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ABSTRACT

American Mathematician Lotfi A. Zadeh in 1965 first introduced the concept of fuzzy
set. He interpreted a fuzzy set on a set as a mapping from the set into the unit interval
I= [0.1], which is a generalization of the characteristic function of the set. Many
mathematicians throughout the world used this set to fuzzify different areas of
mathematics. Fuzzy supra topology is one of the outcomes of such fuzzification of the
usual topology. This thesis is a collection with addition of several results on fuzzy supra
topological spaces. Chapter one is a brief introduction of this thesis. Qur main work is
from second chapter where we have given some new examples and theorems on fuzzy

supra topology. In a similar way we have studied third, fourth, fifth and sixth chapters.
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INTRODUCTION

The concept of fuzzy set was first introduced by the American Mathematician
Lotfi A. Zadeh in 1965. He interpreted a fuzzy set on a set as a mapping from the set
into the unit interval, I = [0, 1], which is a generalization of the characteristic function
of the set. Many mathematicians throughout the world used this set to fuzzity
different areas of mathematics, e.g. L-fuzzy group, fuzzy ideals. fuzzy rings. fuzzy
lattice, fuzzy topological spaces. L—fuzzy topological spaces. fuzzy supra topological
space, fuzzy topological vector space etc. From the literature of fuzzy topological
spaces. it is found that it is still developing in various directions. The field of
knowledge on fuzzy supra topological spaces are not complete and we have observed
some gaps there. Fuzzy topological spaces were, first introduced in the literature by C.
L. Chang in 1968 who studied several basic concepts including fuzzy continuous map
and compactness. Wong defined the same in 1975 and Lowen in 1976. In 1983 A .S.
Mashhour introduced the Fuzzy supra topological space and studied S-continuous and
continuous function. Some generalized from of semi-open and semi-closed sets are
given by A.A. Allam and A.M. Zahran in 1986. In 1987, M.E. Abd El-Monsef
introduced the Fuzzy Supra Topological Spaces and studied fuzzy supra continuous
functions and characterized a number of basic concepts. In 1996 he introduced fuzzy
S-continuous. fuzzy S-open. and fuzzy S-closed maps and established a number of
characterizations. The concept of induced fuzzy supra topological spaces was
introduced by Bhaumik and Mukherjee and Anjan Mukherjee introduced the concept
of S-induced 1.-fuzzy supra topological spaces. The material of the thesis has been
divided into six chapters. A brief scenario is as fallows:

Chapter one incorporates some of the basic definitions and examples on fuzzy
sets. fuzzy topology. fuzzy supra topology and its related topics. They are stated
without proof in different papers.

Our main work starts from the second chapter. We have introduced and
studied some properties of fuzzy supra topological spaces and established relation and
non relation among them.

In the third chapter we have introduced some R, and R, properties of fuzzy

supra topological spaces and been studied.
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In the forth chapter., we have introduced and studied some T, and T,
properties of fuzzy supra topological spaces. Also the Cartesian product between two
fuzzy supra topological spaces is shown with examples.

In the fifth chapter, we have introduced and studied some T, properties of
fuzzy supra topological space and we have established relations among them.

In the sixth chapter. we have introduce and studied about the compactness and
connectedness property of fuzzy supra topological spaces. We have established the
relation between compactness property and continuity property of fuzzy supra
topological spaces. In addition, we have studied some other properties of these

concepts.
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CHAPTER -1

Prerequisites

1.1. Introduction: This chapter incorporates concepts and results of the fuzzy sets.
Fuzzy topological spaces and Fuzzy supra topological spaces which are to be used as
ready references for understanding the subsequent chapters. Most of the results are

quoted from various research papers. Through the sequel. we make use the following

notations.
[0.1]=1 : Closed unit interval
J= . An index set.
[i=[0.1) : Right open unit interval. m
ly=(0. 1] . Left open unit interval. S
2ol . U,V : Fuzzy set.
(X. 1) : Fuzzy topological space.
(X.t) : Fuzzy supra topological space.
T . Supra topological space.

T =fu'(0. Iue t'}: Supra topology on X

Np® = : Collection of supra S-neighborhood

1.2. Fuzzy Set: This thesis is a study of Fuzzy supra topological spaces .To present
our work in a systematic way. we consider in this chapter various concepts and results
from the theories of fuzzy sets. fuzzy topological spaces and Fuzzy supra topological

spaces scattered in various research papers. For this. we start with.

Definition 1.2.1.: Let X be a non -empty set and AcX: now the characteristic
function of A is a function. that declares which elements of X are members of the set
A and which are not. It is denoted by k4 orl 4. The function x, or
14 X— 0. 1] is defined by x4 or
14 (x)=1ifxeA
=0ifx gA

Throughout this work. we use. if needed, 1, to denote the characteristic function of a set A.



Definition 1.2.2. Let X be a non - empty set and let [= [0. 1]. A fuzzy set in X is a

function 2: X—1 which assigns to each. xeX its grade of membership 2(x) 1. [54]

Definition 1.2.3. Let ¥ denote the set of all mappings %: X—LA member of 1" is

called fuzzy subset of X.

Definition 1.2.4. A fuzzy subset is empty if and only if its grade of membership is

identically zero in X: It is denoted by 0. [49]

Definition 1.2.5. A fuzzy subset is whole if and only if its grade of membership is

identically one on X it is denoted by 1. .[49]

Definition 1.2.6. For any two members Aand p of Y. & > pif a(x)=p(x) for each x
e X. and in this case is said to contain p and is denoted byz ot or pis said to be contained

in 7..[54]

Definition 1.2.7. Let Abe a fuzzy set: the complement % of Awith respect to the set X
is 1-A. It 1s defined byh'(.\‘) = (1-A)(x) =1-A (x) for each xe X. it is also denoted b.\_-'},"-

obviously (L ) =A.[54]

Definition 1.2.8. Let o and P be two fuzzy subsets of X. Then the union L of ¢ and B
is a fuzzy subset of X, which written as 2=aNp and defined by.
A (X) = max [o(x). B (x)] V xeX.

[n general. if J be an index set and A= N{u,: [ €l} be a family of fuzzy sets of

X then L u, is defined by (mu,) (x) = Sup {u,: 1 €]} where x €X. [16]

Definition 1.2.9. Let oo and P be two fuzzy sets in X. Then the intersection Zof o and
B is a fuzzy set of X, written as 2=aU. and defined by.
A (x)=min [a (x). P (x)] ¥V x e X.

[n general. if J be an index set and A= Uf{u,: 1 €l} be a family of fuzzy sets of

X then it is defined by (LUu ) (x) =Inf ju, :1 €]} V x €X. [16]



Definition 1.2.10. A fuzzy point in X is a special type of fuzzy set in X with
membership function p(y) =r, for y=x and p(y)= 0, Vx €X .and y# X where 0<r<]1,

this fuzzy point is said to have support x and value r is denoted by x, or rly. [49]

Definition 1.2.11 A fuzzy point x, is said to be contained in a fuzzy set A in X, or

belong to A, denoted by x, €A, if and only if r < A(x).

Evidently, every fuzzy set o can be express as the union of all the fuzzy points, which

belong to o ..[49]

Definition 1.2.12. Let X be a set and u and v be two fuzzy subsets of X. Then the

difference of u and v defined as u- v =uuv¢.

Laws of the algebra of fuzzy sets:

In ordinary set theory idempotent laws, Associative law, Commutative law,
Distributive laws, Identity law, Demorgans laws are true. Analogously these laws are
also true in fuzzy set theory. But in case of ordinary set, we have for any set A,
ANA'=X, and AUA’ =¢. But these are not true in the case of fuzzy set.

For example, if X= {a, b, ¢} and A is a fuzzy set defined by

A= {(a, .2), (b,.7), (c, 1)}

AC = {(a, .8), (b, .3), (c, 0)}

So AAAE = {(a, .8), (b, .7), (¢, 1) X

And A ULS= {(a, .2), (b, .3), (c, 0)} #¢

Also as in ordinary set theory AUB= ¢ if and only if AcB® But in fuzzy subsets, the
converse part is not necessarily true. For example if

B= {(a, .6), (b, .1), (c, 0)} then

B = {(a 4), (b,.9), (c, 1)}

Here A< B° but L U B= {(a, .2), (b, .1), (c, 0) # ¢

1.3. Mapping and Fuzzy Subsets induced by mappings.

Definition 1.3.1. Let I = [0, 1], X be a set, and tc I* that is t is a collection of fuzzy
sets in X. Then t is called a fuzzy topology on X if

(1) 0 and 1 belong to t;

(2) A, pet then Aapet and
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(3) Liet ¥ i €l then v, et Where ] is index set. then (X. 1) is a called fuzzy
topological space (in short fts) and the members of t are called t-open or simply open
fuzzy sets. A fuzzy set X is called a t-closed fuzzy set or closed fuzzy set if 1- 2et. [52]

Examples of fuzzy topologies: The fuzzy topology {0. 1] on a set X is an indiscrete

fuzzy topology on X. The discrete fuzzy topology on X containing all fuzzy sets in X .

Definition 1.3.2. Let f be a mapping from a set X into Y and A be a fuzzy subset of Y.
Then the inverse of & written as ' (1) is a fuzzy subset of X and is defined by
£'()(x) = Af(x). for xeX. [50]
Here we mention some properties of fuzzy subsets induced by mappings.
Let f be a mapping from X into Y. A be a fuzzy subset of X and p he a fuz-y
subset of Y then the following relations are true [16].
(a) ' () = (f'() for any subset p of Y.
(b) £(2.5) = (f(1))" for any subset % of X.
@, cu. = u)c f (W, ). where p ,and p,are two subsets of Y.
(d) Ly ho= (k)= t(hy). where & and A, are fuzzy subsets of X .
(e) u o £ (f' (p). for any subset p of Y.
(f) ».c ' (fin)) for any subset & of X.

(g) Let f be a function from X into Y and g is a function from Y into 7. Then (g< 0 (w)

= 21 g " b i i i 4 :
=" (g (w)). for any fuzzy set w in Z .Where (gof) is the composition of ¢ and .

Definition 1.3.3. Let f: X =Y be a mapping from X into Y. if & is a fuzzy subset X
and pbe a fuzzy setin Y then f(A) and ' () are defined as follows.
f(2)(x) = Sup A (X), xe ' (y)if ' (y)= ¢

-0 otherwise.

[ )(x) = p(fix)) for each x € X. [51]

Definition 1.3.4.: The mapping f: (X, t) =(X. t) is called the identity mapping 1f

f(x) = x for each x €X.



Definition 1.3.5The function f: (X, t) =(Y. s) is called continuous if for everyz.es.
'(1) et. the function f is called fuzzy homeomorphic if and only if fis bijective and

both fand ' are fuzzy continuous. [S0]

Definition 1.3.6.: Let x, be a fuzzy point in an fts (X. 1). A fuzzy set o in X is called
fuzzy neighborhood (in short nbd.) of x _ if and only if 3 a t —open fuzzy set /. in X
such that xe hca. If a is open (closed) then we call « is open (closed) nhd. of |
.We denote the family of nbd. by N
Example 1.3.7.:- Let X = {a. b.c. x}. t= {1, 0. A, ]
where 1= {(a. 1). (b. 1), (c. 1). (x. 1)}

0={ (a. 0). (b. 0). (c. 0). (x. 0)}

A= {(a. .2), (b, .5), (¢, .7), (%, .9)}

o = {(a,.3). (b..5). (c. .8), (x,.95)}.

Here o is a neighborhood of x . r=.2 belongs torand A c a.

Definition 1.3.8. Let (X. t) is a fts. and A be a fuzzy subset of X. The interior of 7 is
written as 2"or int Ais defined by

A'=v {u: p<hrandpet)

Example 1.3.9.: Let X={a.b.c.x}. 1= {1. 0. A, p}

Where 1 = {(a. 1). (b. 1). (c. 1). (x, 1)}: 0 = {(a. 0), (b. 0). (c. 0). (x. 0)}

2= {(a,.2). (b, .5). (c..7). (x..9)}: = {(d,-3): (b :5)de: B)ilx: 931,

Here p is a neighborhood of x . r=.2 belongs toA and A< .

Hence x . r=.2 is the interior point.

Definition 1.3.10.: Let A be a fuzzy set in a fts (X. t). Then the closure of ~. denoted
by A = Al A<pand pet’ }or & =Inf {p:k <pand p et} itis the

intersection of all closed containing 2 and r =% .

Example 1.3.11.: Let X={a. b.c.x} t=1{1,0, A, pj

Where | = {(a. 1). (b, 1). (c. 1). (x. 1)}. 0= {(a. 0). (b, 0). (c. 0), (x. 0)]

2= {(a. 2). (b. .5). (c, .7). (x. .9)}. u = {(a. .3). (b, .5). (c. .8). (x. .95)} Closed fuzzy
sets are 0. 1.2° . n* therefore

0={(a. 0). (b. 0). (c. 0). (x. 0)}



1={(a. 1), (b. 1). (c. 1), (x, 1)}
1= 108D (Bi5)ul63); (%;-1)]

ne = {(a..7). (b..5). (c. .2). (x. .05)} the members of 1° are {0. 1. A% u°}.

