 

3 f;/ ,, + 4 f 
3 

[(, ~,) "" - (R + ,) 
v 

(z 
+)5  

__ 
1

3 14 fl- 
(R + ) '' z, + ij,) j (R + i,) 

Or, 
______ 

3 
3 .f,1. + (2+ + .f) [_1

i;IV'I. (i +  ) - (R, + + (Ri, + n) + 
2 

31;1  i_fl 
(R+  77v ) j 

___ ____ 

l(R,, 
1 3 3 

__Or, 
-(R + 

+ 
+ 

)2 + ,) 
'111. 

18   )2 fv](R)f ++')=0 

(i — i, I) 
Or,  f (R ) 

+ + +n) = 0 (4.31) 
(R ) 

The equation (4.21) is transformed to 
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1  

+ liv ) I 2 
- 

1 1 
(i.+.) j 

+ Pr + 1 i.. + .f] 
I 

+ (1— 2fl) _ f11  1 = o 
L Pr R + liv + liv j 

Or, 
- (i 

+ Pr[[ + + ] R , 
+(1-2) 

, 
0 

Or, Pr[p, 
(I. 771  +,)" + 

2 
.]+(& , +(I_2fl)R' f,,O 

Or. Pr' {(R + 9,,}+(i + f)9 +(i - 2fl) f9 = 0 

Or, Pr + li,) S,, } + (I + f) 9,1  + (I - 2fl)f9 = 0 (4.32) 

The above equations with the boundaiy conditions attached to (4.22) are the similarity 

equations derived by Van Dyke [67]. The parameter fi in the present form of the 

equations has been changed to in by a relation mr (1-2/3) for Van Dyke's [67] 

equations. Van Dyke [67] displayed velocity and temperature profiles for Pr = 0.72, 

/3= 0.5 and R. = k = 0.05 although no numerical data were included. He remarked that 

his numerical predictions did not agree well with the experimental results. This may, in 

part, be due to the use of the approximate Boussinesq form of the boundary-Layer 

equations in their complete variable properties form, the flow equations will be shown 

later to be controlled by another parameter for constant surface temperature. 
7) 

The skin friction (of,,,o)) and heat transfer rate (oo9,,i0)) are related to the 

corresponding factors = .f (o) and = 9,1,  (o)) of the equations (4.31) and (4.32) by the 

following equations: 

.f (o)= (o) 
RV  

and 

9o)=--9,, (o) 

where 2R()  = R holds good for the body radius parameters used in the two system of 

-k 
equations (4.20) and (4.21). 
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Changing the similarity variable 77 to r/  where 2(1/ + J?) = the equations (4.20) and 

(4.21) may be transformed to those dealt by Cebeci and Na [12] with a particular value of 

the Paralneterfl(= I). The Nusselt number and the skin ficfion coefficient for a given 

value of the local Reynolds number (based on free convection velocity U) increase with 

decreasing values of the body radius parameter R()  for the specified values of Pr and /3. 

Similar effects were also shown graphically by Cebeci and Na [12]. Furthermore, the 

present investigation shows that, for fixed values of Pr and R0  the Nusselt number 

increases with increasing values of the parameter /3, whereas the skin friction coefficient 

correspondingly decreases (rather slowly). This is due to the fact that, at least for /3>1, 

with the increasing values of /3, the solid body becomes more and more flat at the 

leading edge and ultimately the body shape takes the form of a horizontal circular disc 

having its maximum thickness at the centre with the heated surface facing upwards. 

I 
4.4 Analysis for Combined Convection in Exponential Steady Situation Ue  oc ed 

Finally in this research for possible similarity cases, we look for another possible 

situation, when any one of the constants considered arbitrary in case (4.1) be set equal to 

zero, If we set either a1  or a, =0, this leads to the special cases in which /3 is either I 

or zero in the case (4.1). On the other hand if we set (a + a, )= 0, we obtain, different 

I. equation for UL and for this case we obtain, 

y=B() (4.35) 

yUL = A (4.36) 

By virtue of (2.38) one finds, from the equations (4.35) and (4.36), )'and UL in the 

following forms: 

,y =B ()=e ..1 (4.37) 

UL = Ae A (4.38) 

In view (4.37) and (4.38) the relations between the constants are easy to obtain from the 

similarity requirements (2.38). These are 

.4' 
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a0  = (a1  + 6'12) = a4  = 0, a2  = arbitrary, a3 
= 

2e 

—g  0 

-. 

