On Some Asymptotic Solutions of Fourth
Order Critically Damped Nonlinear
Systems

M. Phil. THESIS

B. M. IKRAMUL HAQUE

DEPARTMENT OF METHAMATICS
KHULNA UNIVERSITY OF ENGINEERING &
TECHNOLOGY
KHULNA-9203, BANGLADESH
JANUARY, 2008.




On Some Asymptotic Solutions of Fourth
Order Critically Damped Nonlinear Systems

A Thesis

Submitted for the partial Fulfillment of the Degree of

MASTER OF PHILOSOPHY

1n
Mathematics

By

B. M. Ikramul Haque

Roll No. 0151504, Session: 2001-2002

To

DEPARTMENT OF METHAMATICS
KHULNA UNIVERSITY OF ENGINEERING & TECHNOLOGY
KHULNA-920300, BANGLADESH
JANUARY, 2008.



We, the examination committee, recommend that the thesis prepared by B. M. Ikramul

Haque, Roll No.-0151504, Session: 2001-2002, titled “On Some Asymptotic Solutions of

Fourth Order Critically Damped Nonlinear Systems” be accepted as fulfilling the part of

the requirement for the -

Master of Philosophy in Mathematics from the Department of

Mathematics, Khulna University of Engineering & Technology, Khulna.

Examination Committee

1;

[N

Professor Dr. Fouzia Rahman

Supervisor

Department of Mathematics

Khulna University of Engineering & Technology
Khulna.

Dr. M. Ali Akbar

Co-Supervisor

Assistant Professor

Department of Applied Mathematics
Rajshahi University

Rajshahi

Head

Department of Mathematics

Khulna University of Engineering & Technology
Khulna.

Professor Dr. Md. Bazlar Rahman

Department of Mathematics

Khulna University of Engineering & Technology
Khulna.

Professor Dr. Mohammad Arif Hossain
Department of Mathematics

Khulna University of Engineering & Technology
Khulna.

Professor Dr. M. A. Sattar
Examiner

Department of Mathematics
Rajshahi University
Rajshahi

Member

Member

%7 R it

External Member



Dedicated to My

Beloved Parents
and

Affectionate Daughter



Declaration

[ hereby declare that this thesis entitled “On Some Asymptotic Solutions of Fourth Order
Critically Damped Non-linear Systems” submitted for the partial fulfillment for the
degree of Master of Philosophy is done by myself under the supervision of Dr. Fouzia
Rahman and Dr. M. Ali Akbar as supervisor and co-supervisor respectively and is not
submitted elsewhere for any other degree or diploma.

M‘Vﬁﬂ-aﬁ

B. M. Ikramul Haque

Assistant Professor

Department of Mathematics

Khulna University of Engineering & Technology
Khulna-920300

Counter signed by:

m Co—Superviso'rQ'g'ozﬂm
Dr. Fouzia Rahman Dr. M. Ali Akbar
Professor Assistant Professor
Department of Mathematics Department of Applied Mathematics
Khulna University of Engineering & Technology Rajshahi University

Khulna-920300 Rajshahi-6205



Acknowledgement

I would like to express my deepest gratitude and appreciation to my supervisor Dr.
Fouzia Rahman, Professor, Department of Mathematics, Khulna University of
Engineering and Technology (KUET), Khulna under whose guidance the work was
accomplished. I would like to thank Professor Dr. Fouzia Rahman for her earnest feelings

and help in matters concerning my research affairs as well as personal affairs.

I express my deepest sense of gratitude to my reverend co-supervisor Dr. M. Ali Akbar,
Assistant Professor, Department of Applied Mathematics, Rajshahi University, Rajshahi
for his willingness to accept me as a research student. His immense help with
supervision, invaluable instructions, encouragement and constructive discussion

throughout this research work helped a lot.

I take the opportunity to express my great indebtedness to Dr. Mohammad Arif Hossain,
Professor, Department of Mathematics, KUET for his help in matter concerning thesis

review.

[ thank all the colleagues of Mathematics Department, KUET for their necessary advice
and cordial co-operation during the period of study. I thank all the research students of

this Department for their help in many respects.

I would like to express the greatest pleasure to acknowledge to my respected and
honorable teacher, Md. Hafizur Rahman, Assistant professor, Department of
Mathematics, Govt. M. M. College, Jessore for his help, valuable suggestions, helpful

inspiration and scholastic advice.

iii



Finally, I would express a special thank to my beloved wife Nargis Parvin Nina for her
constant encouragement and generous help. My profound debts to my parents are also

unlimited.

The author

Table of Contents
Page
Table of contents iv-v
List of figures vi
Abstract vii
Introduction 1-3
Chapter 1 The Survey and the Proposal 4-17
1.1 The Survey +
1.2 The Proposal 17

Chapter 2 Asymptotic Solutions of Forth Order Critically Damped

Nonlinear Systems Under Some Special Conditions 18-37
2.1 Introduction 18
2.2 The method 19
2.3 Example 25
2.4 Results and Discussion 31



2.5 Conclusion 37

Chapter 3 Asymptotic Solutions of Forth Order More Critically

Damped Nonlinear Systems Under Some Special

Conditions 38-57

3.1 Introduction 38

3.2 The method 39

3.3 Example 44

3.4 Results and Discussion 51

3.5 Conclusion 37
References 58-67




List of figures

Page
Fig. 2.1 32
Fig. 2.2 33
Fig. 2.3 34
Fig. 2.4 35
Fig. 2.5 36
Fig. 3.1 52
Fig.3.2 _ 53
Fig. 3.3 54
Fig. 3.4 55

Fig. 3.5 56

vi



Abstract

Krylov and Bogoliubov introduced a perturbation method named “asymptotic averaging
method”. The method was developed only to obtain the periodic solution of second order
nonlinear differential systems. Now the method is used to obtain the solutions of
oscillatory, damped oscillatory, over-damped, critically damped and more critically
damped systems with of second, third, fourth etc. order nonlinear differential equations
by imposing some restrictions to make the solutions uniformly valid. The method of
Krylov and Bogoliubov has been improved and justified by Bogoliubov and Mitropolskii.
In this dissertation, we have modified and extended the Krylov-Bogoliubov-Mitropolskii
(KBM) method to investigate the fourth order critically damped and more critically
damped nonlinear systems. We have imposed some restrictions on the eigenvalues to
determine the unknown functions which are related to the variational equations. To get
the solutions of the variational equations, we have replaced the variables by their
corresponding linear values. For justification of the solution obtained by the extended
KBM method, we have compared the results to those obtained by the fourth order Runge-
Kutta method.
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Introduction

The subject of differential equation not only is one of the most beautiful parts of
mathematics, but it is also an essential tool for modeling many physical situations such as
spring mass system, resistor-capacitor-inductor circuits, bending of beams, chemical
reactions, pendulums, the motion of the rotating mass around another body and so forth.
These equations have also demonstrated their usefulness in ecology, economics and
biology. That is a large number of problems in engineering and science can be formulated
in the form of differential equation. Therefore the solution of such problems lies
essentially in solving the corresponding differential equations. The differential equations
may be linear or nonlinear, autonomous or non-autonomous. Practically, numerous
differential equations involving physical phenomena are nonlinear. In many cases it is
possible to replace such a nonlinear equation by a related linear equation, which
approximates the actual non linear equation closely enough to give useful results. The
method of small oscillations is a well-known example of the linearization of problems,
which are essentially nonlinear. However, such a “linearization” is not always feasible;
and when it is not, the original nonlinear equation itself must be considered. Methods of
solutions of linear differential equations are comparatively easy and highly developed.
Whereas, very little of a general character is known about nonlinear equations. The study
of nonlinear equations is generally confined to a variety of rather special cases, and one

must resort to various methods of approximation.

Van der pol first paid attention to the new (self-excited) oscillations and indicated that
their existence is inherent in the nonlinearity of the differential equations characterizing

the process. This nonlinearity appears, thus, as the very essence of these phenomena and



by linearizing the differential equation in the sense of the method of small oscillations,
one simply eliminates the possibility of investigating such problems. Thus it is necessary
to deal with the nonlinear problems directly instead of evading them by dropping the
nonlinear terms. To unravel nonlinear differential equations there exist some methods.
Among the methods, the method of perturbations, i.e., asymptotic expansions in terms of
a small parameter are foremost. Perturbation methods have recently received much
attention as methods for accurately and quickly computing numerical solutions of
dynamic, stochastic, economic equilibrium models, both single-agent or rational-
expectations models and multi-agent or game-theoretic models. A perturbation method is
based on the following aspects: The equations to be solved are sufficiently “smooth™ or
sufficiently differentiable a number of times in the required regions of variables and

parameters.

In this thesis, we shall discuss problems that can be described by the dynamical systems
of the fourth order nonlinear autonomous differential equations with small nonlinearities
by use of the Krylov-Bogoliubov-Mitropolski (KBM) method. The method was
developed only to obtain the periodic solutions of second order nonlinear differential
equations. Now the method is used to obtain the solutions of oscillatory, damped
oscillatory, critically damped, more critically damped and non-oscillatory systems with
second, third, fourth etc. order nonlinear differential equations by imposing some

restrictions to make the solutions uniformly valid.

An important approach to the study of such nonlinear oscillations is the small parameter
expansion. Two widely spread methods in this theory are mainly used in the literature;

One is averaging asymptotic method of KBM and the other is multi-time scale method.



In the KBM method the solution starts with the solution of linear equation (sometimes
called the generating solution of the linear equation), only using the amplitude and phase
of the solution of the linear differential equation which are assumed time dependent
functions instead of constants. This method introduces an additional condition on the first
derivative of the generating solution for determining the solution of a second order

equation.

KBM demanded that the asymptotic solutions are free from secular terms. These
assumptions are definitely valid for second and third order equations But for the fourth
order equation the correction terms sometimes contain secular terms, although the
solution is generated by the classical KBM asymptotic method. For this reason, the

traditional solutions fail to explain the proper situation of the systems.