Here intersection of all closed set containing 2 is 1, hence closure of A isi.e ). =1

Definition 1.3.12: Let f* (X. t) =>(Y. s) be a function between two fis. Then {is called

continuous iff and only if f' (n) et for each pes.

Definition 1.3.13.: If (X. t) is an fts and A < X then t .= (uaA: uet) is a fuzzy
topology on A, called the subspace fuzzy topology on A: (A. t,) is referred to as a

tuzzy subspace of (X. t).

Definition 1.3.14.: A fuzzy bitopological space (in short. fbts) is a triple (X. t . 12)
where X is a set and t;. t , are two types of fuzzy topology on X.
Remark: We shall usually denote the union (supremum) and intersection (infimum)

operation on fuzzy set by v and A respectively.

Definition 1.3.15: Let S be a subset of a topological space (X. T). Then S is called
semi-open (Levine) if Sc gl

Let X={a. b. c}. T={x, ¢. {b}. {a, b}, {b.c}}. and S={b, ¢} then ce{b. c}c|b. ¢ | and
there is a T open set containing b which is contained in |b. c}.that is & 5
Complement of each T open set (closed set) is ¢ .X.la. ¢}. {¢}. taj. The set containing

S"is X. Hence S"= X. and ScS"

Definition 1.3.16: A fuzzy set & of X. is called fuzzy semi -open it and only if

no<iL[48].

Definition 1.3.17: A fuzzy set i of a fuzzy topological space (X. 1) is said to pre open

iff 2.<0". [48]
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Definition 1.3.18.: Let X be a non empty set and T < P(X). (Power set of X) is
called a supra topology on X if Xe T  and T" is closed under arbitrary union. The

members of T are called supra open set. |8]

1.4. Fuzzy Supra Topological Space
Definition 1.4.1: Let X be a non empty set and 1 =[0.1]. A subfamily t* of I" is said to
be fuzzy supra topology on X. if

(0.1 et

(2) o, et forallie Jthen v a, et
(X. 1) is called a fuzzy supra topological space. In short. a fuzzy supra topological
space denoted by FSTS .The elements of (" are called fuzzy supra open set in (X. t ).A
fuzzy set X is supra closed if and only if complement of 2 .i.c 2/ =1-A is a [uzzy supra
open set of (X, t¥).:[48]
Examplel.4.2: Let X= {a. b. c. d} with a fuzzy supra topology.
t"={1.0. f(a. 0). (b. .5). (c. 1). (d. 0)}. {(a, .5), (b. .25). (c. 0). (d. 1)}. {(a. .3). (b, .5).
(c. 1), (d, 1)}}
on X then the class of supra closed sets t " are
t° =10, 1.{(a. 1)(b. .3).(c. 0)(d. 1)}. {(a,. 5).(b..75). (c.1). (d.0)}. {(a..5). (b.5).
(c.0).(d. 0)]
Note: It is clear that every fuzzy topological space is fuzzy supra topological space:
but the converse may not true
Example: Let X={a. b} anda .B.y €1 ". Let a(a) =.2. a(b) =.3: B(a) = .4
B (b)=.1:y(a) =.4. y(b)=.3 then

t'= {0. 1. . B. y}is a fuzzy supra topology on X but t"is not fuzzy topology on X.

Definition 1.4.3. The supra closure of a fuzzy set A is denoted by 2™ or Scl(2.)

Scl(h) = 1S: S is fuzzy supra closed set and A<S}|53]

Definition 1.4.4. The supra interior of a fuzzy set A is denoted by A" or Si(4)

Si(A)=v {S: S is fuzzy supra -open set and S<A}.[53]
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Definition 1.4.5.: et X be a set and t* be the class of all fuzzy sets in X and

t*satisfies the axioms of fuzzy supra topological space on X. This fuzzy supra

topology t on X is called the discrete fuzzy supra topology and the pair(X. t) 15

called the discrete fuzzy supra topological space.

Definition 1.4.6.: Let X be a set and (" be the fuzzy supra topology on X consist of
the fuzzy sets 0 and 1 alone. Then t’ is called the indiscrete fuzzy supra topology and

the pair(X. t*) is called the indiscrete fuzzy supra topological space.

Definition 1.4.7.: Let (X. t) be a fuzzy topological space and t* be a fuzzy supra

topology on X. We call t a fuzzy supra topology associated with tif tc t*.[53]

Definition 1.4.8.: Let x_ be a pt. in an FSTS. (X, t*).\ fuzzy set ¢ in X is called
fuzzy supra neighborhood (in short nhd) of x _iff 3 a supra t open fuzzy set ff in X

such that x e < aif ais supra open then we call supra open nhd. of x .

Definition 1.4.9.: A fuzzy supra bi topological spaces (in short fsbts) is a triple

(X.t; . *) where X isasetand t, ., t,* are two fuzzy supra topologies on X.
Definition 1.4.10.:Let (X. t, ") and (Y. t2*) be two fuzzy supra topological spaces. A

mapping 2 (X. t, ") = (Y. tb¥) is called fuzzy supra continuous if

(%) 1,*.[48]

Definition 1.4.11.: Let (X. t, ") and (Y. t-*) be two fuzzy supra topological spaces. A
mapping I (X. t, ") —=(Y. t:*) is called fuzzy supra continuous if the inverse imagc

of each fuzzy supra open set in (Y. t2*) ist, fuzzy supra open in X.

Definition 1.4.12. Let (X. (,*) and (Y. t2*) be two fuzzy supra topological spaces. A
mapping f: (X. ,*)—=>(Y. tt*¥) is called s- continuous function if the inverse image of

each fuzzy supra open set in (Y. t, ) is t;*fuzzy supra open in X . [53]



Definition 1.4.13Let (X. t;*) and (Y. t2*) be two fuzzy supra topological spaces. A
mapping f: (X. t;*)—=>(Y. t*) is called fuzzy supra open map if the image of cach

fuzzy supra open in t;*is t>*fuzzy supra open in Y .[S3].

Definition 1.4.14.: Let (X. t;*) and (Y. b*) be two fuzzy supra topological spaces. A
mapping f: (X. t;*)—>(Y, tu*) is called fuzzy supra closed map if the image of each

fuzzy supra closed in t;*is to* fuzzy supra closed in Y.

Definition 1.4.15.: Let (X. t*) be a fuzzy supra topological space. A fuzzy point x _ 15
said to be an accumulation point of a subset S of X. If every nbd. of x  of 4 are

quasi-coincident at some point different from the support X. where x 7.

Definition 1.4.16.: Let (X. t*) be a fuzzy supra topological space. the union of all the

accumulation points of a subset S of X is called the supra derived on S and is denoted by 8™ .

1.5.: Coarser and Finer Topology

Definition 1.5.1.: If two fuzzy supra topologies t;*and t-*be such that 1,* ¢ 1" we
say that ¥ is finer than t;*and t;*is coarser than t*. (t*) denotes the family of all -

Closed fuzzy supra sets.

1. 6: Base and Sub base

Definition 1.6.1.: Let (X. t*) be a fuzzy supra topological space. A sub family B of

t is a base for t* if and only if each member of t*can be expressed as the union of

some members of B.

Definition 1.6.2.: Let (X. t¥) be a fuzzy supra topological space. A subfamily S of t*

is a sub base for t if and only if finite intersection of members of S form a base for

1.7. Compactness and Connectedness

Definition 1.7.1.:  Let (X, t*) be a fuzzy supra topological space. A family I of
fuzzy supra open sets is a cover of a fuzzy supra open set p il and only 1f

Ui Npy:pael}.
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It is called a fuzzy supra open cover if each member 1, is a fuzzy supra opens set. A
sub cover of F is a subfamily of F which is also a cover of p .1t is called supra open

cover of X if X= {np, : paeF}.

Definition 1.7.2: A fuzzy supra topological space is supra compact if and only if

every supra open cover has a finite sub cover.

Definition 1.7.3: Let (X. t*) be a fuzzy supra topological space and o [0. 1]. A
collection F of a fuzzy sets in X is called a o -shading of X if for eachxeX Fa.g el
with g(x)> o and F is called a*- shading if g(x)= a*.

A sub-collection of an a-shading (a*-shading) of X which is also an ¢ - shading (%~

shading) is called an a-sub shading (o *-sub shading) of X.

Definition 1.7. 4: Two fuzzy set A, and A , in a fuzzy supra topological space (X. t)
are said to be separated if and only if there exist B, et* (i =1.2) such that B, 5 A,

(i=1.2)and B, " 4,=¢.B, N4, =¢.
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CHAPTER-TWO

Fuzzy Supra Topological Spaces
2.1: Introduction: In this chapter we established certain fuzzy supra topological

concept with new example and studied several properties of supra neighborhood.

2.2. Fuzzy Supra Topological Sets.

Theorem 2.2.1. Let t be the collection of fuzzy supra closed sets in a fuzzy supra

topological space (X, t*) satisfies: 0, 1 et and if A; et*then ~ Aset [48]
¢

Proof: Since T be the collection of fuzzy supra closed sets in a fuzzy supra
topological spaces (X, t*). Then from definition t° is the collection of fuzzy supra
open sets. Hence again from definition of fuzzy supra topological spaces 0, 1 et°

therefore there complement 1, 0 respectively members of z . Now let A5 et

& 5
then\. e1°, where seJ. Hence Y A/et® = U (1-A)e 1° = 1- Q As €1°. Hence,

!? Ls €. This completes the proof.

Theorem?2.2.2. [48] Let A and p are fuzzy supra open sets in the FSTS X, then

(1) A is fuzzy supra open (fuzzy supra closed) if and only if A = 13 =0%)

(2) If & < p, then AS! < p5€ and A5€< 5C

(3) A% Vi = (™

@25 A < ()

5) AS A RS2 o 6) A€ =1-(1-0)"

Proof: (1) Firstly suppose A = A5 then from definition of fuzzy supra interior A is the
union of supra open set less than A, so A is fuzzy supra open.

Conversely suppose A is fuzzy supra open in the FSTS X. Then A is the union of
fuzzy supra open set less than A . Hence A =53

(2) SinceA< p, Clearly from definition of fuzzy supra interior and fuzzy supra closure
A3 < u® and 2S¢ < 3¢, The proofs for (3), (4), (5), (6) are similar. Now we give
some examples

Example (2): Let X= {a, b, c, d}, with a fuzzy supra topology
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= {10, {(a, 0), (b, .5), (c, 1), (d, 0)}, {(a, 3); (b, .25), (¢, 0), (d, 1)}, {(a, .5), (b,
3), (¢, 1), (d, 1)} on X.

Let A = {(a, .5), (b, .5), (c, 1), (d, 25)} andp = {(a, .75), (b, .5), (c, 1), (d, 1)}

Asp And A% = {(a, 0), (b, .5), (c, 1), (d, 0)}

Again p®=v{{(a, .5), (b, .5), (c, 1, (d, D}, (@, .5), (b, .25), (c, 0), (d, 1)},

{(a, 0), (b, .5), (c, 1), (d, 1)}, therefore, it is clear that\S' < j.LSI. Now the class of all
fuzzy supra closed set of

=110, 1, {(a, 1), (b, .5), (c, 0), (d, 1)}, {(a, .5), (b, 75), (e, 1), (d, 0)},

{(a,.5), (b, .5), (¢, 0), (d, 0} on X

LetZ.:{(a,.25),(b,.S),(c,O),(d,.S)}anclp.={(a, 25), (b, .5), (c, .5), (d, .5)} then A<u and
A ={(a, 1), (b, .5), (c, 0), (d, 1)} also u* ={(a, 1), (b, 1), (¢, 1), (d, 1)} ,Hence

A5C< ||5€,

Example (3):-Let X= {a, b, c, d}, with a fuzzy supra topology

U= {1, 0, {(a, 0), (b, .5), (c, 1), (d, 0)}, {(a, .5), (b, .25), (¢, 0), (d, 1)},

{(a,.5), (b, .5), (c, 1), (d, 1)}on X. Now the class of all fuzzy supra closed set of t*=
{0, 1, {@@ 1), (b, .5), (¢, 0), (d, 1)}, {(a, .5), (b, .75), (c, 1. (d, 0)},

{(a,.5). (b, .5), (c, 0), (d, 0}

Let A= {(a, .25), (b, .5), (c, 0), (d, 5)} andp= {(a, .25), (b, .5), (c, .5), (d, .5)} then
A= {(@ 1), (0, 5), (2, 0), (d; 1)} and p€ = {(a, 1), (b, 1, (e, 1), (d, 1)

255 ={(a,1).(b,1),(c,1),(d,1 )} again Anp ={(a,.25),(b,.5),(c..5),(d,.5)}
(APR)*={(a,1),(b,1),(c,1),(d,1)} therefore ASCARSC < (p)ys©

(4), (5) and (6) is very clear, we show only example.