Pr'
A 
 ' a5 = X e ,a6 =a2,a7 =0 and a8 =2a2  

As before, after simplifications, the general equations (236) and (2.37) can be reduced to 

the following forms in combined convection flows: 

{ 2(,1 + 1? )f,, } +1— f,,2  + =0 (4.39) 

(4.40) 

The boundary conditions are 

f(0)= ,(o)= 01  f,,(a)= 9(0)= 1, 8(00)= 0 (4.41) 

In this case, the similarity function, the similarity variable, the velocity components, the 

body radius parameter and the free convection velocity (= U1..) are given by 

u= = 
r 2 
 - 

2vd 
Ue (4.42) 

U— U.t',,(T/), - v= i( + R0 )f71 (q), (4.43) 

R0 U =-g,flAid (4.44) 
2vd 

respectively. Here 'd' is a non-dimensional constant characteristic length. It is substituted 

for the inverse of the co-efficient of the exponential term in the external (=forcing) 

A 
velocity 112 = Ae , so we put - = d }. It can be easily shown that the 

A a2 ) 

following restrictions on the variations in u, AT and nv  are necessary for the above type 

of similarity solution to exist: 

X+X )  

u, oo e d 

ATcoe d 

(x+x ) ) 

rr co e 
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In this case the governing differential equations are controlled by only three parameters, 

namely Pr, R()  and . Other essential flow parameters like the skin friction coefficient 
lie  

'S 

and the heat transfer coefficient may easily be obtained from the equations (4.43) and 

Fourier's law. These are in the usual forms of 

c1 = (o) (4.45) 

where suffix d' denotes that the above coefficients are based on the constain 

characteristic length d. 

In the absence of an external forcing velocity u, the motion of the fluid around the object 

is determined entirely by the AT -variations. Such a flow in this case will be governed by 

the following similarity equations: 

+ I?, )j, }, - + 9 = 0 (4.47) 

p-1  {(i+1?0 )9,1 } —j9=0 (4.48) 

The boundary conditions attached to (4.47) and (4.48) are 

.f(o)=t;,(o)= ,ç,()= o,(o)= i,()= 0 (4.49) 

The similarity function f(i) the similarity variable 17 the velocity components u,v and 

the body radius parameter R0 associated with the equations to (4.47) and (4.48) are 

i/1 
(4.50) 

vd 

3 ]- 
 ' 
 2 _ 2 

(4.51) 

u = [- gflATd}fq ()i). (4.52) 

V ry 
(17 + R 

- 
(4.53) 

R =[- 
gfl1ATd 3 

(4.54) 
[ 4v 2  jd2 



ii 

respectively. The skin friction ç  and the heat transfer rate q, at the body surface may be 

expressed in the forms of the equations (4.28) and (4.29) where (x + x0 ) there should he 

replaced by 'd' in the present case. 

4.5 Numerical Scheme and Procedure 

The set of differential equations (4.7)—(4.8) with the boundary conditions (4.9) are solved 

numerically by using computer software. Like Case A, here the velocity J, and 

temperature S are determined as a function of coordinate i. The skin friction coefficient 

and the heat transfer rate —9(0) are also evaluated for this case and ntunerical 

results thus obtained in terms of the similarity variables are displayed in graphs and tables 

for several selected values of the established parameters 1- G, 1?0  and Pr below. 
ic 

4.6 Numerical Results and Discussion 

To obtain the solution of differential equations (4.7) - (4.8) with the boundary conditions 

(4.9), we have adopted a numerical procedure based on computer software. The effects of 

suction parameter F,, driving parameter ,8 (the ratio between the changes of local 

U 2  
boundary-layer thickness with regard to position and time), the buoyancy parameter -- 

14, 

(the square of the ratio between the fluid velocity caused by buoyancy effects and 

external velocity for the forced flow), the body radius parameter 14,  and the Prandtl 

number Pr are plotted in the Figure (4.1) - (4.10). To observe the effect of /',., the other 

four parameters fi, 4, I?o and Pr are taken constants. Similarly, we observe the effect 
UI- 

U 2  
of the parameters fi, -i-, R0  and Pr by taking the rest four parameters constant 

Ue 

respectively. 