In order to avoid the appearances of secular terms and obtain the desired results, we need
to impose some additional conditions. The main objective of this thesis is to find out
these limitations and determine the proper solutions under some special conditions. The
results may be used in mechanics, physics, chemistry, plasma physics, circuit and control

theory, population dynamics etc.



Chapter 1

The Survey and the Proposal:

1.1 The Survey:

The behavior of many physical systems is adequately described by linear differential and
algebraic equations, and the solution for the simulation response is usually a straightforward
procedure and well established. However, systems whose response must be described by non

linear equations may present special difficulties.

During the last several decades a number of Russian scientists, like, Mandelstam and
Papalexi [39], Krylov and Bogoliubov [31], Bogoliubov and Mitropolskii [13] worked jointly
and investigated nonlinear mechanics. An important aspect of various perturbation methods is
their relationship with each other. Among them, Krylov and Bogoliubov are certainly to be
found most active. In most treatments of nonlinear oscillations by perturbation methods only
periodic oscillations are treated, transients are not considered. Krylov and Bogoliubov [31]
have introduced a new perturbation method to discuss transients. They considered primarily

equations of the form
i+ox=¢ef (X %18 (1.1)

where ¢ is a small positive parameter and f is a power series in &, where coefficients are
polynomials in x, X, sin/ and cost. The method of Krylov and Bogoliubove (KB) starts
with the solution of the linear equation, assuming that in the nonlinear case, the amplitude
and phase in the solution of the linear equation are time dependent functions rather than

constants. This procedure introduces an additional condition on the first derivative of the

assumed solution for determining the solution.



Extensive uses have been made and some important works are done by Stoker [92], Mc

Lachlan [40], Minorsky [43], Nayfeh [50, 51] and Bellman ef al. [11].

The method of Krylov and Bogoliubov is an asymptotic method in the sense thate — 0. An
asymptotic series itself may not be convergent, but for a fixed number of terms, the
approximate solution tends to the exact solution as £ tends to zero. It is noted that the term

asymptotic is frequently used in the theory of oscillations also in the sense thate — o0 . But in

this case the mathematical method is quite different.
In general, f contains neither & nor ¢ thus the equation (1.1) can be written as

i+ 0’x = g f (x,%) (1.2)
When ¢ =0, the equation (1.2) reduces to linear equation and its solution is

x = acos(wt + @) (1.3)
where aand ¢ are arbitrary constants to be determined using initial conditions.

Wheneg # 0, but is sufficiently small, then Krylov and Bogoliubov assumed that the solution

of (1.2) is still given by (1.3) together with the derivative of the form.
X =—awsin(wt + @) (1.4)

where a and ¢ are functions of ¢, rather than being constants. In this case the solution of

(1.2) is

x = a(t)cos(wt + ¢(t)) (1.5)
and the derivative of the solution is

i=— a(H)osin(wt + ¢(r)) (1.6)

Differentiating the assumed solution (1.5) with respect to ¢, we obtain



X =acosy —awsiny - a@siny, w=wt+@ (1.7)
Comparing (1.4) and (1.7), we obtain

acosy —a ¢siny =0 (1.8)
Again differentiating (1.6) with respect to ¢, we have

¥=—awsiny - a o’ cosyy — an@cosy (1.9)

Substituting the value of ¥ from (1.9) in to the equation (1.2) and using equations (1.5) —
(1.6), we obtain.

a osiny + aogcosy =—¢ f(acosy, —awsiny) (1.10)

Solving (1.8) and (1.10) for aand ¢, yields

d:—isiny/ f (acosy, — awsiny) (1.11)
®

géz—i cosy f (acosy, — awsiny) (1.12)
aw

It is seen that the original equation (1.2) of the second order and provides a system of
equations, (1.11) and (1.12), each of the first order. The interesting feature of this
transformation lies in the fact that these first-order equations are now written in terms of the

amplitude @ and phase ¢ as dependent variables

From the form of the right sides of equations (1.11) and (1.12), it is seen that both & and ¢

are periodic functions of time. From the fact that the right-hand terms of these equations

contain a small parametere, one can conclude that both a and ¢, being periodic, and are
: ; ; ; 2z ; ; ;
functions which vary slowly during one period 7 = — as trigonometric functions are
®

involved.



It is reasonable, therefore, to consider a and ¢ as constant during a period T . It is possible to
transform equation (1.11) and (1.12) into more convenient form. For this purpose, expanding
siny f(acosy,—awsin t,‘/) and cosy f(a cosy/,—aw sin :,z/) in Fourier series in the total
phase y, the first approximate solution of (1.2), by averaging (1.11) and (1.12) over one
period is

2r

) siny f(acosy, awsiny) dy
2w
5 (1.13)
P=- i Icosg/f(acos;y, awsiny)dy
2rwa |

where a and @ are independent of time under the integrals.

The first approximation in the form in which they were originally obtained by Krylov and

Bogoliubov [31] and in which they are generally used in applications.

Later, this technique has been amplified and justified mathematically by Bogoliubov and
Mitropolskii [13], and extended to non-stationary vibrations by Mitropolskii [44]. They

assumed the solution of the nonlinear differential equation (1.2) in the form
x=acosy + & u, (a,y) + & u, (@, ¥) +n.. +&" u, (a, ) +0@E"") (1.14)

where, u,, k=1, 2, ...,n are periodic functions of y with a period 2 7, and the quantities a

and y are functions of time ¢, defined by

a=¢ A(a)+¢€* 4, (a) +....+ £"4, (a) +O(e™")

(1.15)
w=w+¢ B(a) + &’B, (a) +....+ &"B, (a) +O(s"")

where u,, 4, and B,, (k=1,2,...,n) are to be chosen in such a way that the equation

(1.14) and (1.15) satisfy the differential equation (1.2). Since there are no restrictions in

choosing the functions 4, and B,, that generate the arbitrariness in the definitions of the



functions u, (Bogoliubov and Mitropolskii [13]). To remove this arbitrariness, the following

additional conditions are imposed

2

[uy (a,y)cosy dy =0,
0

2
Juy (a,y)siny dy =0.
0

(1.16)

These conditions guarantee the absence of secular terms in all successive approximations.

Differentiating (1.14) twice with respect to t, substitutingx,X and X%, using the relations
(1.15) and equating the coefficients of & k (k=1 2,---,n) one obtains recursive systems

2
0" u,

w® ( = +u,) = [ (a, ) + 20(aB, cosy + 4, siny ), {1.17)
W

where

[P (ay) = f (acosy, —awsiny),

FP (@) =u, f, (acosy, —aosiny) + (4, cosy —aB; siny ”"g%)

x f, (acosy, — awsiny) +(aB} — 4, %)cosy/+ (24, B, —a 4, %) siny  (1.18)

2 2
o0 u, +B 0 u; )
Oa oy oy

~2m (4,

Here: f *1) isa periodic function of y with period 27 depending also on the amplitudea.
Therefore, £ as well as u, can be expanded in a Fourier series as
(24
7 @)=l a)+ £ (g,4a) cosny + 1@ sinny)

(1.19)
-1) cosnw+w£k'l)(a) sin m,'/)



where

2r
g = 1 jf(’"” (acosy, — awsiny)dy
2% &
2
) 1 Jf("")(acosa,u, — awsiny)cosny dy (1.20)
F3

0

1 2 : l
A = — _[f“‘")(a cosy, —awsiny)sinnydy, n=1
7z 0

Here vl(k_l) = wl(k_l) = 0 for all values of £, since both integrals of (1.16) vanish.

Substituting these values into the equation (1.17), yield.

mzv((f'”(a)+i o’ (1-n* ) ¥ a)cosny + w(a)sinny |
n=1

=g¥Na)+ (g (a)+2wa B,)cosny +(h*(a)+ 204, ) siny (1.21)

+ z [8,(,k_|}(a)cos ny + h,(,*")(a)sin ny |
n=2
Now equating the coefficients of the harmonics of the same order, give

(k-1)
g VNa)+20aB, =0, K (a)+ 204, =0, vtgkhl}(a)zgt]i?(a)’
@

M) - 8870 ey W) (1.22)

021-n2) " w2 (1-n?)

These are the sufficient conditions to obtain the desired order of approximation. For the first

order approximation, we have

2aw 2maw

) 2
A=~ h (a) =— _[f(acosy/, —awsiny )siny dy,
2w 2ne
o) | (1.23)
B =- &5 __ _[f(acosgy, —awsiny )cosy dy.
0

Thus, the variational equations (1.15) become



2z
a =—-2~§— jf(acosy/, —awsiny )siny dy,
V40
) (1.24)
g}:m—z £ If(acosgz/, —awsiny )cosy dy.
ram ;

We see that the equations of (1.24) are similar to the equations in (1.13). Therefore the first
order solution obtained by Bogoliubov and Mitropotskii [13] is identical to the original
solution obtained by KB [31]. In the second method, higher order solution can be found

easily. The unknown function u, called correction term, is obtained from (1.22) &(1.19) as

u,

(1.25)

2

@), ¢ s eesny + 40) osny
@ n=2 ﬂ)2 (l_nz)

The solution (1.14) together with #, is known as the first order improved solution in which a
and y are obtained from (1.24). If the values of the functions 4, and B, are substituted form
(1.23) into (1.18), the function /"), and in the similar manner, the functions A, B, and u,

can be found. Therefore the determination of the higher order approximation is complete.

Somewhat different nonlinear phenomena occur when the amplitude of the dependent
variable of a dynamical system is less or greater than unity. The damping is negative when
the amplitude is less than unity and the damping is positive when the amplitude is greater

than unity. The governing equation having these phenomena is
¥-e(-x")x+x=0 (1.26)

This equation is known as Van der Pol [94] equation. This equation has very extensive field

of application in connection with self-excited oscillations in electron-tube circuits.

The method of KB is very siinilar to that of Van der Pol and related to it. Van der Pol applies

the method of wvariation of constants to the basic solution x=acoswt+bsinwt

of ¥+ @’x=0, on the other hand KB apply the same method to the basic

10



solutionx = acos(w! + @) of the same equation. Thus in the KB method the varied constants
are a and @, while in the Van der Pol’s method the constants are @ andb . The method of

KB seems more interesting form the point of view of applications, since it deals directly with

the amplitude and phase of the quasi-harmonic oscillation.
Volosov [95] and Museenkov [49] also obtained higher order effects.