Example (4): Let X= {a, b, c, d}, with a fuzzy supra topology

t={{1, 0, {(a, 0), (b, .5), (c, 1), (d, 0)}, {(a, .5), (b, 25), (¢, 0), (d, 1)},

{(@.5), (b, .5), (¢, 1),(d, 1)} on X

Letd = {(a, .25), (b, .5), (c, 1), (d, .25)} and p= {(a, .75), (b, .5), (c, 1), (d, 1)} then
2= {(a, 0), (b, .5), (c, 1), (d, 0)} also

1 ={(@.5).(b,.5),(c,1).(d, 1)}

Now 2% m p¥ ={(a,.5),(b..5),(c, 1), (d, 1)} andAp={(a, .75), (b, .5), (c, 1), (d, 1)},
Anw™={(a, 1),(b, 1), (c, 1), (d, 1)}. Hence A5 A < )

Example (5): Let X= {a, b, ¢, d}, with a fuzzy supra topology

t'={{1.0, {(a,0), (b, ) (e 1), (d, 0)}, {(a, .5), (b, .25), (c, 0), (d, 1)},
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{(a,.5), (b, .5), (c, 1), (d, 1} on X.
Let 2= {(a, .5), (b, .5), (c, 1), (d, .25)} and p= {(a, .75), (b, .5), (¢, 1), (d, 1)} then
%= {(a, 0), (b, .5), (c, 1), (d, 0)} also p'= {(a, .5), (b, .5), (c, 1), (d, 1)} Now
AMop= {(a, .5), (b, .5), (¢, 1), (d, 1)} and (Aup)*'={(a, 0), (b, .5), (c, 1), (d, 0)}
o= {(a, 0), (b, .5), (¢, 1), (d, 0)}, Hence A% up'> (vuw)™.
Example (6): Let X= {a, b, c, d}, with a fuzzy supra topology
= {{1,0, {(2,0), (b, .5), (c, 1), (&, O)}, {(a, .5). (b, .25), (c, 0), (d, 1)},
{(a, .5), (b, .5), (c, 1), (d, 1} on X. Now the class of all fuzzy supra closed set of t*=
H0, 1, {(a, 1), (b, .5), (¢, 0), (d, 1)}, {(a, .5), (b, .75), (c, 1), (d, 0)},
{(a,.5), (b, .5), (c, 0), (d, 0)}

Let A= {(a, .25), (b, .5), (c, 0), (d, .5)} then
2= {(a. 1), (b, .5), (c, 0), (d, 1)} now 1-A= {(a, .75), (b, .5), (c, 1), (d, 5)}

(1- )™= {(a, .0), (b, .5), (¢, 1), (d, .5)}

1-(1-1)"={(a, 1), (b, .5), (c, 0), (d, 1)}
Hencel*® =1-(1-1)" showed .

Implication 2.2.3: [48] We show that in a fuzzy topological space,

2 op =0 and¥ U R = A’

but this is not satisfied in a fuzzy supra topological space, where A and p are fuzzy
sets in the fsts .

Example Let X= {a, b, ¢, d}, with a fuzzy supra topology

=0, 1, {(a, 0, (b, .5). (c, 1), (d, 0)}, {(a, .5), (b, .25), (c, 0), (d, 1)}, {(a, .5), (b, .5),
(¢, 1), (d, 1)on X. Then the class of all fuzzy supra closed set of t* is

()°={{1, 0, {(a, 1), (b, .5), (c; 0), (d, D}, {(a, .5), (b, .75), (c» 1), (d, 0)},

{(a, .5), (b, .5), (c, 0), (d, 0)}}

A ={(a,.25), (b, .5), (c, 0), (d,.5)}

K= {(a, .25), (b, .5), (c, .5), (d, 0)}

A= {(a, 1), (b, .5), (c, 0), (d, 1)}

H= {(a,.5),(b,.75),(c,1),(d,0)} ,

A = {(a, 1), (b, .75), (c, 1), (d, 1)} but A= {(a, 23); (b,..9), (5;..5), (d, .5)} so
(Aw)= {(a, 1), (b, 1), (c, 1), (d, 1)} therefore ANpEANP)

Again Let X= {a, b, ¢, x} and t = {1, 0, A, p}
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1={(@a, 1), (b, 1), (¢, 1),(x, 1)}
0={(a, 0), (b, 0), (c, 0), (x, 0)}

A ={(a, .2), (b, .5), (c, .7), (x, .9)}

r={(a3), (b, .5), (c, .8), (x, .95)}
Closed fuzzy sets are 0, 1, A p©
0= {(a, 0), (b, 0), (c, 0), (x, 0)}
1={(@a 1), (b, 1), (¢, 1), (x, 1)}
A° ={(a,.8), (b,.5), (c..3),(x,.1),
K= {(@, 7). (b, .5), (c, .2), (x, .05)} the member t of are {0, 1, A%, u€ } Here
intersection of all closed sets containing Ais 1 hence closure of A is i.e A" =1 again W
={(a, 1), (b, 1), (¢, 1), (x, D}, N'np=1,
rnp= {(a, .3), (b, .5), (c, .8), (d, .95)} and (Ap)= 1,
So Anp= (Anp)
Again let if A= {(a, .5), (b, .5), (¢, 1), (d, .25)}, and p = {(a, 1), (b, .5), (c, .5), (d, 0)},
then the union of supra open sets contained in A is {(a, 0), (b, .5), (c, 1), (d, 0) ; hence
25'= {(a, 0), (b, .5), (¢, 1), (d, 0)} similarly
w¥'= {(a, .5), (b, 25), (c, 0), (d, 1)}, s0
AT o™ = {(a, 0), (b, 25), (c, 0), (d, 0)}
rop= {(a, 5), (b, 5), (c, 1).(d, .25)},
(Aup)™= 0, so A5 UpS' = (Mup)® showed .
Now from above

Let X={a,b,c,x} and t={1,0, o, B}where (X ,t) is fis
Where 1= {(a, 1), (b, 1), (¢, 1), (x, 1)}

0= {(a, 0), (b, 0), (c, 0), (x, 0)}

o= {(a, .2), (b, .5), (c, .7), (x, .9)}
B= {(a, .3), (b, .5), (c, .8), (X, .95)}

Let 2= {(a, .5), (b, .5), (c, 1), (d, .25)},

u={(a, 1), (b, .5), (c, .5), (d, 0)}, =0 and p.° =0 and 1°~p’=0
Aup = {(a, .5), (b, .5), (c, .5), (d, .0)}, (Aup)’=0

So A’Ap’=0= (Aup)’
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2.3. Fuzzy Supra Neighborhood System.

Definition: 2.3.1 Let (X, t*) be a supra fuzzy topological space and u be a fuzzy set in

X, then the supra s-neighborhood of a point p in the fuzzy set wet such that peus
w. The collection of all neighborhood of a point is denoted by Np® and called by supra
neighborhood system of a point P.

Example: Let X={x, y, z} and t = {1, 0, u= {(x, .5), (v, .25), (z, 0)},

w=1{(x,.5), (v, .25), (z, .5)}}.
Consider the supra fuzzy topology t on X is generated by {0, u, w, 1} observe that

X=.25 eu<w. Here w is the neighborhood of x;.

Theorem 2.3.2.: Let A be a fuzzy set in a supra fuzzy topological space(X, t*), then

A is fuzzy supra open iff for each point pe) then Le Np° where Np® is the fuzzy supra

neighborhood system of the point p.
Proof: Let A be fuzzy supra open and a fuzzy point x; €). Then we have x,eAc A
therefore is A a nhd of x, .

Conversely, let A is a neighborhood of each point contained in A. Let { x, } be the
set of fuzzy points in A and {yr} be the supra open fuzzy sets containing X, such that

Xr € y'(X) €A (such yr exist asA is an nhd of x, ). Now x, € yr< A=>the family
{N, Supra s-nbd. of a fuzzy point p in X} has the following properties

X C ¥r(X) £ AMx) VxeX

= X S sup yr ()< Ax) VxeX

= sup X, Ssupyr(x)S A (x) V xeX

=>UxX <Y yx S A

Also since U x(x)=A . So A=U y; (x) = A is supra open.

Theorem 2.3.3Let (X, t*) be a fuzzy supra topological space. Then
(Dle Np®;

(2) he Np° = per

() IfA ZpeNs =xre Np°

(4) If x is the support of a fuzzy point p then 3 fuzzy points q in X such that
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Np’ = N {N: 0<q(x) < p(€x)}
() a,e Np® then U a,e Np®
(6) If @ € Np® then 3 e Np® such thatBS @ and BeN,® [48]

Proof:(1) 1et*=>1 is supra open and hence 1 is a supra s-nbd of each of its fuzzy

points = 1 isan nbd. of p eX = le Np°,

(2) If Le Np® then from definition 3 Bet” such that pe BcA= pei

(3) Given pe Np°, then 3 y et” such that pe | SA= e NS .

(4)Since x is the support of a fuzzy point p then for 0<9 <1 then p(x) =3, let the value
of the fuzzy point q are 9 <y < 1 then p(x) Sq(x), so the value of Np is infimum,
SoN*= M {N ] :0<q(x)<p(x)}

(S)If oje Np® then Bje Np® = pe UBcva,ZuUoe Np® for jel

5
(6) Finally if aeN# then 3 Be t*such that peBS a so Bis supra open . Thenp is an

nhd .of p = Be N} = pefca

Theorem 2.3.4.: Let (X, t") be a fuzzy supra topological space. Then the family
{Np*: supra s-nbd. of a fuzzy point p in X} has the following properties.

(Dle NS

(@) A e Np°® = per

() IfA 2 pe Np* =re N

(4) If x is the support of a fuzzy point p then 3 fuzzy points q in X such that

Np® = 0 { Np® :0< q(x)< p(x)}

(5) @, e Ny’ then Y o, e Np®

(6) If ove Np® then 3 Be Np° such thatBco  and Be N then there exist a supra
topology t" on X and with the property (1)- (5) if N is family of s-nbd. of a point q
then Np* =N ! .

Proof: We define t  as follows a fuzzy set pe t', iff pe Np* .V pe p, thent isa
fuzzy supra topology on X.

(D0 et ,sinceOe Np¥aspe0 < p V fuzzy set pin X, V,uet*
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(2) By the property (1) 1€ Np° and since anypel=1¢ t‘,
(3) Supposea ;e t‘, forj€ J= a}.eNpS v pea;.
e, eNpy’ eV pev{a,:jel}
=>U{a,:jel} eNs® V pe Y {a:jel }
=>U{a,:jel}e t Thust isa supra topology on X. Next we show that
Np® = N,. Let ae Np® by property (6) IBe Np® such that Pco and Be N for all
qep
=P et',ﬁ isthet supra open set s.t pefca
= o isthet nbdofp.=o e N:=> N S NI (A)
Conversely let ae N, Let a is the t nbd. of q . So Jsupra open set B s.t pepca.
Now pefca =Be Np°;V B But e Np® and fco=> ae Np®; hence N < Np®

From (A) and (B) we get Np> =N *.

q

2.4. Fuzzy Product

The concepts of fuzzy products have already appeared in the research work of Hutton
[42], Mashhour et al [9].

Definition2.4.1: If 4, and 4, be two supra subsets of X and Y respectively then the
Cartesian product 2, x 4, of fuzzy supra subsets of 4, and 4, is a fuzzy subset of

XxY defined by (4,x 4, )(x,y) =min {4, (x), 4, (y)} for each pair (x, y) eXX Y.

Definition 2.4.2: Let (x,,t})and (x, ,t, )be two fuzzy supra fuzzy topological spaces
the product fuzzy supra topology is the collection u, xu, whereu, € tjand u, et;,

it is denoted by x, xx,

Proposition 2.4.3: If u, is a fuzzy supra subset of a fuzzy supra topological space (X,
t*).and u, is a fuzzy supra subset of a fuzzy supra topological spaces
(Y, s*) then show that u,xu, Su, xu,.

Proof: With the help of an example we shall show the proposition.
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Let X= {a, b} be a set with fuzzy supra topology u, xu,

t'=1{1,0, {(a, .5), (b, .5)} } Again let Y={x, y} and

s = {1, 0, {(x, 1), (y, .35)} } be a supra topology on Y

Letu, et and u,= {(a, .5), (b, .5)}

Alsou, e€s ,and u,= {(x,1),(y,.35)}

then

u, xu,={(a, x,.5), (a,vy, .35), (b, x, .5), (b, y, .35)} also closed sets of

t = {0, 1, {(a, .5), (b, .5)}} and closed sets ofs = {0, 1, {(x, 0), (y, .65)}}

Product fuzzy supra topology = {{(a, x, 0), (a, y, 0), (b, x, 0), (b, y, 0)},

@ x, 1), @@y, 1), (b, x, 1), (b, y, D}, {(a, %, .5), (a, y, .65), (b, %, 0), (b, y, .65)}, {(a,

x’ '5)’ (a" y! ‘5)) (b! X’ 0)’ (bB y’ ‘5)}’{(a’ x! '5)’ (ai y’ ‘5)3 (bD X’ '5)5 (bﬁ y’ '5)}}
Now u, xu,= {(a, x,.5), (a,y, .5), (b, X, .5), (b, y, .5)}

U, = (@ 5), (b, S)} Uy ={(x, 1), (5, )}
T X = {@ % 5), @y,.5), (5%, .5), (b, v, S)}.

c,
Entp.

— =  —
Hence u,xu, =u, xu, showed. 21 Liora®

Theorem 2.4.4.: Let (x, , t;) whereV i eJ be fuzzy supra topological spaces and X=

[1x, where J is the index set and t" is the product fuzzy supra topology on X.Then

ieJ
(X, t*) is a fuzzy supra topological space.