The effects of F, on the velocity and temperature fields are plotted in the Figure 4.1 and 

Figure 4.2. From Figure 4.1, we observe that the velocity is increasing for increasing 

values of J in the region 17 < 1. The velocity becomes negative when i> 1 .66 (except 

for J, = 0.3). Then the velocity again start increasing with increasing 17 and further 

become positive after i> 6.9. The maximum velocity appears at 77 8.75 and then 

a 
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finally converges to 1.0. Further we conclude that for the case of suction, the velocity 

increases with decreasing values of F, and it decreases with increasing values of the 

magnitude of blowing in the region 0 :5 q < 0.45 and after that no sequential effect of 

F. on the velocity fields are observed. 

From Figure 4.2 we see that the temperature falls quickly close to 17 = 0 (leading edge) 

and away from it temperature decrease asymptotically and finally become zero with the 

increase of 17. For the case of suction > 0), temperature decreases with decreasing 

suction. For the case of blowing (F,, <0), temperature decreases swiftly close to the 

leading edge as the magnitude of blowing increases and away from it temperature 

decreases asymptotically and finally become zero for large value of ,. 

I. 

1.5 

0.5 

0 

-0.5 

-1 
0 

Fw-.35 
Fw-0.3  

Fw0.1 / 
F0.3  

---Fw0.5  

/ 
1 2 3 4 5 6 7 8 9 10 

11 

Figure 4.1: Velocity profiles for different values of F.  (with fixed values of = 0.5, 
U 

R0  =0.1 and Pr=0.71, 8=0.5). 
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Figure 4.2: Temperature profiles for different values of FH  (with fixed values of 

R0  =0.1 and Pr=0.71, fl=0.5). 
U 

The body radius parameter Ro depends on the shape of the slender body. The velocity and 

temperature fields exhibit remarkable changes with the variation of Ro as observed from 

Figure 4.3 and Figure 4.4. It is observed from Figure 4.3 that with the increase in 77  for 

different values of Ro, velocity increases with the increase of Ro when i !~ 0.4 and then 

velocity decrease with increasing i and after a certain stage velocity becomes negative 

when , <0.72 (except for F = 0.3) for a large period and then velocity again become 

positive and finally leads to one asymptotically. It is observed from Figure. 4.4 that with 

the increase in i for different values of Ro the temperature falls quickly with the increase 

in Ro and finally leads to zero asymptotically. 
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Ro0.05 
Ro=0.01 
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-0.5 

-1 
4- 0 1 2 3 4 5 6 7 

Figure 4.3: Velocity profiles for different values of 1?  (with fixed values of - = 0.5, 
U 

F =0.5 and Pr=0.71, /3=0.5). 
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Figure 4.4: Temperature profiles for different values of R0  (with fixed values of 

F, =0.5 and Pr=0.71, /3=0.5). 
1•- Ue  
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The other controlling parameter is the Prandtl number Pr = which depends on the 
CP  

 properties of the medium. The velocity and temperature fields exhibit considerable 

changes with the variation of Pr as observed from Figure 4.5 and Figure 4.6. It is 

observed from Figure 4.5 that with the increase in )7 for different values of Pr, the 

velocity increases slightly with increasing Pr and finally leads to one asymptotically all 

together. Like before, temperature decrease quickly with the decreasing Pr close to the 

leading edge and finally leads to zero smoothly for large ;7 as is seen in Figure 4.6. 