The KB method has been extended by Kruskal [30] to solve the fully nonlinear differential

equation
¥ = F(x,%,X) (1.27)

The solution of this equation is based on recurrent relations and is given as the power series

of the small parameter.

Cap [26] has studied nonlinear systems of the form
i+a? f(x)=eF(x,x) (1.28)

He solved this equation by using elliptic functions in the sense of Krylov and Bogoliubov.,
Later, the method of Krylov-Bogoliubov-Mitropolskii (KBM) has been extended by Popov

[55] to damped nonlinear systems
i+2ki+a’x=¢ f(x,%) (1.29)

where —2kx is the linear damping force and 0 < k < @. It is noteworthy that, because of the
importance of the Popov’s method [55] in the physical systems, involving damping force,
Mendelson [41] and Bojadziev [24] rediscovered Popov’s results. In case of damped

nonlinear systems the first equation of (1.15) has been replaced by

a=—ka+e A (a)+ &> 4, (@) +....+ £"4, (a) +O(e"™) (1.30)

11



Murty et al. [47] found a hyperbolic type asymptotic solution of an over-damped system
represented by the nonlinear differential equation (1.29) in the sense of KBM method; i. e. in
the case k > w .They used hyperbolic function, cosh¢ or sinh¢ instead of the harmonic
function, which is used in [13, 31, 41, 55]. In the case of oscillatory or damped oscillatory

process cosh @ may be used arbitrarily for all kinds of initial conditions. But in case of non-
oscillatory systems cosh¢ or sinh¢ should be used depending on the given set of initial

conditions (Bojadziev and Edwards [23], Murty et al. [47], Murty [48]). Murty and
Deekshatulu [46] developed a simple analytical method to obtain the time response of second
order nonlinear over-damped systems with small nonlinearity represented by the equation
(1.29), based on the Krylov-Bogolibov method of variation of parameters. Shamsul [82]
extended the KBM method to find solutions of over-damped nonlinear systems, when one
root becomes much smaller than the other root. Murty [48] has presented a unified KBM
method for solving the nonlinear systems represented by the (1.29) which cover the
undamped, damped and overdamped cases. Bojadziev and Edwards [23] investigated
solutions of oscillatory and non-oscillatory systems represented by (1.29) when & and o are
slowly varying functions of time 7. Arya and Bojadziev [9, 10] examined damped oscillatory
systems and time-dependent oscillating systems with slowly varying parameters and delay.
Shamsul ef al. [72] extended the Krylov-Bogoliubov-Mitropolskii method to certain non-
oscillatory nonlinear systems with varying coefficients. Later, Shamsul [84] has unified the
KBM method for solving n-th order nonlinear differential equation with varying coefficients.
Sattar [63] has developed an asymptotic method to solve a second order critically damped
nonlinear system represented by (1.29). He has found the asymptotic solution of the system

(1.29) in the form

x=a(l+y)+eu(ap)++e"u,(ay)+ O(a”“) (1:31)

12



where a is defined in the equation (1.30) and y is defined by
W =1+ C,(a) + &> C, (a) +....+ £"C, (a) +O(™"), (1.32)

Shamsul [69] has developed a new perturbation technique to find approximate analytical
solution of both second order over-damped and critically damped nonlinear systems. Later,
he [78] extended the method to n-th order nonlinear differential systems. Shmsul [79, 85] has
also extended the KBM method for certain non-oscillatory nonlinear systems when the
eigenvalues of the unperturbed equation are real and non-positive. Shamsul [71] has
presented a new perturbation method based on the work of the Krylov-Bogoliubov-
Mitropolskii method to find approximate solutions of second order nonlinear systems with
large damping. Shamsul ef al. [74] investigated perturbation solution of a second order time-

dependent nonlinear system based on the modified Krylov-Mitropolskii method.

Making use of the KBM method Bojadziev [14] has investigated solutions of nonlinear
damped oscillatory systems with small time lag. Bojadzive [19] has also found solutions of
damped forced nonlinear vibrations with small time delay. Bojadziev [20], Bojadziev and
Chan [21] applied the KBM method to problems of population dynamics. Bojadziev [22]
used the KBM method to investigate solutions of nonlinear biological and biochemical
systems. Lin and Khan [35] have also used the KBM method to some biological problems.
Proskurjakov [56], Bojadziev et al. [15] have investigated periodic solutions of nonlinear
systems by the KBM and Poincare method, and compared the two solutions. Bojadziev and
Lardner [16, 17] have investigated monofrequent oscillations in mechanical systems
including the case of internal resonance, governed by hyperbolic differential equation with
small nonlinearities. Bojadziev and Lardner [18] have also investigated solution for a certain
hyperbolic partial differential equation with small nonlinearity and large time delay included

into both unperturbed and perturbed parts of the equation.

13




Osiniskii [52], first extended the KBM method to a third order nonlinear differential equation
X+ k¥ +k,x+kx =g f(x,%,X) (1.33)

where £ is a small positive parameter and / is a nonlinear function. Osiniskii assumed that

the asymptotic solution is in the form
x=a+bcosy +eu,(a,b,w)+ - +&"u,(a,b,y)+ o(s’”' ) (1.34)

where each u, &k =12,...,n is a periodic function of  with period 27 and, a,b and y are

functions of time , given by

a=-Aa+e A (a)+¢&® A, (a) +....+ "4, (a) +O(g"")
b=-ub+¢g B,(b) + &* B, (b) +.....+ £"B, (b) +O(e™") (1.35)
w=w+¢& C,(b) +&°C, (b) +.....+ £"C, (b) +O (")

where — 4, — u + @ are the eigenvalues of the equation (1.31) when £ =0.

Osiniskii [53] has also extended the KBM method to a third order nonlinear partial
differential equation with initial friction and relaxation. Mulholland [45] studied nonlinear
oscillations governed by a third order differential equation. Lardner and Bojadziev [33]
investigated nonlinear damped oscillations governed by a third order partial differential
equation. They introduced the concept of “couple amplitude” where the unknown functions

Ay, B, andC, depend on both the amplitudes a and 4. Rauch [57] has studied oscillations

of a third order nonlinear autonomous system. Bojadziev [24], Bojadziev and Hung [25]
developed a technique by using the method of KBM to investigate a weakly nonlinear
mechanical system with strong damping. Sattar [64] has extended the KBM asymptotic
method for three-dimensional over-damped nonlinear systems. First, Shamsul and Sattar [66]
developed a method to solve third order critically damped autonomous nonlinear differential

systems. Shamsul [77] redeveloped the method presented in [66] to find approximate

14



solutions of critically damped nonlinear systems in the presence of different damping forces
by considering different sets of variational equations. Later, he unified the KBM method for
solving critically damped nonlinear systems [91]. Shamsul and Sattar [70] studied time
dependent third order oscillating systems with damping based on an extension of the
asymptotic method of Krylov-Bogoliubov-Mitropolskii. Shamsul [82], Shamsul et al. [89]
has developed a simple method to obtain the time response of some order over-damped
nonlinear systems together with slowly varying coefficients under some special conditions.
Later, Shamsul [78], Shamsul and Bellal [83] have extended the method presented in [82] to

obtain the time response of »-th order(n > 2), over-damped systems. Shamsul [81] has also

developed a method for obtaining non-oscillatory solution of third order nonlinear systems.
Shamsul and Sattar [67] presented a unified KBM method for solving third order nonlinear
systems. Shamsul [75] has also presented a unified Krylov-Bogoliubov-Mitropolskii method,
which is not the formal form of the original KBM method, for solving #-th order nonlinear
systems. The solution contains some unusual variables. Yet this solution is very important.
Shamsul [87] has also presented a modified and compact form of the Krylov-Bogoliubov-
Mitropolskii unified method for solving a n-th order nonlinear differential equation. The
formula presented in [87] is compact, systematic and practical, and easier then that of [75].
Shamsul [88] developed a general formula based on the extended Krylov-Bogoliubov-
Mitropolskii method, for obtaining asymptotic solution of an n-th order time dependent
quasi linear differential equation with damping. Bojadziev [24], Bojadziev and Hung [25]
used at least two trial solutions to investigate time dependent differential systems; one is for
resonant case and the other is for the non-resonant case. But Shamsul [88] used only one set
of variational equations, arbitrarily for both resonant and non-resonant cases. Shamsul ef al.
[90] presented a general form of the KBM method for solving nonlinear partial differential

equations. Raymond and Cabak [58] examined the effects of internal resonance on impulsive
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forced nonlinear systems with two-degree-of-freedom. Ali Akbar et al. [2, 3] found
asymptotic solution of fourth order over-damped and under-damped nonlinear systems based
on the work of [75]. Ali Akbar et al. [4] also developed a simple technique for obtaining
certain over-damped solution of an »n-th order nonlinear differential equation. Ali Akber et
al. [5] presented the KBM unified method for solving n-th order nonlinear systems under
some special conditions including the case of internal resonance. Ali Akbar et al. [7] also
developed perturbation theory for fourth order nonlinear systems with large damping. Ali
Akbar et al. [6] developed an asymptotic method for fourth order more critically damped

nonlinear systems.
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1.2 The Proposal:

We propose a perturbation system to solve fourth order nonlinear differential equations

x4 X + kX + kX + kyx = - f(x, %, %, %)
where ¢ is the small positive parameter; k,, k,, k,, k, are constants, and f is the given
nonlinear function.