Proof: Since V i €], (x, , t/¥) is fuzzy supra topological spaces . We shall prove that
(X, t*) is supra fuzzy topological spaces. Clearly 0, 1€ t*.As 0, le t;* V ie J. Let

let then A=T14, where/ly.et: and v 4, €, t* and each A, 1is fuzzy supra

ied ieJ

open. So as Ais minA,, Hence (X, t*) is fuzzy supra topological space.

2.5. Fuzzy Mapping .
Definition 2.5.1.: A fuzzy mapping f :( X, t) = (Y, s*) is called fuzzy s-open if the

image of each fuzzy open set in (X, t) is s "is fuzzy supra open in (Y, s*).
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Theorem 2.5.2.: Let (x,, t), (X,,t;) , (¥,» S})( y2. S3) be four supra fuzzy
topological spaces, Let f; : x, —y, and f, : x, >y, are supra fuzzy continuous then
f,xf, :x,%X x,—>y, Xy, are fuzzy continuous function.

Proof: LetA be a supra open set in y, % y, then A=U A, X u, where A_and
. are supra open set in o, and o, respectively. Since f , X, =Yy, issupra fuzzy
continuous f' (4,)is supra open in x,for all supra open set in y,, Similarly f,:
X, =Y, is supra fuzzy continuous then f, e (4,) 1s supra open in X, . Now

(£ % £, ()= % £, (O A% ) =U(E > £, )7 (4, x p,)

=uf, " (2,)% £, (u,) is fuzzy supra open inx, X x, .

Thus, f, % f, is FS-continuous.

Lemma 2.5.3.: Let f: X —Y is FS-continuous and g: Y — Y is continuous then g of is
FS-continuous.
Proof: Let A be a fuzzy open set in Y. Since g: Y— Y is fuzzy continuous and

obviously g (A1) is open in Y. Then g! (1) € S. Where S is the fuzzy topology on

Y. Again given that f: X— Y be FS- Continuous . So that f' (g (1))
eX = (gof)" (L) et . Hence g °fis FS- continuous
For this, we give an example,
Example2.5.4: Let X= {p, q, r}, Y={x, y, z} with two fuzzy topology t,on X and t,
on Y, Where t;= {1, 0, {(p, .5), (g, .5), (1, 0)}}
6= {10, {(x, .5), (¥, :25), (z, .5)}}
Let t;* ={1,0, {(p, .5),(q, -5),(r, 0)}, {(p, .5).(a, .5)(x, -5)}.{(p, -5), (@, -25), (, .5)}}

be a fuzzy supra topology on X, and t; c t,* Again
t*={1,0, {(x,.5), (y ,.25), (z, .5)}, {(x,.5),(y,.5),(z,0)} be a supra topology

on Y, and t,c t* then consider f={(p, x), (q, y), (r, )} be a mapping from t; to ts
Then f'{(x,.5),(y..25), (z,.5)}= {(p, .5),(q, .25).(r, .5)} €t so fis FS-continuous
Let g: Y=Y be a mapping defined by

g={(x, x), (¥, ¥), (z, z)} from t, to t, then clearly g is fuzzy continuous
(oD ({(x 53,252, 5)}=F'(¢"
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{(®,.9), @, 25), @ 5)HN={®, -5), (@ 25, (&, .5)} = {(p, .5). (@, -25), (r, .5)} € t;

So gefis FS-continuous.

Lemma 2.5.5.: Prove that every fuzzy continuous function is fuzzy supra continuous,
but the converse is not necessarily true

Proof: Let (X, t) and(Y, s) be two fuzzy topological space with associated fuzzy supra
topology (X, t*) and (Y, s*). Let the function f: (X, t) (Y ,s) is continuous then

Y pues = f(pwet Now sincetct and s s’ then V pes = ues and

£l (p)et‘ .So f'is fuzzy supra continuous,

Conversely V pe s and fl(p)e £, peSand f! (u) et .Soif fis fuzzy supra

continuous then f'is not fuzzy continuous.

Lemma 2.5.6.: Prove thatif f: X —>Y and g: Y — Z are FS-continuous then gofis FS-

continuous.
Proof: A be a supra open set in Z. Since g: Y — Z, FS-continuous so g"' (L)€ Y,
Again given that f :X — Y is FS-continuous so = f' (g' (M)eX = (gof) ' (W)eX

.Hence, (g°f) is FS-continuous.

Lemma 2.5.7.: Prove that every fuzzy open map is fuzzy s-open map and also every
fuzzy supra open map is s-open but the converses of these implication is not true .
Proof :- Let (x,t) and (y, s ) below fuzzy topological spaces with the associated

fuzzy supra topology ( x , t*) and (Y , S*) . Let the function f: (x,t) = (Y, S)is
fuzzy open then V fuzzy set Le t ,f(A) is fuzzy open in S . Now since S < S” then
v f(Me S = f(A)es =Tis fuzzy s—open.

Again let g: (X, t.) - (Y, s*) is a supra fuzzy open map, then V fuzzy supra open set
LE t, g (n) is fuzzy supra open in s . Since every member of t is the member of

t =V net, pe t = g(w) is fuzzy supra open in s . Therefore, g is s-open.
We shall prove this lemma by using a example.
Example 2.5.8.: Let X be a non empty set and I = [0, 1], and let A, u, @ be the fuzzy

sets defined respectively by ,
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1

A (x) =2x when 0= x < —
5 Whenl <= ]
2 2
z(x)zl when05x~¢l
. 2 4
1 1
=2x when — < x = —
4 2
=0 whenl <x =1
2
o (x) =1 when 0= x < =
=0 when %<x51. [53]

Lett, = {0, A, 1} be a fuzzy topology on X, and let

t'1 ={0, AL, p,0 ,Avu,Ave}, Let f: (x,t,) > (x,t,) be afuzzy open map on

a fuzzy setis defined by f(x)=xif 0Sx < %
|
=l-xif —<x =1
2
Now [f(A)](x)=Sup [ 1 (x)]=2X% % =1when 0= x < %
=2x when — < x £ —
4
=Sup [A (x)] = 1-1=0, if % <x =]
Hence f (A) =p.
Again [f(1)](x)=Sup [1x)]=1 if 0= x = % =Sup [1(x)]=1-1 =0 if
%<x < 1 since A and pare fuzzy supra open in t}, hence f is a fuzzy s-open mapping
but A and p are not fuzzy open in t,, hence f is not fuzzy open mapping.

Lemma 2.5.9.: Let f:(X, t*) = (Y, s*) be bijective mapping , Then the followings

are equivalent
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(1) fis a homomorphism.

(2) fis continuous and supra open.

(3) fis continuous and supra closed. [53]
Proof: First we will show that (1) = (2)
Since f is homo. Then both fand ' = g (say) is continuous, and since f is bijective
then f™' is also bijective. Let ae t*, as g is continuous. g™ (a))=f(ct) is supra open in Y
.= fis supra open. Thus (1) = (2)
(2)=(1) .Given f is bijective, continuous, and supra open ,Let o be a supra open set
in X=> f(o)is supra open in Y. As previous g” = f is supra open in Y. So g=f"is
continuous. So f is a homomorphism.
(1) = (3) Let a be supra closed set in X. Then 1-c is fuzzy supra open in Y. Since f'is
homomorphism. So both f and g= f™'is continuous, it follows that g ' (1-c) is supra
openinY.Butg” (1-a)=1-g" ()=
1-g' (0)e s . Hence g! (e ( s*)c thus f'is supra closed. Hence (1) = (3)
3)=(1).
Let ae t*= 1-ae (t*)c , Since fis supra closed , f(1-a)= g (1-ot)=

g™ (@)e( s“)c =g’ (a)e s .= g is continuous and supra closed. So (3) =(1)

Lemma 2.5.10.:- Let f:(X, t*)—% (Y, s*) be bijective mapping

Then the followings statements are equivalent.

(1) fis a fuzzy supra open mapping.

(2) fis fuzzy supra closed mapping

(3) fis a fuzzy supra continuous mapping.

Proof: (1) = (2) Firstly we shall show that if f is a fuzzy supra open mapping then
is fuzzy supra closed. Let o be a fuzzy supra closed set in X. Then 1-a is supra open
set in X. Since f'is fuzzy supra open then f(1-a) =1-f(c) is supra open in Y. Hence
f(c) is supra closed in Y. This implies f is fuzzy supra closed.

(2) = (3) Let a be a fuzzy supra closed set in X. We have since f'is fuzzy supra

closed, f (av) is fuzzy supra closed in Y, f' (f (o)) =ae t" asfis bijective. Hence f'is

continuous.
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(3) = (1), since fis fuzzy supra continuous. Then f' (o) e t’ , for each supra open

set o es* , Hence it is clear that f is fuzzy supra open.

Implication: With example, we prove that if f is FS-continuous, but f'is not fuzzy
continuous.

Example 2.5.11.: Let X= {p, q, r}, Y={x, y, z} with two fuzzy t,on X and t; on Y,
Where t,= {1, 0, {(p, .5), (g, .5), (r, 0)}}

t,={1,0, {(x, .5), (y, .25), (z, .5)}}

Let ti = {1, 0, {(p, .5), (@, -5), (r, 0)}, {1, 0, {(p. .5). (4, .5), (x, .5)}}, {1, 0, {(p, .5),
(g, -25), (1, .5)} } is a fuzzy supra topology on X, and t; c t;”*Again

o= {1, 0, {(x,.5), (y,25),(z,.5)}, {(x,.5), (y,.5),(z, 0)}be a Fuzzy supra topology
onY.t, c t, then consider f={(p, X),(q, y).(r, Z)} be a mapping from t;" tot;". Then
£1{(x, .5),(y ,25).(z, .5)}= {(p, .5).(q, .25).(1, .5)} € t;" so fis FS-continuous, but fis
not fuzzy continuous. Because under the composition of mapping

f1{(x, .5),(y,25).z, .5} e t,

Lemma 2.5.12.: Show the property if f: X — Y is FS-continuous and g: Y > Y is
continuous then g o fis FS-continuous

Proof: Let A be a supra open set in Z. Since g: Y — Y, FS-continuous so

¢! (\)eY, Again given that f : X— Y is FS-continuous so f ' MeX =
(gof)'(M)eX .Hence, (gof) is FS-continuous.

Example: For this, we give an example, Let X= {p, q, r}, Y={x, y, z} with two fuzzy
topology t; on X and t on Y, Where

t= {1, 0, {(p, .5), (g, .5) (r, 0)} }

2= {1,0, {(x, .5), (¥, -25), (z,, .5)}} Let t;" ={1,0, {(p, .5),(q -5),(x, 0)}, {1.0, {(p, .5),
(@, -5), (r, .5)}}, {1, 0, {(p, .5).(q, .25),(r, .5)}} be a fuzzy supra topology on X, and
tict, Again t={1, 0, {(x, .5), (y.,.25), (z, .5)}, {(x, .5), (¥ ,.5),(z , 0)}be a supra
topology on Y, thc t," then consider ={(p, x), (q, y), (1, z)} be a mapping from t to
t . Then f'{(x, .5), (v, .25), (z, .5) = {(p, .5), (@, .25), (r, .5)} e t;" so f is FS-
continuous. Let g: Y=Y is a mapping defined by g= {(x, x), (v, ¥), (z, 2)} from t, to
ty*then clearly g is fuzzy continuous

(g°D({(x, .5), (¥, .25), (z, .5)})



=" (g {(p, .5), (q, .25), (1, .5)})
=f{(, .5), (@, -25):(r, .5)}
={(p, -5), (q, .25), (r, .5)} et;"

So gofis FS- continuous.
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CHAPTER- THREE

R and R; Fuzzy Supra Topological Spaces
3.1: Introduction:- In this chapter, we introduce and study some Ry and R,
properties in fuzzy supra topological space and obtain their several features. In short

we write FSRg and FSR; for fuzzy supra Ry and R, respectively.

3.2. R0 Fuzzy Supra Topological Space.

3.2.1. Definition (fuzzy Supra R, space):-

Let (X, t*) be fuzzy supra topological space. In view of the multiplicity of the
possible definitions, we currently name as FSRy (i), FSRy (ii), FSRy (iii) and FSRy
(iv).

(a) (X, t*) is an FSRy (i) space iff V x, y€ X, x # y, whenever there exist Ast* with
A(x) =1 and A(y) =0 then there also exist pet* with p(x) =0, and p(y) =1.

(b) (X, t*) is an FSR(ii) space if and only if V x, y € X, x 7 y, whenever there exist
Aet*with A(x)>0 andA(y) =0 then there also exist pet* with p(x) = 0, and p(y)>0.

(c) (X, t*) is an FSRy (iii) space if and only if V x, y € X, x#y, whenever there exist
Aet® with 0< A(x) < a<i(y) <1 then there also exist € t* with

0z i(y) < a<u(x) <1, where a € 1.

(d) (X, t*) is an FSRy (iv) space if and only if V x, y € X, x#y, whenever there exist
Aet* with A(x) <A(y) there also exist pet* with p(x)> p(y).

3.2.2 Now we give example to show the non implications among FSR ; (i),
FSR, (ii), FSR ,(iii), FSR ; (iv).
Proof: For this, we give some example,

Example (1) Let X={x, y, z} and

. - i i i
b= {1’ 0’ A= {(X’ 1)’ (y’ 2 )’ (Zi‘ 0)}1 {(X: 1)3 (y: B )s (Zs P )}s
0 1 1 X
{(x,0), (y. E)’ (z: E)}} on X.