1.4 
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FF0.71 
PF1.0 
FF5.0 
FF7.0 

- - - FF15.0 

1 2 3 4 5 6 7 

11 

U 2  
Figure 4.5: Velocity profiles for different values of Pr (with fixed values of = 0.5, 

U 

/3=0.5, F, =0.5 and R0  = 0.1). 
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Figure 4.6: Temperature profiles for different values of Pr (with fixed values of 

= 0.5, /3=0.5, F. =0.5 and R0  = 0.1). 
U 

Figure 4.7 and Figure 4.8 exhibit the effects of the driving parameter /3 on the velocity 

and temperature fields, respectively. The velocity and temperature fields exhibit 

remarkable changes with the variation of /3 as observed from Figure 4.7 and Figure 4.8. 

It is observed from Figure 4.7 that with the increase in i for different values of /3, the 

velocity increases with increasing /3 when q < 0.8. The velocity profiles change their 

directions (for those values of /3> 1.5) and become negative after > 1.8. The 

magnitude of velocity increase with the increase of /3 in the negative flow region (for 

/3> 1.5) where i> 4.0 and velocity again become positive and finally leads to one 

asymptotically. Here velocity again increases with the decrease of /3 in the positive flow 

region where i > 6.8. 

Like before, temperature decreases faster with the increasing /3 and finally leads to zero 

asymptotically as is seen in Figure 4.8. 
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U 2  
Figure 4.7: Velocity profiles for different values of /3 (with fixed values of -f- = 0.5, 

Ue  

Pr= 0.71, F, =0.5 and R0  = 0.1). 
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Figure 4.8: Temperature profiles for different values of /1 (with fixed values of 

U2  
—f=0.5, Pr= 0.71, F =0.5 and R.3  = 0.1). 
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From Figure 4.9 it is observed that, with the increase in the buoyancy parameter 
U 

from negative to positive values, the velocity increases and thus goes to 1.0 

asymptotically without being negative within a short range for all values of 

u2 
except for UF = 5.0 But a chaotic behaviour is observed for large value of the 

Ue Ue ) 

buoyancy parameter [f s.oj. Here the velocity increases close to the leading edge 

and then decreases with increasing ,, become negative when , > 0.8 and finally leads to 

1.0 after being positive when 77 > 6.45. 

No significant effect of on the temperature field is found as is seen in Figure 4.10. 
U 
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-2 1 I I I I I 
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Figure 4.9: Velocity profiles for different values of - (with fixed values of /3=0.5, 

Pr= 0.71, F. =0.5 and R0  = 0.1). 
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Figure 4.10: Temperature profiles for different values of (with fixed values of 

/3=0.5, Pr= 0.71, F =0.5 and R0  =0.1). 

The values proportional to the coefficients of skin friction f/I  (0) and heat transfer 

- 9" (0) are tabulated in Table (4.1) - (4.5). 

Table 4.1: Values proportional to the coefficients of skin-friction (f/I  (0)) and heat 

transfer (9I  (0)) with the variation of suction parameter F (for fixed 

U,/u =0.5, R0  =0.1, /3=0.5 and Pr=0.71) 

f//(0) -9'(0) 
0.50 0.088367 -6.02010 
0.30 0.088918 -5 .43997 
-0.30 0.087382 -3.84120 
-0.50 0.086666 -3 .59908 

Table 4.2: Values proportional to the coefficients of skin-friction f"(0) and heat transfer 

-9'(0) with the variation of body radius parameter R0  (for fixed 

F, =0.5, U/u =0.5, /3=0.5and Pr=0.71. 

R0  f"(0) -91(0) 

0.005 0.478168 -56.42110 
0.01 0.312535 46.75050 
0.05 0.132539 -11.59130 
0.1 0.088367 -6.02010 
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Table 4.3: Values proportional to the coefficients of skin-friction (j"(0)) and heat 

Transfer (-5" (0) ) with the variation of Prandtl number Pr (for fixed 

/3=0.5, U/u =0.5 and R0 =0.1) 

Pr 

0.71 0.088367 
f"(0)  

-6.02010 
1.00 0.077284 -7.882919 
5,00 0.029811 -33.61870 
7.0 0.010929 -52.283413 

Table 4.4: Values proportional to the coefficients of skin-fiction (1" (0)) and heat 

Transfer (9'(0)) with the variation of driving parameterfl(for fixed 

F,,, =0.5, Pr=0.71, Ut/u =0.5 andR0  = 0.1) 