The Krylov-Bogoliubov-Mitropolskii (KBM) method for solving fourth order critically
damped nonlinear systems is presented in Chapter 2. In Chapter 3 we have investigated

solutions of fourth order more critically damped nonlinear systems.
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Chapter 2

Asymptotic Solutions of Fourth Order Critically Damped Nonlinear

Systems Under Some Special Conditions

2.1 Introduction

Most of the well-known perturbations methods e. g., Struble’s method [93] Krylov-
Bogoliubov-Mitropolskii (KBM) method [13, 31], and multiple time-scale method [50]
was originally formulated to find periodic solution of second order nonlinear differential
equations with small nonlinearities,

i+otx=—-¢ f(x,%), € <<1 2.1)
Several authors extended these methods to investigate similar nonlinear differential
equation with a strong linear damping effect,—2kx, k=0(1), modeled by the
following equation

X+2kx+0’x=—-£ f(x,%) (2.2)
Popov [55] was familiar among them, who extended the KBM method and investigated
the damped oscillatory case of equation (2.2). Owing to physical importance of this
method, Mendelson [41] rediscovered the Popov’s results. Murty et al. [47] have
developed an asymptotic method based on the method of Bogoliubov to obtain the
response of nonlinear over-damped system. Murty [48] also presented a unified method
for solving equation (2.2). Such a unified solution is a general one and covers the three
cases; I e., under-damped, undamped and over-damped cases. It is noted that, the
unified solution represent the original KBM solution [13, 31] as the limit & — 0+.
Sattar [63] has found an asymptotic solution of a second order critically damped
nonlinear system. Sattar [64] also studied third order over-damped system. Shamsul [80]

investigated some special over-damped systems whose eigenvalues are in integral
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multiple. Shamsul [77] also studied a third order critically damped nonlinear system
whose unequal eigenvalues are in integral multiple. Shamsul and Sattar [66] have
extended Bogoliubov’s asymptotic method to a third order critically damped nonlinear
system. Shamsul and Sattar [67] have also presented a unified method for obtaining
approximate solutions of third order damped and over-damped oscillatory nonlinear

systems based on the KBM method.

Murty et al. [47] also extended the KBM method to solve fourth order over-damped
nonlinear systems. But their method was too much complex and laborious. Ali Akbar et
al. [2] again presented an asymptotic method for fourth order over-damped nonlinear
systems which is simple and easier than the method presented by Murty et al. but the
results obtained by Ali Akbar ef al. method is same as the results obtained by Murty et
al. method. Later, Ali Akbar et al. [3] extended the method presented in [2] for fourth
order damped oscillatory systems. Ali Akbar et al. [4] also presented a simple technique
for obtaining certain over-damped solutions of an n-th order nonlinear differential
equation. Rokibul et al. [60] have extended the KBM method fourth order critically

damped nonlinear systems.

In this chapter, we have extended the KBM method for solving fourth order critically
damped nonlinear differential systems which is different from the technique presented
by Rokibul et al. [60]. The solutions obtained by the presented method show good

coincidence with those obtained by numerical method.

2.2 The method

Let us consider the following fourth order weakly nonlinear ordinary differential

equation
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x + k¥ + kX + kX + kyx = —£ f(x,%,%,%) (2.3)
where x'¥) represents the fourth derivative of x with respect to ¢, over dots are used for
the first, second and third derivatives with respect to #; & is the small parameter; ,, &, ,
ky, k, are constants, and f is the given nonlinear function. Since the system is
critically damped, so the eigenvalues are real, negative and two of them are equal.
Suppose the four eigenvalues are —4,, —4,, —4, and —A4,, where two of the
eigenvalues say —A, and — A4, are equal. When £ =0, the equation (2.3) becomes
linear and the solution of the linear equation is

x(t,0) = (am +1 a,ﬂa) e +a; e +a, e (2.4)

where a 0 (J=1,2,3,4) are constants of integration.

Whene # 0, following Shamsul [75] a solution of the equation (2.3) is sought in the
form

x(t,e)=(a,(t)+t ay () e ™ +a,() e™™ +a,(t) e™ +eu(a,a,,a5,a,,1)+... (2.5)
where each a;, (j=1,2,3,4) satisfy the first order differential equation

a,()=¢cd,(a,,a,,a;,a,,1)+... (2.6)

Confining to only a first few terms 1,2, 3,...,n in the series expansion of (2.5) and

(2.6), we evaluate the functions ;s J=12,3,...,n, such that

2 Jjﬂ

a,(t), j=1,2,3,...,n, appearing in (2.5) and (2.6) satisfy the given differential

n+l

equation (2.3) with an accuracy of order £"". In order to determine these unknown

functions it is customary in KBM method that the correction terms, #, must exclude

terms (known as secular terms) which make them large. Theoretically, the solution can

be obtained up to the accuracy of any order of approximation. However, owing to the
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rapidly growing algebraic complexity for the derivation of the formulae, the solution is
in general confined to a lower order, usually the first (Murty et al. [47]).

Now differentiating the equation (2.5) four times with respect ¢, substituting the value of

(4

x and the derivatives x, ¥, ¥, x'* in the original equation (2.3), utilizing the relation

presented in (2.6) and finally equating the coefficients of &£, we obtain

(D ] 5 ] o4, GAZJ
M — =4 —— A+ A || —+24, +t—=
€ [6I ), + 4 ot Ay 4 2

ot ot

i O (o
+e%[a‘—jﬂ+izj [a—la‘l‘/quf%
@2.7)

0 *(d )
+(_+%J (54_23)(-8_1‘4-;“4]“1 =—f(m(a1,a2,a3,a4,r)

where 9 (a,,a,,a,,a,,8) = £ (%4 %55 %y %;)

A A

andx, =(a, +a, e ™ +a,e™ +a,e

Now, ' can be expanded in a Taylor’s series (Murty and Deekshatulu [46]) in the

form

0 _ s —(j Ag+k A+l Ag )t
= Y Fya(a,a5,a5,a,)e S M
J‘,ki!‘)mzo

- —(j Ay +k A3+l
+(a+ayt) Y F,(a,ay,a5,a,)e sl
Jok L, m=0

(2.8)

. 3 —(J Ap+k Az +l
@ rat)t ¥ B daiayaa,)e e

gk, m=0

g e —(J A4k A+l g1
+(ay+ayt)® ¥ F(a,a;,05,a,)e VrkBraon,

Ik d,m=0

Substituting the value of f® from equation (2.8) into equation (2.7), we obtain
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—z?.z:‘ aA
[ 7ot %][__% 24)(6 e at]
2
+e"‘3'(§—13+12] [g—zﬂ+z4],43+e"‘4‘[§—z +,1,2] [——/14+/13]A4

2
+(a+22] [ +Z’~"][ +A,4)u1 X K m(axsazsas’%)-‘-’_(Mﬁ“ﬁuw

ot Gk dm=0 (2.9)
—(J Ag+h Ay +1 241

oo

Jikd,m=

o

2
(g +ayt)" ¥ F,p(a,a5,a5,a4)e
ok m=0

—(j Ag +k A3+l )t

3 & —(J Ag-+k A3+l 2g)t
—(a, +ay1) _“Z OFB,m(al’a25a3!ad)e M e
J’ "m:

Bogoliubov and Mitropolskii [13], Krylov and Bogoliubov [31], Sattar [63], Shamsul
[69, 77, 81] Shamsul and Sattar[66] imposed the condition that u, cannot contain the
fundamental terms (the solution presented in equation (2.4) is called generating solution

and its terms are called fundamental terms) of f©. i. e., the terms (a, +f a,)" and

(a, +1 a,)'. Therefore equation (2.9) can be separated for the unknown functions u,

and 4,, 4,, 4;, 4, in the following way:

"*2’[ -2+ zgj(——ﬁ,zmj[aaiu,«;zw%]

d 2( 8 ) 2( 8
¥ "'-“[—— +AJ [—— + 2 ]A OF 5y o < S ] —— A+ A JA
€ o A3 2 Py A3+ Ay |4y +e a5 A Py 4 T A3 4(2.10)

=] s
== X FO.m(al’a2=a3’04)9-032*-&&3“&4):
Jok,l,m=0

S —(j Ay +k A3+l
S@+ayt) 3B (a,a05,a,)e VRHATA

ik m=

and
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(5] (B2 )G+ 2

2 [=2]
=—(a; +ay1) _k? GFQ,m(al,az,apa‘;)e
J" ‘,m:

—(j/q/z+k/].3+124}f (2.11)

< —(J Ay +k A3+l Ag)t
—(a; +ay1) _“Z 0F3,m(al,a2,a3,a4)e LAt _
j, I‘mz

Now, equating the coefficients of t’and ¢' from both sides of the equation (2.10), we

obtain

D

-3t 0 0 e Fl 2 P
ve B L+ | | ==+ [ +e™™ | =N+ A, | | ==+ 45 |4,
ot ot ot =
(2.12)
Joklm=0

[+ o]
—(f Ay +k A3+ )t
=ty Fl,m(al ,ay,03,04)¢€

Jikd,m=0

and

B TR e
¢ [ar ’1’”’?’3}(53 ’YQM“] %

=(J Ag+k Az -+l Ay )t

(2.13)

(= 4]
=—a, X UF‘],m(alﬁaliaBsaﬂ,)e

Solving equation (2.13), we obtain

(J=1) Ay +k g+ 24 )t
= a5 F'lm(al,az,a3,a4)e( 2k i)

B e (G0 1 4 KA +13) (2o + (k=) +12)( Ao + Ao + (-1 25)

(2.14)

Substituting the value of 4, from equation (2.14) into equation (2.12), we obtain
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e_hr[g—%"‘ﬁq][——ﬂq Z]a; —Agr[ i ,12] (-———/13+Z4)A
2
+e"‘4’(§—14+12) (-(%—2.44-/'{3]/14

== &; oFt)m(alsazsa3sa4)€ hdpslat (2.15)
Jok A m=

[+ &)
~(J gk Az H At
—da > F]‘,,,(al,az,g3,a4)e JAg+k A3+l 2y
Jok,d,m=0
~((j=D) Ag+k A3+l Ay )t
26_12" % a2 Fl, m(a]:azga3,a4)e (J 2R AT ’.]4)
PSS (U =D + k2 +4,)

Now it is not easy to solve the equation (2.15) for the unknown functions 4,, 4, and
A,, if the nonlinear function f and the eigen values —A4,,-4;,—A, of the linear
equation of (2.3) are not specified. When these are specified the values of 4, 4, and
A, can be found subject to the condition that the coefficient in the solution of 4, 4,

and 4, do not become large (Ali Akbar et al. [4], Shamsul [78, 80, 82]).