Let A= {(x, 1), (v, é), (z, 0)}.Here A(x) =1, A(z) =0, but there does not exist any
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net such that p(z) =1 and p(x)=0 but A(x)>0and A(z)=0, also p(x)=0 and
w(z)>0, Hence clearly (X, t*) is FSRq(ii) but not FSR(i),
So FSR (i) #> FSR; (i)

Example (2) Let X={x, y, z} and
. 1 1 1 1
t :{ 190" 7\.:{()(, ]):(y: 5)7 (Za O)}a {(X, 1)s (ys E)’ (Z, E )}’ H:{(X, 0), (Y, E)s

% é)}} on X. Here A(x) =1, A(y) =§ , LX) =0, W(y)= é taking a=.4

also 0<p(x) <4 <u(y) <1 with 0<A (y) <4<i(x) <1

So (X, t*) is an FSR , (iii) but (X, t*) is not FSR ; (i)

Example (3) Let X={x, y, z} and

t*={1,0, u={(x, 1), (y, 4), (z, 0)},

w={(x,.9), (¥, .5), (z, 0)}, v={(x, 0), (¥, 0), (z, 1)} } on X.

Consider the fuzzy supra topology t* on X is generated by {0, u, v, w, 1} observe that
(X, t") is an FSR (i) but (X, t*) is not FSR ;(iv) for a=.6, w(x)>w(y) there does not
exist u(x) <u(y), So FSRy(i) #> FSR ,(iv)

Example (4) Let X={x,y,z} and u, v el* where

t*={1,0, u={(x, .8), (y, .7), (z, .3)},

v=A{(x,.3). (v, .8), (z .2)},

w={(x, .8), (v, .8), (z, .3)}}

Consider the fuzzy supra topology t* on X is generated by {0, u, v, w, 1} for a=.75,
0<v(x) £.75 < v(y) <1 and 0<u(y) <.75<u(x) <1 so (X, t¥) is an FSR(iii) but (X, t*) is
not FSR(iv), since u(y)> u(z), but no v(y) with

v(y) <v(2).

Theorem 3.2.3: Prove that (X, t*) is FSRy(ii) if and only if (X, t*) is FSR ; (iii)

Prove: Let (X, t*) is FSRy(ii) space, we shall prove that (X, t*) is FSR ;(iii) Let x, y
e X with x #y and vet*such that 0<v(x) <0 < v(y) <1

1, e v(x) =0 and v(y)>0 since (X, t*) is FSR , (ii) space then 3 uet" such

that u(x)>0, u(y)=0 then it is clear that 0 <u (y) <0<u (x) <1 Hence (X, t*) is
FSRy(iii) where o=0
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Conversely suppose that (X, t*) is FSRq(iii), we shall prove that (X, t*) is FSR(ii).
Let x, y eX with x#y and ve t* such that v(x) =0 and v(y)>0, it can be written as
0=v(x) <0 < v(y) <1. Since (X, t*) is FSR(iii) space then 3
ue t* such that 0<u (y) <0<u (x) <1 that is u(y)=0 and u(x)>0, Hence (X, t°) is
FSRy(ii) this completes the proof.
Theorem 3.2.4: Let (X, t*) be a fuzzy supra topological space and
I(t*) = {u'(0, 1]; uet*} then
(a) (X, t*) 1s FSR , (ii1) if and only if (X, I(t*)) is supra Ry,
(b) (X, t*)is FSR, (i) <#> (X, I (t")) is supra Ry,
(c) (X, t*) is FSRy(ii) <&> (X, I (t*)) is supra. Ry,
(d) (X, t")is FSRy (iv) <#> (X, I (t")) is supra R .
Proof :- (a) Let (X, t*) is FSRy(iii), we shall prove that (X, I(t*)) is supra Ro. Let x, y
eX with x#y and Mg I(t*)with xeM,
yeM, or xg¢M, yeM suppose xe M, y¢M, we can write M= u"(O, 1], where ue t*. that
is
0<u(y) <0<u(x) <1 Since (X, t*) is FSR ,(iii), Then 3 ve t*, such that 0<v(x) <0 <
v(y) <1, that is v(x)= 0, and v(y)>0, it follows that x v~ (0,1],
yev™ (0, 1], and also v (0, 1] €l(t*).
Hence it is clear that (X, I(t*)) is supra Ry.
Conversely suppose that (X, I(t*)) is supra Ry we shall prove that (X, t*) is
FSR ,(111) .Let x, y € X with x#y and uet*.with 0<u (x) <0<u (y)<1,
that is u(x)=0,and u(y)>0 it follows that x¢ u™ (0,1],yeu™ (0,17, and
u' (0,17 el(t*). Since(X, I(t*)) is supra R ; , then 3 Me I(t*) ,such that xeM,
y ¢ M, we can write M= v’ (0, 1], where vet*.It follows that v(x)>0,v(y)=0, i.e
0<v(y) £0 <v (x) <1. Hence it is clear that (X, t*) is FSRy(iii). This completes the

proof (a). To prove (b), (c), (d) we shall give some example.

Example: 1. Let X={x, y, z} and u, v, w €I where
t*={1, 0, u={(x, 1), (y, 0), (2, .3)},

v={(x,0),(y, 1), (z, .2)},

w={(x1),(y, 1), (z 3)}}
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Consider the fuzzy supra topology t*on X is generated by {0, u, v, w 1 } , now
u(x)=Lu(y)=0 and v(x)=0, v(y)=1 . Hence it is clear that (X, t*) is FSR ,( i) .
Again I(t*)={X, {x, z}, {y, z}} Itis clear that I(t*) is a supra topology on X .and (X,
I(t*)) is not supra R, , since y, zeX ,y #z and {x, z} €I(t*) With
ze{X, 2}, y&{X, z} but there is no Ue I(t*) with z ¢ U, yeU Thus (X, t*) is
FSR (1) <& (X I(t*)) is supraR .
Example: 2. Let X={x, y, z,} and u, v, w €] * where
t*={1, 0, u={(x, 1), (v, 0), (z, .3)},
v=A{(x, 0), (v, 1), (z, .2)},
w={(x,1),(y, 1), (z,.3)}}
Consider the fuzzy supra topology t*on X is generated by {0, u, v, w, 1 } ,Now
u(x)=1, u(y)=0 and v(x)=0, v(y)=1 .Hence it is clear that (X, t*) is FSR(ii) and also
FSRy(iv) .
Again [(t*)={X, {x, z}, {y, z} } Itis clear that I(t*) is a supra topology on X , and (X,
I(t")) is not supra Ry, since y, zeX, y#z and {x, z}el(t*) with
ze{X, 2} , ye {x, z} but there is no Uge I(t*) with z ¢U, yeU .Thus (X, t") is
FSRy (iv) <#> (XI(t")) is supraR .
Example:3. Let X={x, y} and u, v, wel * where
t*={1, 0, u={(x, 1), (y, 0)},

v={(x,0), (v .2)}, w={(x, 1), (v -2)}}
Consider the fuzzy supra topology t* on X is generated by {0, u, v, w, 1}, Now u(x)

=1, u(y)=0 and v(x)=0, v(y)=.2, Hence it clear that (X, t*)is not FSR , (i) .

Again [(t*)={X, {x},{y}} Itis clear that I(t*) is a supra topology on X and (X, I(t*))
is supra R ,since x, yeX ,x#y and {x}e I(t*) with xe{x} , ye {x}but

there is {y}eI(t’) with xe{y}, ye {y}.

Thus (X, t*) is FSR ,(i) <#> (X, I(t*)) is supra R, .

Example: 4 . Let X={x, y} and u, v, we I * where

t*={1, 0, u={(x, 1), (y, 0)},v ={(x, .2), (v, 0)} }

Consider the fuzzy supra topology t* on X is generated by {0, u, v, 1 } , now u(x)=1,
u(y)=0 and v(x)=.2, v(y)=0, Hence it clear that (X, t*)is not FSR ,(iv). Again I(t*)

={X} It is clear that I(t*) is a supra topology on X, and (X, I(t*)) is supraR ; .
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Definition 3.2.5.: Let f be a real valued function on a fuzzy supra topological space,

If {x: f(x)> o} is supra open and for every real o where o.el, then f is called lower

semi continuous function.
Definition 3.2.6: Let X be non empty set and T* be a supra topology on X, and let

t*=w(T*) be the set of all lower semi continuous functions from (X, T*) to I with
usual topology. Thus t* = o(T*) = {uel®: u™ (a, 1Je T* } for each ael,,

t*=w(T*) turns out to be a fuzzy supra topology on X (cf.,e.g., Lowen [47] ).

Let P be the property of a Supra topological space(X, T*) and FSP be
its
fuzzy supra topological analogue. Then FSP is called good extension of P “if and
only if the statement (X, T*) has P if and only if (X, o(T*)) has FSP” holds good for

every supra topological space (X, T*)

Theorem 3.2.7: Let (X, T*) be supra topological space. Then (X, T*) is R, if and
only if (X, @o(T*)).is R ;(P) where P= (i), (ii), (iii), (iv) .

Proof: Let (X, o(T*)).be FSR , (i) we shall prove that (X, T*)is R, . Let

X, y €eX with x#y and UeT* with xeU, and y ¢ U, by the definition of Isc I ¢
o(T*)and with I, (x)=1, I ,(y)=0, Since (X, o(T*)).is FSR ,(i) ,then 3 ve o(T*) such
that v(x)=0, v(y)=1 then x¢ v™' (a, 1] and ye v™' (a, 1] as v(x)=0, v(y)=1 . Hence it is
clear that (X, T*) is R, spaces.

Conversely suppose that (X, T*) is R ; spaces. We shall prove that (X, o(T*)) is
FSR,(1) .Let x, y € X with x#y and there exist ue o(T*) such that u(x) =1, u(y) =0
then u™ (0,1] € T*; .hence xeu™ (0, 1], yg u™ (0, 1] as u(x) =1, u(y)=0, Since(X,
T*) is R, space then, 3 Ve T* such that x¢V and yeV , but 1,& o(T*) and 1,(x) =0,
1y(y)=1. Hence it is clear that (X, o(T*))is R, (i). Hence (X, T*) is R if and only if
(X, o(T*)) is R, (i).

In the same way we prove that

(X, T*)is R, ifand only if (X, o(T*))is R, (ii).
(X, T*)is R, ifand only if (X, o(T*)) is R, (iii).
(X, T*)is R, if and only if (X, o(T*)) is R, (iv).
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Thus it is seen that R j(P) is good extension of its supra topological counter part. P=

(1), (i1), (iii), (iv). This completes the proof.

3.3 R, Fuzzy Supra Topological Space

In this section, we study several property of fuzzy supra R , topological space.

Definition: 3.3.1:- Let (X, t*) be a fuzzy supra topological space then

(a)FSR, (i) space if and only if Vx, yeX, x#y, whenever there exist wet* with

w(x)# w(y),Then Ju, vet* such that u(x)=v(y)=1 and ua v=0 .

(b) FSR, (ii) space if and only if Vx, yeX, x#y, whenever there exist we t*

with w(x) # w(y) Then 3 u, vet* such that u(x)>0,v(y)>0 and u A v=0

(c) FSR, (iii) space if and only if Vx, yeX, x#y , whenever there exist we

t" with w (x)# w(y) then for agl, 3 u, ve t* such that u(x)>a, v(y)>o and ua v< o

Lemma 3.3.2.: Show the following implications are true:
(X, t*)is FSR , (i) = (X, t%)is FSR , (iii)

T (X, t*) is FSR, (ii).
Proof: First, suppose that (X t*,) is FSR , (i) we shall prove that(X, t*) is FSR  (iii) .
Let x, yeX with x #y and wet*such that w(x)# w(y), Since (X, t*) is FSR , (i) then 3
u, ve t*, u(x)=v(y)=1 and uA v=0 . Now it is clear that when we t* with w(x) #w(y),
for ael,, 3 u, ve t* u(x)> o, v(y)> aand uavs< a.
Hence it is clear that(X, t*) is FSR , (iii)
Next, suppose that (X, t*) is FSR, (ii) we shall prove that(X, t*) is FSR  (iii).Let x,
ye X with xy and w e t" such that w(x)# w(y) .Since (X, t*) is F SR, (ii) then 3 u,
vet  such that u(x)>0,v(y)>0 and ua v=0 .Hence fora eI, Ju, ve t*, u(x)> a, v(y)>

aanduav< a. So it is clear that (X, t*) is FSR | (iii).

Now, we give some examples to show the non implications among FSR | (i),
FSR, (ii) and FSR , (iii) .

Example 3.3.3: Let X={x, y} and u, v, wel* where
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t'={1,0,u= {(x, 1), (¥, 0)},

v=1{(x0), (v, .2)}, w={(x, 1), (v, 2)}}

Consider the fuzzy supra topology t* on X is generated by {0, u, v, w, 1}. Here

wet” with w(x) #w(y), since w(x)=1, w(y) =.2, now u(x)=1, u(y)=0 and v(x)=0,
v(y)=2,s0 u, ve t” with u(x)>0, v(y)>0 and uav=0 hence (X, t*) is FSR  (ii) but
(X, t*) is not FSR , (i) .