/3 .f /' ( 0) -S'(0) 
0.5 0.088367 

0.088367 
 -6.02010 
-6.02017 1.5 

2.5 0.074113 -5.20063 
3.0 0.062708 -4.54997 

Table 4.5: Values proportional to the coefficients of skin-friction (f"(0)) and heat 

Transfer (-5 "(0)) with the variation of buoyancy parameter U. /u (for 

fixed F,,, =0.5, /3=0.5, R0  =0.1 and Pr=0.71) 

U,/u f hl (o)  

0.5 0.088367 -6.02010 
1.0 0.176796 -6.02010 
2.0 0.265931 

0.695437 
-6.02010  

-6.02010 5.0 
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CHAPTER V 

Conclusions and Recommendations 

By using the technique of similarity solutions, the governing boundary layer equations for the 

two-dimensional mixed convective laminar boundary layer flow around a vertical slender 

body have been solved in this present research works. It is considered that the surface of the 

slender is porous so that the effects of suction and blowing are taken into account. Different 

similarity cases arise with the choice of 
dA 

 and 
dB 

 either zero or constant. Similarity solutions for 
dr d 

two of the cases, namely, Case A and Case B have been studied in two different Chapters of this thesis. 

On the basis of the findings, it is observed from Case A that: 

Velocity increases with the decrease of suction but for the case of blowing the 

velocity increases with the increase of the magnitude of blowing. 

Temperature decreases with decreasing suction but it decreases more with the 

increase of the magnitude of blowing. 

With the increase in the buoyancy parameter from negative to positive values, 
ue  

the velocity enhanced slightly and thus the velocity goes to 1.0 asymptotically within 

a short range. 

No effect of buoyancy parameter on the temperature field is observed. 
Ue  

Velocity highly increases with the increase of R0  and finally leads to 1.0 

asymptotically for large i. 

Temperature decreases sharply with the increase of J?o  and finally approaches zero 

asymptotically for large i. 

With the increase inPr, the velocity increases negligibly and finally leads to the value 

1.0 asymptotically for large value of i. 

Temperature decreases momentously with decreasing Pr and finally approaches zero 

asymptotically. 

FM- 
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But in the study of case B it is observed that this case is very case sensitive relative to the 

values of controlling parameters and no symmetric relationships of controlling parameters on 

the flow variables are observed here. 

On the basis of the findings, it is observed from Case B that: 

The possible values of F are restricted to —0.35 :!~ :!~ 0.5. 

For the case of suction, the velocity increases with decreasing values of and it 

decreases with increasing values of the magnitude of blowing in the region 

0 :!~ i <0.55. After that no sequential effect of EW  on the velocity fields are observed. 

For the case of suction, temperature profiles decrease with decreasing suction and for 

the case of blowing, temperature decreases swiftly close to the leading edge as the 

magnitude of blowing increases and away from it temperature decreases 

asymptotically and finally become one for large value of i. 

With the increase in R0, the velocity increases when i :~ 0.4 and then velocity 

decrease with increasing q and after a certain stage velocity becomes negative when 

)7 <0.72 (except for F. = 0.3) for a large period and then velocity again become 

positive and finally leads to 1.0 asymptotically. 

With the increase in R0  the temperature decreases quickly and finally leads to zero 

asymptotically. 

Velocity increases slightly with increasing Pr and finally leads to one asymptotically 

all together. 

Temperature decreases quickly with the decreasing Pr close to the leading edge and 

finally leads to zero smoothly for large i 

No sequential effect of ,8 on the velocity field is seen. 

Temperature decreases faster with the increasing fi and finally leads to zero 

asymptotically. 
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With the increase in the buoyancy parameter from negative to positive values, 
uc  

the velocity increases and thus goes to 1.0 asymptotically without being negative 

u2 
within a short range for all values of -f- except for -f = 5.0 

U Ue  

A chaotic behavior is observed for large value of the buoyancy parameter 

IT r 

I-=5.0 
(\ Ue  

(I) No significant effect of on the temperature field is found. 
Ue  

Therefore, our conclusion is that, study of Case A is more suitable than Case B. 

Further study is necessary to solve rest of the cases. 

Iz- 
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