For this reason, we have considered that the relations A, 34, and 4, =24, +24,

exist among the eigenvalues. These relations are important, since under these relations

the coefficients in the solution of 4,, 4, and 4, do not become large.
Equation (2.11) is a fourth order inhomogeneous linear differential equation. When the
nonlinear function f is specified, we can find the particular solution of the equation

(2.11) for the unknown function u, by well-known operator method.

Since a,, a,, a,, a, are proportional to the small parametere, so they are slowly
varying functions of time f. Hence their rate of change are very small i. e., they are

almost constant. Therefore, it is plausible to replace a,, a,, a,, a, by their respective
values obtained in the linear case (i. e. the values of a,, a,, a,, a, obtained whene =0)

in the right hand side of (2.6). This replacement was first made by Murty et al. [47, 48]
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to solve similar type of nonlinear equations. Thus substituting the values of 4, B,

and C, into the equation (2.6) and integrating, we obtain

!

a =a,te IA|(a1,asa2,usas.asa4,m 1) dt
0
1

Ay =y 0 +E IAz(a,‘o,az‘o,a3‘0,a4,0, 1) dt
; \ (2.16)

i
ay=a, ,+¢€ jAB(al‘o,az,U,aM,am, t) dt
V]

!
a,=a, ,+é& _[Aa(amaaz.o:as,uaaa;,u: t) dt
0

Substituting the values of a,, a,, a;, a, and u, in the equation (2.5), we shall get the

complete solution of (2.3).

Thus the determination of the first order approximate solution is completed.
The method can be carried out for higher order nonlinear systems in the same

way.

2.3 Example

As an example of the above method, we have considered the Duffing equation type
nonlinear system
xW + kX + ki + kX +kx =—¢x7, (2.17)

Here, f=x* and x, =(a, +a,0)e™ +a,e™™ +a,e™'.

Therefore,

fO =ade™k! +3a2 a, e @B M) 1 3q, g2 B2 | gl M
+3(a +ay 1)la? e +2aya, e 1 g2 M) 2.18)

413 —3iza‘

+3(a, +a, 1) (a3 e B +a, e"‘z‘”)+e (a, +ay 1)

Therefore, comparing the equation (2.8) and (2.18), we obtain
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)

—(J A +k A3+l Ay )t
Z Fﬂ,m(alsCIz’aj)ald)e 4 . Ad
.k, 0,m=0

3 —3413!

=aje —(2A3+A4 )¢ —(A3+244)¢

+3aia,e +3a,a] e +aeM!

Z ] m(al ,az’a3’a4)e—(j/12+k,13+!24)r
' (2.19)

3(&132 e2%! 12a,a, e BHH) 4 g2 e_u‘”)

oo
~(j Ap+k Ag+l Ag)t _ At ~ At
'k:Z UFz,m(al,az,a3,a4)e Lk =3laze +a,e ™
JaKs b, m=

—(JAg+k A3+l Ag )t e—312!

(= s]
_“Z 0F3,m(a|,a2,a3,a4)e =
Jy Kl m=

Therefore, equations (2.11)-(2.13) respectively become

3 2 B Pl o oy —Aqt
R R RO

—(a,+a e "
1+213 30t

(Ginen)gomra) Ge2 )

+e“ﬂ3'[£—ﬂg +/"L2)2 [%‘ﬂz +;~4)A3

ot
G 209
A4t
+e —— A+ A — = Ay + A 2:.21
(8: i 2][6:‘ 4;{3}4 (221)

=—{aje%" +3a} a, e GBI 34, g2 o BY2AL . gRedMly
-3a, (a32 e 24! 12a,a, e BM) 4q2 ¢ 2,14:)
e M! +A ]a_Al

[ ot 2’3}[ i ot (2.22)

=-3a, (032 e 28! L 2a,a, e BM) g2 e'““”)

Therefore, solving equation (2.22), we obtain

~(A+ay)t

A, =qa,a;e”* +q,a,a5a,e +qya,a; e7M, (2.23)

where
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0, =3/24,(A + ) (A +2 2, = 4y), @y =6/(Ay + A)(Ay + A)( Ay + A,) s
s =3/22,(A + A)(A, — A, +24,).

Now substituting the value of 4, from equation (2.23) into equation (2.21), we obtain

IO RN Y RS (R

2
- e_'l“‘[g — Ay + A,z] [% — Ay + 2y }A4 =—faje " 130} a, gAY

+3a, a2 e B L g3oT3 My 34852 oM 40 q, g, ¢ VBN (2.24)
+ag @_2/14‘}—29_}'2([ —A+ 3'3)[_‘3’24“'14}{?102“39 =t
NNCRY

+qy0,034,4¢€ tqyaya; eN.

To separate the equation (2.24) for determining the unknown functions 4, 4; and 4,,
we consider the most important relations 4, ~34, and 4, =~ 24, +24, (Ali Akbar ef

al. [4], Shamsul [78, 80, 82]). exist among the eigenvalues and 4, =4, for critical

damping. Under these conditions, we obtain

i B G o4
Al — -2 =2l
¢ [a: 2+%J[ar 2 ¥ 4] ot

-3 A3t —(A+2 43¢ —(Ap+A3+A4 )1

=—{ale +3a,a3e +6a,a5a, e

2
+3a,a; e—(42+2,14)r} {3&'203 e—(22.3+j,2)f o 12 a, a5 a4 e—(zl2+2~3+,14)r (2.25)

Z (43 +44)

2
439285 (ua)
Ay

[ S "zj [__’1 i ]As=—{3a3 ay e BT kaiem Ry (2.26)

2
g (; — A+ A ] [2—14 +2,3)A4 =-3a} a, e 4" (2.27)

The particular solutions of equations (2.25)-(2.27) respectively become
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4 = pa3e 5™ 4 p, g af e B!
+ pyaaza, e 4 p gl e 4 pea,ale M (2.28)
+ peasasage B ¢ poa,al M
Ay =razal e +ry,a} e PHA) (2.29)
A, =5 atage™™ (2.30)
where
py =LA (s ~ SN A~ 300, By =312+ 15 + 2 — ),

ps =6/(A, + 43) (A, + A4)(4; + 44) Py =3124, (A + A, )(A, = A5 +24,),
ps =312 (L+ RN G +24 -4),  pe=12/(Z + 3) (A + A4 ) (A3 + A4),
P7=31224 (A + 1) (A — A3 +2 1), n=30 +4)(4 -4 -24,)°,
ry =1124,(4 -34,)%, s, =314 + A4,)A, =24, -4,)%,
The solution of the equation (2.20) is
o=l ad @B L L g al e AN L gl e
+a,a;a,e” QL+ 1)+ a,a,a,e” P2 L+ )
t+ata,e WSt ) +aad e PR 4L+ ]) (2.31)

+a,al e PR L+ 1) vaga; e B L+t +1,)

+al e (L + 1,2 + 1t +1)

where
I, ==3/{24,(4, +24, — A4;)(4, +2,)°},
L, ==3/{22,(A +24, = A,)(A4 +4,)*},

I, ==1/{42; (32, — 4,)(34, = 4,)},

2 1 1
L =21,( + - ]
(A4 +4) (L+24,-4) 24,
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[ 2 1 1 J
l,=21, + + }
(B+4) (A +24,-4,) 22,

2 1 1
!6=3]3( + +_J5
(314 _;’1) (3/14 _'13) 24

4 2 1
f?=fl + +—},
(4L +4,) (4, +24,-4) 4,

(4 6 2
+ 2+ 2
(h+4) (L+4,) (4,+24,-4,)
2 1 1
+ + i
A +4) A4, +24,-4) 24

{ 4 2 1}
ly =1, + +— |,
(L+d) (L+24,-4) 4,

B S, 2
R (A +4,) (4 +24,-4,)

10 2 ’

+ . + : T 12
A+ A) A +24,-4) 24,

(
l,=31 i+ - + 2 ]
\;"'4 (3’14 _;“2) (3/1“4 _23)
3 2 2 2
5k + + 5
24 ’14(3’14 —4) A3y = 43) (34, -4)
l, =31, g
2 2

+ +
G =4)"  BA-4)34 - 4,)

[3 3 3 J
3 it I ’
2'4 (314 _/12) (3’?-4 _’13)

9 6 6 6
st + + 3
20 MBA =) AGA-2) (h—4,)
6 6
o =t
(324 _/LA) (3’14 _’17)(3;“4 _’L_t)
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Z 9 9 6

Ls =la{—3+ 2 *== 2 2
Ay 24,34, - A) 24,34, - A) A (BA, — 4,)
6 6 6 6
- —+ ~+ ~ -
Cha ) Oh—A)  Ch—Aa)  Bhy— 1) By~ 4)
6 6

+ + }
(3/14 = ’I{'z)(3/14 — /13)2 2’4(3’14 i ’?'2)(3/14 _’Lj)

Substituting the values of 4,, 4,, 4, and A, from equation (2.23), (2.28)-(2.30) into

(2. 6), we obtain
ay = e{paze ®5 " + pa ay e
T P3a1034, e W4 L p, alai e 4! + ps “2“%3_2}6:
—(Az+A4)¢ 2 240
+ pgazazage” Ml pray ap €4,
(2.32)

s 2 221 “(awia)t 2 204t
a, =e{qaaze "> +qya,aa,e ! 4 gyaya) e

: = B
a; = &{n as a; M +ryaie Cl=dity,

B = 2 243t
a, =&€81 4, a,e .