Example 3.3.4:- Let X={x, y} and u, v, weI* where
t ={1,0,u={(x, .8), (v, -2)},v ={(x, .1), (¥, . 1)}, w={(x, .8), (¥, .7)}}

Consider the fuzzy supra topology t" on X is generated by {0, u, v, w, 1 },

Here wet’ with w(x)# w(y), since w(x)=.8,w(y)=.7, now u(x)=.8, u(y)=2 and
v(x)=.1,v(y)=.7, so u, ve t* with 0.2<a<.8 .We have u(x)> a, v(y)> o and ua v<a.So
(X, t*)is FSR,(iii) but u(x)>0, v(y)>0 and ua v # 0,hence

(X, t*) is not FSR | (ii) also (X, t*) is not FSR , (i) . This completes the proof.

Theorem 3.3.5.: Let (X, t*) be a fuzzy supra topological space and
I(t*)= {u(0, 1]; u € t*} then
(@)X, t*)is FSR , (i) = (X, I(t*)) is supra R,
(b) (X, t*)is FSR, (ii)) = (X, I(t*)) is supra R,
(c) (X, t*)is FSR , (iii)) = (X, I(t*)) is supraR,.

Proof: (a) Let (X, t*) is FSR, (i), we shall prove that (X, I (t*)) is supraR, .
Let x, ye X with x#y and Me I (t*) with xeM, y ¢ M, we can write M= w"' (0, 1]
where we t*. Then we see that w(x)>0, w(y) < 0, therefore w(x)# w(y), Since (X, t*)
is FSR, (1) , Then 3 u, v e t*, such that u(x)=1, v(y)=1 and u A v=0.It follows that3
u’ (0, 1], v'' (0, 1], and
xeu" (0, 1], ye v' (0, 1], and u™ (0, 1]~ v"' (0, 1]= ¢, as ua v=0. Hence it is clear
that (X, I (t*)) is supraR ;.
(b) Let (X, t*) is FSR | (ii), we shall prove that (X, I(t*)) is supra R ,. Let x, y €X with
x#y and Me I(t*) with xeM, y ¢ M , So we can write M= w 3 (0, 1] , where

wet* ,Now we have w(x)>0, and w(y) <0 with w(x)# w(y). Since (X, t*) is FSR, (i1)
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then for ael, 3Ju, vet* u(x)>0, v(y)>0 , and u A v=0. It follows that 3 u™ (0, 1], v"'
(0. 1] € I(t*) with and xeu” (0, 1], ye v'(0, 1], and

u! (0, 1]n v (O, 1]=¢ ,as ua v=0. So it is clear that (X, t*)) is supraR ,.

(c) Since (X, t*) is FSR  (iii) , we shall prove that (X, I(t*)) is supra R ,. Let

X, y eX with x#y and Me I(t*) with xeM, y ¢ M, So we can write M=w"' (a, 1],
where we t*,Now we have w(x)> o, and w(y) < o with w (x)# w(y).Since (X, t*) is
FS R, (ii) then for ael, 3 u, ve t* with u(x)> a,v (y)> o , and ua v<.a It follows
that 3 u' (o, 1], v (o, 1] € I(t*) with xe u” (o, 1], ye v (o, 1], as ux)> a,
viy)>» e and u! (o, 1]1n v (o, 1] =¢,as uav<.a. So it is clear that (X, I(t*)) is
supraR, .

Example:3.3.6. Let X={x, y} and u, v, we I* where

t*={1, u={(x, .8), (v, .2)},

v = {(x, .1), (v, . D}, w= {(x, .8), (y, .7)}} is the fuzzy supra topology on X, here
wet” with w(x)# w(y), since w(x)=.8, w(y)=.7, Now u(x)=.8, u(y)=2 and v(x)=.1,
v(y)=.7,50 u, vet* but u(x)>0, v(y)>0 and uav #0 . Hence (X, t*) is not FSR, (ii). Also
(X, t*) is not FSR, (i), since u(x) #1 and v(y) #1 and uav #0.Also I(t*) ={X,

{x},{y}}, Then clearly I(t*) is a topology on X and
(X, t*)) is a supra R | space.

Example:3.3.7. Let X={x, y} and u, veI* where

=110, u={(x,.8), (¥, .2)}, v={(x,.1), (v, . D}}

Consider the fuzzy supra topology t" on X is generated by {0, u, v, 1},

Now u(x) =.8, u(y) =.2 and v(x) =.1, v(y) =.7, here u, ve t* for a=.9 we have (X, t*) is
not FSR,(iii) space .Also I (t*) ={X, ¢ }, Then clearly (X, I(t*)) is supra R, space.

Theorem 3.3.8: Let (X, t*) be a fuzzy supra topological space .Consider the

following statements:
(1) (X, T*) be a supra R , space.
(2) (X, o(T*)) be an FSR, (i) space.

3) (X, o(T*)) be an FSR , (ii) space.
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4) (X, o(T*)) be an FSR | (iii) space.
Proof: First suppose that (X, T*) be a supra R, space. We shall prove
(X, o(T*)) be an FSR,(i )space. Let x, y €X with x#y and mew(T*) such that
m(x)# m(y) ie either m(x)<m(y) or m(x)>m(y). Suppose m(x) <r<m(y). Then it is
clear thatm ™' (r, 1] & T as mew(T*) and xg¢ m ' (r, 1], ye m ™ (r, 1].Since (X, T") be
asupra R space. 3U, Ve T such that xeT ", ye T " such that Un V =¢ .The definition
of lower semi continuous I ;,, I eo(T") and with [,x)=1,1, (y)=l,and I, A I =0.
So(X, o(T"))is FSR, (i) and (X, o(T")) is FS R, (ii) space.
Further it can be easily shown that (2) = (4) and (3) = (4).
We therefore prove that (4) = (1)
Suppose that (X, (T ")) be an FSR | (iii) space. We shall prove (X, T") be a supra R,
space. Let x, yeX with x#y and Me T" such that x M and ye¢M or x¢M and y EM.
Suppose x €M and y¢M. But 1, is lower semi continuous from (X, T") into I., So
l,€0o(T*)and1, (x)=1,1,,(y)=0thatis 1, (x) #1,, (y).
Since (X, o(T*)) is FSR | (iii)space for c.e I, then 3 u, v € o(T*) such that
u(x)>a, u(y)>a and uav <a .Now we observed that from definition of lower semi
continuous function u™ (o, 1), v™' (o, 1) € T* such that xe u™ (o, 1), yev™' (a, 1)
andu™ (o, )N v~ (a, 1)=¢, Thus (X, T*) be a supra R , space.

This completes the proof..
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CHAPTER-FOUR

T, and T, Fuzzy Supra Topological spaces

4.1. Introduction: We discuss here the separation axiom T,, T ,» fuzzy supra

topological space and obtain their several properties, we write FST . in short for

a2
fuzzy supra T ,. The letter T is used here from the German word “Trennung’’ Also

Alexandroff and Hopf introduced T, in mathematics.

4.2.:T , Fuzzy Supra Topological Space

Definition 4.2.1.: FST -Space: Let (X, t") be a fuzzy supra topological space, and
then (X, t") is
(a) FST, (i) —space if and only ifV x,y e X, x #y, 3 Aset" such that A(x)=1, A(y)=0

or 3 pet” p(x)=0, p(y)=1.

(b) FST ,(ii) —space if and only if V x,y €X, x #y, 3 Aet” such that A(x)>0,
My)=0, or 3pe t" such that u(x)=0, p(y)>0.

(c) FST ,(iii) —space if and only if V x,y eX, x #y, 3 Aet” such that 0<A(x) <0<
AMy) < 1 or pet” such that 0< p(y) <0<p(x) < 1.

(d) FST, (iv) —space ifand only if V x,y € X, x #y, 3 Ast* such that A(x)< A(y) or
My)< Mx)

Lemma 4.2.2.: The following are true:

(a)=(b) and (a) = (c), also(b) = (¢) = (d)

(a) Proof: (a) = (b)

From (a), since V x,y eX,x #y, 3 Aet” such that A(x)=1, A(y)=0, or u(x) =0,
u(y) = 1 then clearly A(x)>0, A(y)=0, or u(x)=0, p(y)>0 which is (b).

(@ = (¢

From (a), since V x,y €X,x #y, 3 A et” such that A(x) =1, A(y) =0; it follows that
0<My) <0<A(x) < 1 .Similarly we can show 0< p(x) <0< p(y) < 1

Hence it is clear that (a) = (c).



37

(b) = (©
From (b), since V x, y €X, x #y, 3%e t” such that A(x)>0, A(y)=0, or p(x)=0,
p(y)> 0, when A(x)>0, A(y) = 0 then clearly that 0 <A(y) <O0<A(x) < 1
and when ((x)=0, u(y)>0,then 0<p(x) <0< u(y) <1 .
Hence it is clear that (b) = (¢)
(¢) = (d)
From (c), V x,y €X, withx #y, 34e t" such that 0<A(x) <0<My) < l or 3 pet”
Such that 0< p(y) <0< p(x) < 1. Now from 0< A (x) <0<A(y) < 1,
we observe that A(x) # A(y),Again from 0< p(y) <0<u(x) < 1 we have
p(x) # u(y) . Hence (X, t") is FST ,( iv) -space.

Lemma 4.2.3.: Let (X, t") and (X, t ;) be two fuzzy supra topological spaces where
t"and t”, be two fuzzy supra topology on X. Let t” is finer than t” ,, Then we show if
t" ., is a fuzzy supra T , space thent" is also fuzzy supra T , space.

Proof: Let x, y be two distinct point in X. Since t" ,, is fuzzy supra T, space then
3 e t’, such Ax)=1, A(y)=0 or A(x)=0, A(y)=1. Also since t* , = t* so fort"

?

Mx) =1, A(y) =0 or A(x) =0, A(y) =1 is hold. Hence t" is also a fuzzy supra T, space.

Theorem 4.2.4: Let (X, t") and (Y, s") be two fuzzy supra topological spaces and

f: X—Y be one-one, onto and supra open map then
()X, t)isT,({) = (Y,s")is T;(4) -
) (X, t")is T, (ii) =(Y,s") is T, ().
() (X, t")is T, (iii) = (Y, s")is T ,(iii).
Proof: Suppose (X, t")is T, (i), we shall prove that (Y, s") is T,@{).Lety,,y, €Y
with y, #y, . Since f is onto, 3 x,, x, eX with f(x,) =y, and f(x,) =y,; and
X,# X, as fis one-one. Again (X, t") is T,(i ), then 3 ue t* such that u(x)=1,
u(y)=0.
Now f(u)(y,) = {Sup u(x,): fix,) =y, }

=]
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f)(y,)={Supu(x,): f(x,)=y,}=0

Since fis supra open map then f(u) e s*as ue t*. Hence we observe that 3

f(u) es” such that f(u)( y,) =1 , and f(u)(y,)=0 . Hence it is clear that (Y, s") is
T, (@)

Similarly (b), (¢), (d) can be proved.

Now we give example to show the non implications among FST (i), FST (ii),
FST ,(iii), FST ,(iv) .
Example: 4.2.5 Let X={x, y, z} and

. 3 1 3 1 1 1
t :{]a Os 7\‘:{(}(, ;)9 (y’ E)s (Zs 0)}5 {(X, Z)s ( Y, E), ( z, E)}s {(X, U), ( YsE):
(z é)}} on X.

Let A={(x, 1), (y, %), (z, 0)} .Here A(x)= ;, Mz)=0, M(x)>0 and A(z)=0, also p(x)=0

and p(z)>0 So clearly it is FST, (ii) but there does not exist any pet’ such that
u(y)=1 and p(x)=0 So, FST , (i) #> FST, (i)
Example: 4.2.6 Let X={x, y, z} and

o St 2y e @ L TN |
t —{1,0,7& {(x, 8),()& 2),(2, 4)}, {(x, FRASE )@ )b

i 1
b= 106, 0), (¥, 5 (2 Z)} onX

1
Here A(x) =§ , My) =0, ux) =0, Wy) = 2 we have 0<p(x) <0<u(y) <1

So (X, t*) is an FST ,(iii) but (X, t*) but there does not exist any pe t* such that

u(y)=1 and p(x) = 0, is not FST ,(i). Hence FST ,(iii) #>FST, (i) .

4.3. o-T , Fuzzy Supra Topological Space .

Definition 4.3.1.: Let (X, t") be a fuzzy supra topological space, and then (X, t") is

said to be
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(a) FSa-T ,(i) —Space if and only if V x,y €X, x #y, 3 Aet” such that A(x)=1,
My)<aor Ax)<a, AMy)=1.
(b) FSa-T , (ii) —Spaces if and only if V x,y €X, x #y,3 Ae t’ such that L(x)>a,
My)=0, or A(x)=0, My)> « .