Since a,, d,, d;, a4 are proportional to the small parametere, so they are slowly
varying functions of time 7. Hence they are almost constant; therefore we can solve
equation (2.32) by assuming a,, a,,a, and a, are constants (Murty and Deekshatulu

[46], Murty ef al. [47]) in the right hand sides of (2.32). Thus the solutions of equation

(2.32) is
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~-(343-Ay) 1 s ] — g 2A!
P201,093,0 —21/3

1 — g at+Aa)t 1— e 2M!
A+ 4, 24,

1 — g 25! PR ER 1= e~ Us*aa)t

72;{3 692,093 0 4,0—/1{3_%4

+Pa @y o Ga _1“3—23“}

2,0 44,0 ,

5% N

2 —1_e_uﬂ+qa a, o a Lt
3,0 293,093,090

' 2 DS Ry

l—g 24!

+q;a; ai,o T "R }s
4

l-e

34 -4

_ 3
a =a;t+e{p a;,

3

3
+P381,093,0 9,0 + P4 G1,043,0

+Psay g ‘7‘32,0
(2.33)

—(A3+24 )1
a, =a, g +€{q,a 00

24,1
- + 2 L.{. 3 —_}
Ay =0 o +e{ra; (0, oA a0 >

1-g2%!

24

_ 2
Ay =040 +TE8 03 00y

Therefore, we obtain the first approximate solution of the equation (2.17) is
x(t,e)=(a, +a,t)e ™ +a,e* +a,e™™ +eu (2.34)

where q,, a,, a,, a, are given by the equation (2.33) and #, is given by the equation

2.31).
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2.4 Results and Discussion

In order to test the accuracy of an approximate solution obtained by a certain
perturbation method, we sometimes compare the approximate solution to the numerical
solution. With regard to such a comparison concerning the presented asymptotic
solution obtained by the KBM method of this chapter, we refer the works of Murty et al
[47].

For the imposed conditions A, ~34;, 4, 24, +24, and A, = 4,, in this chapter we
have computed x(z,£) by equation (2.34) in which a,, a,, a,, a, are evaluated by the
equation (2.33) and u, is evaluated by the equation (2.31) for different sets of initial

conditions and for various values of . A second solution of (2.17) is computed by
fourth order Runge-Kutta method, and compared with the approximate analytical
solutions. The approximate analytic solutions and numerical solutions are plotted in the
figures (From Fig. 2.1 to Fig. 2.5). From figures we see that our approximate analytical

solutions show good coincidence with numerical solutions.
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a, =025

0.8

0.6 {

» 0.4 -

0.2 -

Fig. 2.1: Analytic solution in solid line — and solution by a fourth order Runge-Kutta
method in dashed line - - -.
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a, =0.25
a, =025

0.8 -

» 0.4 -

0.2 -

Fig. 2.2: Analytic solution in solid line — and solution by a fourth order Runge-Kutta
method in dashed line - - -.
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a; =025

a, =025

a, =0.25

a, =0.25
A=A4,=225
A, =0.70

A, =035
£=05

Fig. 2.3: Analytic solution in solid line — and solution by a fourth order Runge-Kutta
method in dashed line - - -.

08
0.6 -
= |
| » 0.4 -
!
0.2
|i |
0-
| 0
=
&
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1.6 - a, =0.5
a, =05
| a,=0.5
a, =0.5
=4 =5
12 Ay =15
A, =0.80
=10
> 0.8 -
0.4
0 T T T
0 1 2 3 4 5 6
-
t
Fig. 2.4: Analytic solution in solid line — and solution by a fourth order Runge-Kutta
method in dashed line - - -..
x
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a =10
3.5 s
a; =1.0
a, =10
h=dy =45
A, =135
A, =0.75
e=1.0

Fig. 2.5: : Analytic solution in solid line — and solution by a fourth order Runge-Kutta
method in dashed line - - -..
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2.5 Conclusion

The Krylov-Bogoliubov-Mitropolskii method has been extended to solve fourth order

critically damped nonlinear systems under some special conditions. The method is
important when the relations 4, ~34;, 4, ~24;+24, and A, =4, exist among the
eigenvalues. The solutions obtained by this method show good agreement with those

obtained by numerical method.
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Chapter 3

Asymptotic Solutions of Fourth Order More Critically Damped Nonlinear

Systems Under Some Special Conditions

3.1 Introduction

Krylov-Bogoliubov-Mitropolskii (KBM) [13, 31] method is a widely used tool to study
nonlinear differential systems with small nonlinearities. Originally, the method was
developed for obtaining periodic solutions of second order nonlinear systems with small
nonlinearities. Later, the method has been extended by Popov [55] to damped oscillatory
nonlinear systems. Owing to physical importance of damped oscillatory nonlinear systems,
Mendelson [41] rediscovered the Popov’s results. Murty er al. [47] also extended the KBM
method for obtaining second and fourth order over-damped nonlinear systems. Sattar [63] has
found an asymptotic solution of a second order critically damped nonlinear systems. Shamsul
[69] presented a new asymptotic technique for second order over-damped and critically
damped nonlinear systems. Shamsul [68] has generalized the KBM asymptotic method.
Sattar [64] also studied third order over-damped nonlinear systems. Shamsul [77] studied a
third order critically damped nonlinear systems whose unequal eigenvalues are in integral
multiple. Shamsul and Sattar [66] have extended the Bogoliubov’s asymptotic method to a
third order critically damped nonlinear systems. Shamsul and Sattar [67] also presented a
unified KBM method for obtaining the approximate solutions of third order damped,
undamped and over-damped systems. Rokibul ef al. [59] developed a new technique for

solving third order critically damped nonlinear systems.
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Murty et al. [47] has also extended the KBM method to solve fourth order over-damped
nonlinear systems. But their method is too much complex and laborious. On the other hand
Ali Akbar et al. [2] have found an asymptotic solution of fourth order over-damped nonlinear
systems which is simple and easier than the method presented by Murty et al. [47] but the
results obtained by [2] is same as the results obtained by [47]. Later, Ali Akbar ef al. [3]
extended the method presented in [2] to damped oscillatory nonlinear systems. Ali Akbar et
al. [4] have also presented a simple technique for obtaining certain over-damped solutions of
an n-th order nonlinear differential equation. Rokibul et al. [60] have presented a technique
for obtaining the solutions of fourth order critically damped nonlinear systems.

In the present chapter, a fourth order more critically damped nonlinear system is considered
and an asymptotic solution is found by extending the KBM method. The results obtained by

the presented method agree with those obtained by numerical method nicely.

3.2 The method

Consider a fourth order weakly nonlinear system governed by the ordinary differential

equation

x® + kX + k% + kx4 kx =—¢ f(x,%,%,X) (3.1)
where x* denote the fourth derivative of x with respect to ¢, and over dots are used to denote
first, second and third derivatives; k,, k,, k,, k, are constants, & is the small parameter

and f(x,x,%X)is the given nonlinear function. As the equation is fourth order, so,
we shall get four real negative eigenvalues, where three of the eigenvalues are equal

because the system is critically damped. Suppose the eigenvalues are — 4,,-4,,— 4;,—4,

and since the system is more critically damped, so we assume that 2, =4, =4,.

Whene =0, the equation (3.1) becomes linear and the solution of the corresponding
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linear equation is

x(t,0) = (a, +ayt+a, ) e +a e (3.2)
where a,, j=1, 2,3, 4 are constants of integration.
When e # 0, following Shamsul [75], a solution of the equation (3.1) is sought in the form

x(t,€) = (a,(t) + ay (1) t + ay () 1) e +a,(1) €' +su,(ay,ay,a5,a,,0) +...  (3.3)

where each a,(f), j=1,2,3,4 are functions of ¢ and satisfy the first order differential
equation

a,()=¢c4,(a,a,,a;,a,,0)+... (3.4)
Confining to only a first few terms 1, 2, 3, ...,;n in the series expansion of (3.3) and (3.4), we
evaluate the functions u,, 4,, j=1,2,3,...,n,suchthat a,(r), j=1,2,3,...,n, appearing
in (3.3) and (3.4) satisfy the given differential equation (3.1) with an accuracy of order &""'.
In order to determine these unknown functions it is customary in KBM method that the
correction terms, #, must exclude terms (known as secular terms) which make them large.
Theoretically, the solution can be obtained up to the accuracy of any order of approximation.
However, owing to the rapidly growing algebraic complexity for the derivation of the
formulae, the solution is in general confined to a lower order, usually the first (Murty et al.
[47]).
Now differentiating the equation (3.3) four times with respect ¢, substituting the value of x
and the derivatives x, ¥, ¥, x) in the original equation (3.1), utilizing the relation presented
in (3.4) and finally equating the coefficients of &, we obtain

2 2 2
e‘*‘-"[g—i3 +/’L4] g f‘ #3245 Ay +t 2 ’§3 +62h |, 2 /:3
ot ot ot ot ot ot

(3.5)
a0 : 0 1 ‘(o (0)
e (61‘_/14 +i}] % +(§+ ) [5-!_;“4]”1 =—f7(a,,0,,a5,0,,1)
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and x, = (a,()) + @, () 1 + a; () 12) e + a,(t) ™" .