Lemma 4.3.2 .: Let (X, t") be a fuzzy supra topological space, and if 0<a < p< 1
Then (1) X, t")isa -T, (1) = X, t)isp -T, (i)

()X, t")isp - T,@1) =X, t")is a- T, (ii)

Proof : Suppose that (X, t") be a fuzzy supra topological space, and(X, t") is a-T , (i)
. we shall prove that (X, t") isp - T, (i) .Let x, y e X, with x #y, Since (X,t")is
a- T,(i) then for ael, , 31et’ such that A (x)=1, My)< o or Ax)<a,
My)=1.This implies that A(x)=1, A(y)< B . Since 0<a <B < 1, hence it is clear that
(X, t")isB - T, (i) .Similarly if X, t") isp - T, (ii). Letx, y € X, withx #y for B e
I::3 Let” such that A(x)> B,A(y)=0, or A(x)=0, A(y)> B .Hence A(x)>a, A(y)=0,
Mx) =0, My)>a; sincea <B.So = (X, t")is a- T, (ii).

Example:4.3.3. Let X={x, y} and consider the fuzzy supra topology

| 2 1 1
= {13 0? Z.:{(X, I)s (y’ 3)}’ {(X, 1)! (y’ E):}D Qn ={(X9 0): (y’ E)}} on X. Taklng

=§,and B=§ then (X, t")is B - T, (i) but (X, t") isnot &- T, (i)

Example:4.3.4. Let X={x, y} and consider the fuzzy supra topology

. 2 1 1 .
t :{1305 )":{(X’ 1),(y, g) }! {(X, 1)9 (y’_.2_)’}, p= {(X, 0): ( Y, E)}} on X. Takmg

1 3 3 - N
o= and Bzg then from (X, t") we have p(x) =0 and p (y)= = >§’ So (X, t°) is
5 ny s — l 3
a- T, (i) #> (X, t")isnot B - T, (ii), since p(y) = S

Lemma4.3..5: Every discrete fuzzy supra topological space is a FST , space.

Proof: Let (X, t") is an discrete fuzzy supra topological space and let x, y be distinct

points of X. Since the space is discrete then for ael, , there exist A et” such that
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Mx)=1, My)<a or Mx)<a, A(y)=1 .Then from definition of T, space (X ,t") is a

FST ,space.

Lemma 4.3.6.: Every indiscrete fuzzy supra topological space is not a FST ,Space.

Proof: Let (X, t*) is an indiscrete fuzzy supra topological space and let x, y be
distinct points of X. Since the spaces is indiscrete then for ael, , there does not
existA e t” such that. A(x)=1, A(y) <@ or Ax) <a,My)=1 . Hence (X, t") is not
FST

0

4.4: TI Fuzzy Supra Topological Space.

Definition 4.4.1.: FST ,-Space: Let (X, t") be a fuzzy supra topological space, and
Then (X, t") is said to be fuzzy supra T ,- Spaces

(a)FST, (i) —space if and only ifV x,y €X, x #y, 3 A, pe t* such that A(x)=1,
A(y)=0 and p(x)=0, p (y)=1.

(b) FST, (i) —space if and only if V x,y €X, x #y, 3 A, pe t" such that A(x)>0,
AMy)=0, and p(x)= 0, u(y)>0.

(c)FST, (iii) —space ifand only if V x,y e X, x #y, I\ p € t" such that

0< A(x) <O0<A(y) < land 0< p(y) £0<p(x) <1

(d) FST, (iv) —space if and only if V x,y eX, x #y, IA, p € t* such that A(x)<

A(y) and p(y)< u(x).

Implication 4.4.2.: From the above definition, we see that

(@)=(c) and(b) = (¢) = (d)

Proof: Let (X,t") bea T, (i) fuzzy supra topological space, we shall prove that (a)
(X, t")is T, (iii). Since (X, t")bea T () then V x,y eX,x 2y, I A, p et s.t
AMx)=1, wW(y)=0 and pw(x)=1, A(y)=0.So it is clear that 0< A(y)<O<Mx) < 1 and
0<p (x) <0<u(y) <1, Hence (a)=(c).

Next suppose that (X, t")is T ,(ii) ,we shall prove that (X, t")is T , (iii)-Space. Since

(X, t") is T,(ii), then if and only if V x,y €X,x #y, 3%, pe t” such that A(x)>0,
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My)=0,and w(x)=0, pu(y)>0.Which shows that 0<A(y) <0< A(x) < 1 and 0<p (x)
<0<p(y) < 1.Hence (X,t")is T, (iii).

Finally suppose that (X, t") is T, (iii), we shall prove that (X, t") is T, (iv) .Since

X, t")is T, (iii),so V X,y €X,x #y,3, pe t* such that

0<h (x) <0< X (y) < land 0< p (y) <O0<p(x) < 1, this implies that

Mx)<My) and p(y)< u(x).

Now we show by examples the non implications among FST, (i), FST, (ii), FST,

(iiii), FST, (iv).

i 3 1 3
Example:4.4.3. Let X={x,y,z}andt ={1,0, A= {(x, 7 ), (v, 5), (z, 0)}, {(x, ;),

(v, é), (z, D} 1={(x,10), (v, —;r;), (z, 1)}}on X. Here A(x)>0, A(z)=0, and also

u(x)=0, p(z)>0 So clearly it is FST, (ii) but there does not exist 3 A,u € t" such
that A(x)=1, A(y)=0 and p(x)=0, p(y)=0.So it is clear that

FST, (i) #>FST, (1)

Example: 4.4.4 .Let X={x, y, z} and

o8 e 2. 3 Jiiody o 3
t _{1303 7\,'—'{(}(, 8)5 (ya 0)5 (Z, 4)}9 {(X, 8)1 (y: 2): (23 4)}3

1
b= (05,0, 05 5): (& 7))} on X

J

Here A(x)= 3

1
» My)=0; p(x)=0 , p(y)= 5 We have 0 <p(x) <0<u(y) <1 and 0< A(y)

<0<Mx) < 1 so (X, t") is an FST,(iii) but there does not exist any A, p € t" such
that A(x)=1, A(y)=0 and p(x)=0, p(y)=0.So it is clear that

F ST, (iii) #>F ST, (i).

Example: 4.4.5.Let X={x, y, z} and

. 3 5 1 3 1
t :{19 0,?\,={(X, %)3 (ys 0)9 (Z, z)}a {(Xa g): (ys E)s (Zs z)}: H:{(X, 0)& (Y: E)’ (Z,

L
P )}on X.
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5 1
Here k(x)=§, A (¥)=0, u(x)=0 , wy)= 2 we have 0<p(x) <0<u(y) <1 and 0< A

(y) <0< A(x) < 1so (X, t")is an FST,(iii) but there does not exist any A,pe t’

AX)< A(Y), t(y)< i(x) .such that So it is clear that
FST, (iii) #>F ST, (iv)

Theorem 4.4.6: Let (X, T') be a supra topological space .Consider the following

statements.
(D (X, T") be a Supra-T, space.
(2) (X, @(T")) be an FST, (i) space.
(3) (X, @ (T")) be an FST, (ii) space.
@) (X, @ (T")) be an FST,(iii) space.
5) (X, @ (T")) bean FST , (iv)space.
Then the following implications are true .
(D=(2) =) =(05) =)
U n
3) 3)
Proof:- Let (X T",) is a supra- T ,-space. We shall prove that(X, o (T")) be an
FST, (i) space. Since (X, T") is Supra T ,-space, then for two distinct points x and y

in X with, x#y Jsupra open set U and Ve T  such that xe U and yeU, and xeV, y

¢V. But from definition of lower semi continuous function 1,

1, @ (T")and 1 v (X)=1, 1, (y)=0also 1, (x)=0,1, (y)=1.Hence

X, @ (T")) is FST](i) and also (X, @ (T")) is FST,(i1). Further it is easily prove
that (2) =(4), (3) =(4) and (4) =(5)

So we prove only (5) =(1)

Suppose (X, @ (T"))is FST,(iv) space we shall prove (X, T")is Supra-T;(i).Let x,
yeX with x#y .Since (X, @ (T"))is FST , (iv)space if 3 u, ve @ (T*) such that
u(x)<u(y) and v(x)>v(y). Let r, s €l be such that u(x)< r<u(y) and v(x)>s>v(y). Then
we haveu™' (r, 1], v™'(s, 1],and xgu ™' (r, 1], ye v™' (r, 1Jand xeu™ (r, 1],yg v™' (s,
1].Hence (X, T") is Supra- T, space. This completes the proof.

Thus it is seen that T , (p) is a good extension of its supra topological counter part.
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Theorem 4.4.7: Let (X, t) and (Y, s”) be two fuzzy supra topological spaces and

f:X —Y be continuous and one-one, supra open map then

(1) (Y,s")is Tl(i) = (XK.t )is Tl(i)

(2) (Y,s")is T](ii) =X, t")is Tl(ii)

3)(Y,s")is Tl(iii) = (X,t")is T](iii)

Proof: Suppose(Y, s") is T, (i) we shall prove (X, t")is T,(i) , Let x,,x, e X with
X, # X, then f(x,) # f(x,)in Y as fis one- one . Now since (Y, s )isT, (i) Fu,v
et’, such that u(x,) =1, u(x,) =0,and v(x,)=0, v(x,)=1 this implies that f
(u(x ,)=1,

£ (u(x,))=0 and flv(xf)=0, f'(v(xz ))= 1, since f is continuous and u, ve
s implies that ™' (u) £ (v) e t"with f'(u(x,))=1,

(u(x,))=0 and f'(v(x,))=0, f'(v(x,))= 1, Hence (X, t") is T, (i)

Similarly (2), (3) can be proved.

Theorem 4.4.8.: Let (X, t*) be a fuzzy supra topological space and
[(t*)={u'(0,1];u e t"} then

@ (X, t)is FSTl(i) = (X, 1(t"))is supra T1

(b)) (Xt')isFST, (i) = (X, I(t"))issupra T,

() (X, t")isFST,(iii) = (X,I(t"))issupraT,

Proof: - (a) Let (X, t") is FS T, (i) we shall prove that (X, I (t"))is T, . Let

X, y €X with x#y .Since (X, t") is FST,(i), Then 3 u, ve t’, such that u(x)=1,
u(y)=0 and v(x)=0,v(y)=1.It follows that 3 u'(0, 1], v=' (0,1] € I(t") and xe u(0,

1] and y;iﬂ_fu'1 (0, 1]and x¢ v! (0, 1], ye v'](O, 1] . Hence it is clear that (X, I (t"))is

supra T ,.

(b) Let (X, t") is FSTl(ii) we shall prove that (X, I (t")) is supra T,. Let x, y e X with

x#y .Since (X, t*) is FST,(ii) then Ju, vet ux)= 0, u(y)>0 and v(x)>0,
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v(y)=0.Since u'(0, 1], v''(0, 1] e I(t*) and it is clear that xe u™ (0,1], yg u~' (0, 1],
xev1(0, 1],yev'!(0, 1]. So it is clear that (X, I(t*)) is supra T].

(c) Since (X, t")is FST , (iii) , we shall prove that (X, I(t")) is supra T, Let

X,y eX with x#y .Since (X, t") is FS T, (iii) then Ju, ve t'with 0<u (x) <0<u (y)
<1 and 0<v (y) <0<v (x) < 1. It follows that 3 u™ (0,1],v™" (0,1] € I(t") with
xeu™(0, 1], yg u! (0, 1], xev"(O, 11, yev'l(a, 1]. So it is clear that (X, I(t")) is
supra T ,.

Example: 4.4.9. Let X={x, y} and u, v, weI* where

= {1, 0, u={(x, .8), (y, .2)}, v={(x, .1), (. . D)}, w={(x, .8), (y, .7)}}

Consider the fuzzy supra topology t* on X is generated by {0, u, v, w, 1},

Here wet with w(x)# w(y), since w(x)=.8, w(y)=.7, Now u(x)=.8, u(y)=.2 and
v(x)=1, v(y)=7, so u, v € t". Hence (X, t") is not FST (ii) also (X, t") is not
FST, (i), Since u(x) #land v(y) #1 .Also I (t°) ={X, {x}, {y}}, Then clearly
(X,I(t")) is supra T,.

Example: 4.4.10. Let X={x, y} and u, v EI* where

t" ={1,0, u={(x, .8), (v, -2)}, v ={(x. .1), (y, .7)}} Consider the fuzzy supra topology
t" on X is generated by {0,u, v, 1}, Now u(x)=.8, u(y)=.2 and v(x)=.1, v(y)=.7, Here
u, ve t', we have (X t',) isnot FS T, (iii) space. Also I(t")={X, {x}, {y}}, Then

clearly (X, I(t ")) is supra Tl
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CHAPTER-FIVE

T,- Fuzzy Supra Topological space

5.1. Introduction:
In this chapter, we introduce and study on various concept of Fuzzy Supra
Hausdorffness that is T»- Fuzzy Supra Topological space. In short we write FST , for

T,- Fuzzy Supra Topological space.

5.2. T, Fuzzy Supra Topological space.

5.2.1 Definition:- Let (X, t*) be a fuzzy supra topological space, and then (X, t¥) is
said to be

(a) FST, (1) Space if and only if V x, y €X, x #y, JA, p et” such that M(x)=1,
n(y)=1 and Anp =0.

(b)FST, (ii) Space ifand only if V X,y e X, x #y ,3 A, pet” such that A(x)>0,
w(y)>0 and Aap =0.

(c)FST,(iii) Space ifand only if V x,y e X, x #y, IA, pet " A(X)>a ,

w(y)>p where o,p €I, and Aap=0.