Now, f© can be expanded in a Taylor’s series (Murty and Deekshatulu [46]) of the form

(U) (i dy+j A0t (1 Ay +f Ag )t
hd ZFDk(a,,az,as,a4)e A ZEk(al’aZ*a3=a4)e .
i, k=0 i, k=0

> ® (3.6)
: ZFZ,k (a,,a, :assaq)ewm'ﬂjmr +1’ ZFa,k(a|,az,aj',ad)e'{“l””*)’ e
hilk=0 i, j k=0
Substituting the value of f® from equation (3.6) into equation (3.5), we obtain
0*4 oA 024 Y 3% 4
e_lg-' 2—33'!'/14] 2' +3_2+6 A3 +1 22 +6 3 +r2 23
of ot ot ot ot ot
3
ror(Benen) an(2en] (Boa
0 ot ot A5
=— EFG,;( (a,,az,a3,a4)e—(m;+;.44): =it ZFL;((G.,02,a3,a4)e‘“"’+””‘
1,J:k=0 i,j k=0

ol oo
2 (A 43 (i Ay AN
= Zlek(a,,az,apad)e ¢ zps.k(aiaazsa3=a4)e -
i, 7,k=0 i,J.k=0

According to KBM [13, 31], Sattar [63] and Shamsul [66, 69, 77, 81], u, does not contain the
fundamental terms (the solution presented in equation (3.2) is called generating solution and
its terms are called fundamental terms) of ', Therefore equation (3.7) can be separated in

the following way:

Z 2 2
c(2one) [Tha2h g g 0o Do) 0 24
ot ot ot ot ot ot

+e ! ['g‘_/l +2‘3] z “(aI,az,aj,a‘;)e'm-‘*“““ (3.8)
Tk=0

oo o
(1 Ay ) A 2 (1 Ay j A
-1 Z‘Fl.k(a1502=a37a4)e il ze.k(alsazsaasa:;)e e
i,k=0 i, k=0
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3 o0
[2+&] (g-'-/l“]ul =t ZFM(a1aazsassaoe-(mﬁﬂm LA (3.9)

at i, Jk=0

Now equating the coefficients of ¢°, #' and > from both sides of the equation (3.8), we

obtain

0’4,
or’

e—:h 2__2’ +2’4 — ZFZ‘,(- (a“az’az,a“)e—(jﬂqﬁ-fjﬂ)f (3.]0)
ot i k=0

\ ot? ot

( a2 @

i, J.k=0

d (%4 104,
eM ==, +4, L+ +6 4,

ot ot

5 5 (3.12)
+e"""[g—ﬁ, +,2.,] A, = ZF“(al,az,az,a“)e Uhrlad!
i, j,k=0
Solving equation (3.10), we obtain
i Bloae (3.13)

(=D A+ A4 ) (12, + (G -1) 4,)
Substituting the value of A4, from equation (3.13) into equation (3.11), and integrating, we

obtain

(i dy+j AN
- Fy(a,a;,a5,a,)e ™™ o

,-.,-.Zk:o((f—lm +jA4) (A +G-D4,)
i F‘lk(al902’a3’a4) g Al

L(-DA4+ 4 (L +G-DA,)

4,=6

(3.14)

Now, substituting the value of 4, from equation (3.13) and the value of 4, from the equation

(3.14) into the equation (3.12), we obtain
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e oPdy - 8 ?
e [E—zj +z,4] ar?] +e [EE—A,,HG} A,

. 0 - F,,(a,,a,,a;,a,)e
= —6¢ ’i”[—uﬂq+lj -
o0 :'.;0((1'—1)/13 +j A4 +G-D4,)

o0 F . . , (i dy+j Ay 0t
_33“‘3’(63_13 +/14]a£{6 ¥ — 24 (4 &0 fju)e ' :
( t e (=D A4+ AV A4+ - 4,)

ol o
—(f A+ A (i dy+j AN
- Zﬁ,k(alia23a39a4)e o £y (ay,ay,a5,a,)e
i, k=0 i, k=0

—((i=1) A3+ j &4 )t

(3.15)

Now, we have a single equation (3.15) for obtaining two unknown functions 4, , and 4,. So,
we need to impose some restrictions to split the equation (3.15) for determining the unknown
functions 4,, and 4, (Shamsul [77, 78, 80, 82]). In this chapter, we have imposed the

restriction that, if i> j; the term e 4*/A

balance with A4, or if j>i the term
e U AT/2! halance with A,, when A, > 4, . For the sake of definiteness of the eigenvalues, it
is possible to have the relation A, > 4, between them. This restriction is important, since
under this restriction the coefficients of 4,, and 4, do not become large (the principle of the
KBM method is that the coefficients of 4,, 4,, 4; and 4, must be small) as well as the

unknown functions 4,, and A4, can be determined very quickly. This restriction has another
importance, that, the solution is also useful in the case of more critically (when three
eigenvalues are equal) damped systems. This restriction is not used in previous papers [2, 59,
60, 63, 69, 78, 80, 82, 83].

The values of 4,, 4,, A; and A4, will be obtained in terms of a,, a,, a;, a, and £; and since
a,, a,, as, a, are proportional to the small parameter £, so they are slowly varying functions
of time ¢. Hence their rates of change are very small i.e. they are almost constant. Therefore,

it is plausible to replace a,, a,, a;and a, by their respective values obtained in the linear

case (i. e. the values of a,, a,, a;and a, obtained when & = 0) in the right hand side of (3.4).
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This replacement was first made by Murty et al. [47] to solve similar type nonlinear

equations. Thus, by substituting the values of 4, 4,, 4, and A4, into equation (3.4) and
integrating we will get the values of a,, a,, a;and a,.

Equation (3.9) is a non-homogeneous linear differential equation, so it can be solved for
by well known operator method.

Substituting the values of a,, a,, a;, a, and u, in equation (3.3), we shall get the complete
solution of (3.1).

Thus the determination of the first order approximate solution is completed. The

method can be carried out for higher order nonlinear systems in the same way.

3.3 Example

As an example of the above method, we have considered the Duffing equation type nonlinear

system
x4 k% + k¥ + kX + kg =—ex, (3.16)

Here, f =x’ and x, = (al O +a,(t)t+a()t ) i ya,(t) e
Therefore,

0 - -(24 - 2 -
fO =gl +30%a, e ®P*W! 13g, al e 4 gleTM!

(24441 —(Ay+224)1 )

2 =345t 2
I(SG,aze " +6a,a,a, € +3a,a;e

+1*(3a,a2 ' +3a%a, e +3a2a,e 4R 164 a,a, e P! (3.17)
+3a, aje'”-‘*“”’)+t3(a§e'“" +6a,a,a,e”"" +6a,a,a, e'(”’*”‘“)

r"(3a§ a e’ +3a,ae”" +3ala, e '(“-‘”‘“)+3r a,al e +1%al e7h!

Comparing equations (3.6) and (3.17), we obtain

Z Fﬁ,k (a] :az s a:,‘ B a4 ) e'(jil"'j/t.l)f
i, k=0 (3. l 8)

3 (24 +44)1

-3 —{ A
=aje”' +3ala, e (4y+24,) ¢

=34
+3a,a; e +aje !
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) S .
Zﬂ,k(al,ﬂz,a”a‘)e (1 A3+ j A
i,/,k=0 (3.]9)

- E ~(A424
=3a’a, e +6a,a,a, e ' +3qa, aje” B!

¥ Flananasa)e s =344} et +3a%a, e7M!
Ay (3.20)
—(24;+4,)¢ =(A 4241

(2 + )1

+3aia,e +6a,a,a,e +3a, aje

o
=(i A 3 -3 =34 —(24
Y By (a,a5,a5,a)e 9 = g3 e 164, a,a,e7 "' +6a,a,a, P (321)

i, J.k=0
Zde(al,az,aj,a4)e UhtIAN =302 b, 0 * 4300l e 43 6] a, e OAY (3.22)
i, J k=0
S Lo "
Y. Fylay,apay,a,)e 4 =34, al 674’ (3.23)
i, f.k=0
3 S Sy N N W 7
ZFﬁ,k(a],az,aj,a‘;)e e = age (3.24)
i, J,k=0

Therefore, equations (3.9)-(3.12) respectively become

3
0 0 P ) }
[—+2.3 —+&4 78 =__{t3(age It +6a, a,a,e It +6a2 a,a, e (uz+14).«)

6t o (3.25)
1 (3a§ a,e e +3a1 a3 e o +3 af a, e—(2i,+,t,).-)+3r5 a, a:f e—”«;f +téa33 e-_u];}
0 0’4
_‘11!’ 3 3‘!‘ “3,11!
e A t+4 =—{3a,a; e*' +3a}a, "
(61 % “J o = Pdime 193 .56
+3a§a4 g Phrht 6“: a,a, e A+t +3a3 a:e-(z,_.+u,)r}
4 O 0*4, _o4
i RE oF (3.27)
=_{3 alzaz - +6al az 04 _(2’!’3*—1““ +3a2 afe'("‘ﬂ"'z’l.i)f}
+ 3
4[ — ,1] 94 3% 164, (E-ZM%J 4,
ot ot ot (3.28)
s=lale i3 ala, e PRI w3, g} gTEBMY .y gle MY

Therefore, solving equation (3.26), we obtain
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A, =r(aa +ala,)e™ +r(ala, +2a,a,a,)e" P v ra,a; e, (3.29)
where
r=3/45(34,-4,), r,=3/24(4 +4,)%, ry,==3/142; (A4 +4,).

Now substituting the value of 4, from equation (3.29) into equation (3.27), we obtain
i @ 04 E
e™ [5{'—/13 + 2’4] _31‘_22 =—64,(34;, —A4)n (alag +a|203)€ i
—64, (4 +A) (a2 a, +2a,a;a,)e P —6 25 (A, + A asa; e (3.30)

2 st —(2A 421 2 (A +24)1
-{3a;a,e +6a,a,a,e ¥i43ayage T )

Now, integrating equation (3.30), we obtain

A, =q,(a,a +a’a)e™™ +q,(ala, +2a,a,a,)e” P +q,a,a; e?M
(3.31)
+4q, alzaz e b + qsa,a, a, g4 de¢a; a:e-214:
where
q,=9/4834 - 1,), q, =9/, (4 +1,), g, =914 1 (A +4,),
g, =342 0G4 -4,), ds =3/ Cy +4, )2, e =31422 (A, +1,).

Now substituting the value of A4, from equation (3.29), and the value 4, from equation

(3.31) into equation (3.28), we obtain

i O 0’4, .0 4
e -[E—Asmdj arzwe" E—Aﬁz} A,

i 8 0 s ———
—AE [5_23 +A4]E{ql(ala§ +aja)e? +q,(a; a, +2a,a;a,) e

+qg.a,a> e +g,a%a, e +q.a,a,a, e * +q.a,aleM! 3.32
q,4d,d, 4 1 4y qsa,4a, a, qdsa, a,

0 15} = N
—6e "”[5—)13 + 2, |{r.(a,a? +ala,)e™™ +r,(aa, +2a,a,a,)e” P

2 _=2A4,1 3_-3 2 -(2 2 —(A43+24 =34
+ra al e} —{ale™P' +3ala, e MW £ 3qg a) B! LgleTM )
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To separate the equation (3.32) for determining the unknown functions 4, and 4,, we have
impose the restriction that, if i > j; the term e %*/*)" balance with A, or if j>i the

term e /%) balance with 4,, when A, > 4,. Under these restrictions, we obtain

—aef O 52/11 2 2 e
e E‘%*‘% ?z"‘ﬁql"’-}aﬂq_ﬂ“q)(@az+ala3)e '

=@ 72 /13 (;!1 o /14)(613 a, + 2(!] d, ad)e-—(z htadt 6 q4 113 (313 '—2-4) alzaz e (3.33)
-6q, (A4 +A)a a,a, e PP +6r 34, -4,) (a,ai +ala)e”™

- A =34 =(24;+4
+12 r, (a2 a, +2a,a,a,)e ? 5 —gle st —3glq, ¢ ?HHA)!

and

3
g™ [5—14 +,13] A, =6 g, 4, (4, +4,) aya; e

~6q, Ay (A4 +A)a,ale B 4D 6 (A, +4,) a,al e B34 (3.34)

e—(iﬁlh):

—{3a, a} +aje )

The particular solutions of equations (3.33)-(3.34) respectively become

4, = p, (alag +a12a3)e‘u]f + D, (a§ a, +2a,a, I514)‘3“( e

+pyala, e +p, a a,a, e P+ po(aa3 +alay)e (3.35)
-24;¢ e—(A,+.1‘).-

2 (At A 3 2
+ps(a;a,+2a,a,a,)e*"™" +p,aje +pgaa,

4, =spaya; e 45,4, aie MM 45 g, 0] o MR
(3.36)
+5, a,a; e” B Lo gler?A!
where
P, =27/84 (34 - 4,), P, =271 24,04 +4,)", p3:9‘fﬂg(3’13_&4)9
P =944 +4,)°, ps=—9/184 34 -1,), Pe =18/ 2 (A +4,)°,

p, =182 BL -1,  pe=l2AIL+A):,  &=27122(1-34),

5, =9/164;,  s,=-9/164], s, =3/8 2, s =—1/(4 -34,) .
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The solution of the equation (3.25) is

(4 +2 250 2 (A2 )0 335t
+lL,a,a;e +dyaye

i =laae
+ 8, gy a,e” PN Lt vl Y va agae NP L L)
and  +a; a,e” MY GLt+ ) vaal e PP L+ 1) (3.37)

+aza42 o241

L2+ 1+ 1) +asal e 4 GLt2 +1,t+1,,)
+ay e (L2 +1,0° +1,t+1)

where

L= 3108 (0 +2h =)+ )Y, =320k + 2~ 2)(Ay + )%,

2 ! L
L =—1{48 G4 -4)B4 - 4)}, 1, =2], ’
LG4 - 1) - 4)} # [(,L%)*(gﬁyq_@)*zd

( 2 1 1 ] ( 2 1 1]
Iy =21, + + s lg: =311, + |,
(L +4) (L+24-4) 24, Bh-4) (GBh-4) 4

(4 2 1 ]
I, =1 + +— |,
\(il+2’3) (A|+213_/12) j’)

(4 o SELRy 2
(h+4) (h+4) (h+24,-2,)
2 1 1
+ + o
\ AA+d) L4 +24-4) 24

2

( 4 2 1]
ly =1, + +—|,
(Ah+A) (AB+24,-4) 4

A . & 2
(B +4)  (h+4) (L+24-4)

w0 = ’

+ = + : + 1
A +4) A, +24-4) 24

(2 7 2 ]
L =3L]—+ + ’
A GBh-4) (Bi-4,)
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3 2 2 2

T+ + + 5

28 BOh-R) A0h-k) Gh-h)
2 2

+ o+

Gh-4)  (Bh-4)Gh-4)

[3 3 3 ]
liy=8| —+ + ;
A4 (Bh4-4) (GBh-4)
9 6 6 6
- - +
24, ABAhL-4) ABA4-4) (Bih-4)

+ 5 + £
(3;{3 _/12)2 (3/1] _21)(3’13 _2'2)

3 9 9 6

Z,5=lﬁ{—3+ 5 s + 5
A 2484 -4) 2404 -4,) 4G4 -4)
6 6 6 6
+ + + +
LGBAL-4) B4L-4) Gh-4) GB4L-4)G4L-4)
6 6

+ it }
BA4 -4)B4 -4)" 4G4 -4)C4 -4,)

Substituting the values of A4,, 4,, 4; and A4, from equations (3.35), (3.31), (3.29) and (3.36)
into (3.4), we obtain

B 2 2 =241 2 —( Ay + Ay
a —e{p, (a,a; +a;a,)e 4 +p, (a,a,+2a,a,a,)e” "%

2 “21 Ny RY 2 2 BN
+pya;a,e +p,a,a,a,e '+ ps(aya; +ajay)e

+ps(ala, +2a,a,a,)e” ™ + p.ale™ ' + p,a’a, e'(“’-‘”‘“},

=243t (a1

¥ 2 2 2
a, =e{q,(a,a; +a;ay)e +q,(a,a,+2a,a,a,)e

. 2 (3.38)
eM vrq,ala, e +q,a,a,a, e P!

2 - P
+q, a; a; +gca, a8 ks

—( A +A4)1

a, =g{n (a,af +a,2a3)e_“"’ +r2(a§ a,+2a,a,a,)e + 0 af e‘“*'},

. =22 - A - A,
a, =€{s, a;a; e +s.a,a]e” M) 45 q,aq) B!

e—(ﬁﬁ-hi” 1

2 =2
+5,a,a, +55 a,e ""}.
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Since a,, a,, a,, a, are proportional to the small parametere, so they are slowly varying
functions of time ¢. Therefore, we can solve equation (3.38) by assuming a,, a,, a, and a,

are constants in the right hand sides of (3.38). This assumption was first made by Murty et al.

[46, 47]. Thus the solutions of equation (3.38) are

- - 1_8‘2‘13‘ 2 l_e‘(‘l!*‘l.:)f
a,=a,,+&{p(a0a50+a, 00 0)—————+ P, (@108, +2a,,0;,0,,)
22, A+ 4,
i 1= g 2h! | — gt ) ) _ g2t
TP3A1 0007t Py B0 00— +Ps (@050 +a,0050)—F7—
R g, O RNy e
! [ — g U+ae) L l—e b ) | — oAt
+ps(ayoa,0+2a,5a500a,,) +p,a, + Pg Ay 40
A + 4, 24, Ay + A,
; : I_e—z,ti.' g l— e—(i3+i4)!
a, =a,, +&44, (al,ﬂ a,,ta, as,o) +4, (a4,0 ayo+2a,, as,oa4,0)
22, A+ 4,
3t | — g 2! ] — gt
2 =i 2 - -
+ g3 055044, +q, a90,y, +qsa,00,,0,) (3.39)
34, 22, A+ 4,
+q4a, 0a; s e
692,090
24,
1—e7%!
2 2
a; =a,o +e{n(a,,a5, +a,0a;0)————
24
1_e—(ij+.i4).- 1_6-2141
2 2
+1(ay0 G40 +2a,5a500,,) +ra50a,0 ——
(4, +2,) 22,
{ le_u"' 5 le_u’”‘ ) i l_e-uﬁm:
ay =€985 0390, +8,0,00a,, +530;00,,
22, A+ A, A+ 4,
g 18—(13-}—3_‘)-’ 5 1_8—2»14.'
+85,8,000 0 —————+S; A} g——— 1.
L WS : 24,
Therefore, we obtain the first approximate solution of the equation (3.16) as
x(t,€) = (a, +ayt+a;t*)e™ +a, e +eu, (3.40)

where a,, a,, a,, a, are given by the equations (3.39) and u, is given by the equation (3.37).
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3.4 Results and Discussion

In order to test the accuracy of an approximate solution obtained by a certain perturbation
method, we sometimes compare the approximate solution to the numerical solution. With
regard to such a comparison concerning the presented asymptotic solution obtained by the

KBM method of this chapter, we refer the works of Murty et al [47].

We have computed x(¢,£) by equation (3.40) in which a,, a,, a,, a, are evaluated by the

equation (3.39) and u, is evaluated by the equation (3.37) with different sets of initial

conditions and for various ¢. The approximate analytic solutions and numerical solutions are
plotted in the figures (From Fig. 3.1 to Fig. 3.5). From figures we see that our approximate

analytical solutions show good coincidence with numerical solutions.
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12 - a =10

a, =00

a, =0.0

a,=0.0
h=dy=Ay =25
A, =10

e=1.0

0.2

Fig. 3.1: Analytic solution in solid line — and solution by a fourth order Runge-Kutta method
in dashed line - - -.
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| 12 a,=00
a, =00
a, =0.0

Fig. 3.2 Analytic solution in solid line — and solution by a fourth order Runge-Kutta method
in dashed line - - -.



16 -

= 0.8

04 -

a, =0.0
a, =0.0
a, =0.0
a, =15
Iy= 2y =2 =40
4, =1.0
=01

Fig. 3.3: Analytic solution in solid line — and solution by a fourth order Runge-Kutta method

in dashed line - - -.
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1.61 a, =_(()}.25
. a, =00
a, =00
a;=1.25
b=y = Ay =40
A, =10
1.2/ e=0.1
4
» 0.8
0.4 -
0 T &= T T E T
| 0 1 2 3 4 5 6
v J— ¢

Fig. 3.4: Analytic solution in solid line — and solution by a fourth order Runge-Kutta method
in dashed line - - -.
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1.2 a, =0.25

a, =0.01

a, =0.01

a, =0.75
A=dy=1 =40
A, =1.0

e=0.1

Fig. 3.5: Analytic solution in solid line — and solution by a fourth order Runge-Kutta method
in dashed line - - -.
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3.5 Conclusion

The Krylov-Bogoliubov-Mitropolskii method has been extended for solving fourth order
more critically damped nonlinear systems. For different sets of damping forces as well as for
different sets of initial conditions, the solutions obtained by the present method coincidence
with those obtained by numerical method nicely. The solutions are also useful for strongly

more critically damped nonlinear systems.
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