Lemma 5.2.2.: Show the following implication are true,

(X, t*) is FSTy(i) = (X, t*) is FSTy(iii) <(X, t") is FSTa(ii)

Proof:- Let (X, t*) be a fuzzy supra topological space, and (X, t*) is FSTa(i), we
shall prove that (X, t*) is FSTy(iii) . Let x, y €X with x #y, since (X, t") is
FST, (i),3 A, p et” such that A(x)=1, u(y)=1 and Aap =0 .So for a,p €1, it is clear
that A(x)>a., w(y)>PB . Hence it is clear that (X, t*) is FST,(iii).

Next suppose that (X, t*) is FST(ii), We shall prove that (X, t*) is FSTa(iii) .

Letx,y e X with x #y, since (X, t") is FST»(ii),3 A, u et such that A (x)>0,

i (y)>0, and Aap=0. So for a,p €I, it is clear that A(x)>a, p(y) >B . Hence it is

clear that (X, t*) is FSTa(iii).

Now we give some example to show the non implication among Supra- T:(i),

FSTa(ii), FSTa(iii) .
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Example5.2.3: Let X={x, y} andA.,j,® €I* , where), pu and o are defined by

AMx)= 0.7, AMy)=0; u(x)=0 and p(y) =0.8 ; o(x)= 0.7, o(y)=0.8, Consider the fuzzy
supra topology t* on X generated by {1, 0, A, u, ®} . Now for a=0.6, $=0.7, it is
clear that (X, t") is FST(iii) but not FST,(i).

Example 5.2.4: Let X = {x,y} and A, u, wel X whereA, i and o are defined by
A(x)= 0.7, A(y) =0; p(x) =0 and p(y) =0.8; o(x)= 0.7, o(y)=0.8 , Consider the fuzzy
supra topology t* on X generated by {1, 0, A, pu, ®} . It is clear that (X, t" ) is FST;
(i1) but not FST»(i).

Theorem 5.2.5.: Let (X, T") be a supra topological space .Consider the following
statements:

(1) (X, T* ) be a Supra- T, space.

(2) (X, ®(T ")) be a FST,(i) space.

(3) (X, o(T ")) be a FST(ii) space.

(4) (X, o(T")) be a FSTa(iii) space.

Then the following implications are true.

(D=2) =(4) =(1)
U )
3) 3)

Proof: Let (X, T*) is a Supra- T-space. We shall prove that (X, o(T ")) be an

FST,(i) space. Since (X, T" ) is a Supra - T, -space, then for all two distinct points x
and y in X With x #y 3 two disjoint supra open set U and V such that xe U and

yeV. and UNnV=¢ Again from definition of lower semi continuous function 1,,,
1,en(T")

and 1,(x)=1, 1,(y)=l and 1 Al,=0 . If 1 ,Al,#0, then 3 zeX such that
(1Al )2 20 =1 ;(z) 20 and 1 | (2) 20, =>zeU, zeV , =ze UUV, = UUV=¢ a
contradiction ,so that 1 ;A1 ,,=0 ,and consequently (X, o(T")) is FST,(i) and also

(X, o (T")) is FSTa(ii) .

Obviously (2) =(4) and (3) =(4),

Now we show only (4) =(1)
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Suppose that (X, o (T ")) is FSTa(iii) space . We shall prove that (X, T") is a Supra-
Taspace. Let x, y e X with x #y, Since (X, o(T")) is FST , (iii) then from definition
Vx,yeX,x #y, A p € o(T") Mx) >a , p(y) >p and Aap =0.So JL"(oc, 1], g
'B,11 € T * where a.,B el, and xell(a, 1], yep™ (B, 1].Moreover

Ao, 1] Ap~' (B, 1]=¢ and if

zeX (o, 1] np' (B, 1] then

zeh(a,1]and zep ™ (B, 1]= (AAp)(2)>0, a contradicts that (AAp)(z)=0. Hence
(X, T*) is a Supra-T , space. This completes the proof.

Thus it is seen that is a good extension of supra topological counter part.

Theorem 5.2.6.: Let (X, t") be a fuzzy supra topological space and
(%)= {u' (0, 1]; u e t*} then
(@) (X, t*)is FSTy(i) = (X, I(t")) is supraT,
(b) (X, t*) is FSTy(ii) = (X, I (t*)) is supra T
(c) (X, t*) is FST; (iii) = (X, I (t*)) is supra T>
Proof: - (a) Let (X, t*) is FST,(i) we shall prove that (X, I(t")) is T, . Let x, y € X

with x#y .Since (X, t") is FST»(i), Then 3 u, ve t*, such that u(x)=1, ,v(y)=1and

uAv=0 ,.It follows that 3

a0, 11, v' (0, 1] € I(t") and xe u' (0, 1]ye v' (0, 1] and. u™ (0, 1] AV (0, 1]=0

as uA v=0 Hence it is clear that (X, I(t*)) is supra T5.

(b) Let (X, t*) is FSTy(ii) we shall prove that (X, I(t*)) is supra T, Let x, y € X with

x#y .Since (X, t") is FST,(ii) then Ju, vet” u(x) > 0, v(y)>0and u A v=0.Since

w0, 11, v'(0, 1] e I(t*) so that xe u™ (0, 1], ye v (0, 1] .and u™'(0, 1]1AV'(0, 1]

=0 as u A v=0.So it is clear that (X, I(t")) issupra T, .

(c) Since (X, t") is FS T (iii) , we shall prove that (X, I(t")) is supra T>. Let x, y € X
with x#y .Since (X, t*) is FST,(iii) then 3 u, ve t" with u(x)>a and v(y).> S and
uAv=0 It follows that 3 u™ (0,1], v™' (0,1] € I(t") with xe u™(0, 1], ye v™' (0,
1].

So it is clear that (X, I (t*)) is supra T, .
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Definition 5.2.7: Let (X, t*) be a fuzzy supra topological space, and then (X, t") is
said to be a- fuzzy supra -T, Space

(@)(X, t") is FSTy(i) space if and only if V x,y €X, x #y, 3,A, pe t * such that
AX)=1=p(y)and AAp< o .

(b)(X, t") is FSTy(ii) Space if and only if, V X,y €eX,x #y, 3 A, p € t * such that
AMx)> a, Wy)>a and AAp=0.

(c) (X, t") is FSTx(iii) Space if and only if, V X,y € X,x #y, 3A, pe t * such that
MXP>a, (M(y)> ¢ and ALAPS «.

Lemma 5.2.8.: The following implications are true
X, t)is a-Tai) = (X, t")is a - T(iii )

T X t)isa-Tai)
Proof:- Let(X, t") be a fuzzy supra topological spaces, and (X, t*) is « - Ta(i),
we shall prove that (X, t") isa - Ta(iii), .Let x, y € X, with x #y, Since (X,t") is
a- To(i) then fora el, , 3A, pet’ such that A(x)=1=p(y) and AAp< a .This
implies that A(x)> & andu(y) >« .. Hence it is clear that (X, t") is a - Ta(iii)
Next suppose that (X, t") is @ - T, (i),we shall prove that (X, t") isa - T, (iii), Since
X, t")is a- T, (i) then fore el,, 32, pet” such that A(x)>« and p(y)>« .and
AAp=0.Now it is clear that A(x)> @ and p(y) > .and AAu < a .Hence.(X,t")is
a- T, (iii).

Now we give some example to show the non implication among « - T»(i), @-
Ta(ii), « - Ta(iii).
Example:5.2.9. Let X={x, y} and consider the fuzzy supra topology,

={1, 0, A={(x, T3 0) J, k={(x, OL( ¥, 75) } on X, where &, pel* For =5

(X, t")is & - Ta(ii) but (X, t") is not & - T(i)
Example:5.2.10. Let X={x, y} and consider the fuzzy supra topology

t' ={1, 0, A=={(x, 1), (y,%)}, u={(x, %),( y, 1)} on X, where A, pel® For a=.5 we

see that(X,t")is & - T, (i) but (X, t") isnot & - T, (ii)
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Example:5.2.11. Let X={x, y} and consider the fuzzy supra topology and, A, pe I

" 9 3 2 9 9 9

t =1903k: Xz ==l § en » U= s s T | T - BT X,F
{ {( 10) (y 10)} p={(x 5)(Y 10) (x 10) (v ]0)}011 or

a=.5

(X, t")is e - To(iii) but (X, t") is not & -T, (ii)

Lemma 5.2.12.: Let (X, t") be a fuzzy supra topological spaces, and if 0< o < B < 1
Then (1)(X,t")is a-Ta(i) = (X, t")isP - Ta(i)

(2) (X, t")isP - Ta(ii) = (X, t") is & - Ta(ii)

(3) (X, t") is 0 - Ta(ii) = (X, t") is 0- Ta(iii)
Proof: Suppose that (X, t*) be a fuzzy supra topological spaces, and(X, t") is « -
To(1),
we shall prove that (X, t") isp - To(i) .Let x, y € X, with x #y, Since (X,t")is « -

T, (i) then forer €I,, A, pet’ such that A (x)=1=p(y) and AAp< « .This implies
that A(x)=1=p(y) and AAp< B, Since 0< a < B < 1. Hence it is clear that (X, t") is
B - Ta2(i)

Example:5.2.13. Let X={x, y} and consider the fuzzy supra topology

= (1,0.4= (66 1), 0,5}, 1={(5,0), (5, D)} on X, takinga = and p=7 then

(X,t")is B - Ta(i) but (X, t") is not & - Ta(ii)

Similarly if X, t") isp - T, (ii). Letx,y e X, with x #y for e I,, I3d,pne t" such
that A(x)>pB ,u(y)> P and Aap=0.Hencek (x)>a, , i(y)> aas @ <B.So =>(X,t") is
a - To(ii).

Example:5.2.14. Let X={x, y} and consider the fuzzy supra topology

¢ 2 2 2 1 1
t ={15 0’ x={(xs g)s (Y! g)}s {(Xz E): (Y) E)}a "1:{(}{5 O)a (y’ 3)}}9 on X

" 2 1 2
takinga=§ andB=% then from (X, t") we have A(x)= E}E , A (Y)= 35 and p (x)

>

P o).} » o B 2
=0 p (y)= Eikar so(X, t )is®- T, (ii) but (X, t )isnot B - T, (ii) since A (x)= E<

3 1 3
e R .
and p (y) ey
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Finally Suppose that (X, t") is 0- T, (ii) , we shall prove that (X, t")is 0 - T, (iii) .
Letx,y e X, withx #y, Since (X,t")is 0- T, (ii) then fora eI, 3 A, pet” st
Mx)>0, u(y)>0 and AAp=0. Hence it is clear that (X, t") is 0- Ta(iii).

Conversely Suppose that (X,t")is 0- T , (ii),we shall prove that (X, t") is 0 - T, (iii).
Letx,y eX, with x #y, Since (X, t")is 0- Ty(iii ) then for a el, , 3\, pet” such
that A(x)>0, W(y)>0 and A A # <0.This implies that A(x)>0, p(y)>0 and A A =0
Hence it is clear that (X, t") is 0- T , (ii).

This completes the proof.

Theorem 5.2.15: Let (X, t") and (Y, s") be two fuzzy supra topological spaces and

f: X—Y be one-one ,onto and supra open map then
(1). X t)isa-Ty{) = (Y.s")is a-Ta)
2) (X t)is a-Tyii) = (Y,s")is a - Tyii)
3) (X, t")isa- Ta(iii) = (Y,s")is a - Taiii)
Proof:- Suppose(X, t*) is a - Ty(i) we shall prove (Y,s")isa- T, (i), Lety,,y, €Y,
with y, #y,, Since fis onto then 3 x,,x, eX with f(x,)=y,, f(x,)=y,and x, #
x,as fis one-one . Again (X, t")is @ - Ta(i), forae €I, u,v e t’ such that
u(x,)=1=v(x,)aand unvsa ,
Now f(u)(y,)={Sup u(x,) : f(x,)=y,}
=]
fv)(y,)={Sup v(x,) :f(x,)=y,}
and fluAv)(y,) ={Sup (uAV))(x,) :f(x,)=y,};
fFuav)(y, )={Sup (WAV))(x,) :f(x,)=y,}
Hence f(uanv)<a = f(ua f(v)Za.
Since f is supra open then f(u) ,f(v) € s” such that f(u)( y,)=1 and f(v)(y,)=land
flunv)< a .Hence (Y, s )is - T; (i).

Similarly (b) and (c) can be proved.
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Theorem 5.2.16: Let (X, t") and (Y, s ") be two fuzzy supra topological spaces and

f: X—Y be continuous and one-one supra open map then

() (Y,s")is a-Th(i) =.(X t") isa - Ta(i)

@) (Y,s")is a-Ty (i) =X, t")is a- Ta(ii)

(3) (Y,s")is a-T,(iil) = (X, t") isa - Ta(iii)
Proof: Suppose(Y, s”) isa- T, (i) we shall prove (X, t") is a- T, (i), Let
XX, eXwithx, # x, then f(x,) # f(x,) in Y as f is one- one . Now since (Y, s")
ise-T, (i) 3 u, v € s", such that u(f(x,))=1= v(f(x ,))=0and uav<afora el,
this implies that

£ (ux,)=1f" (v(x,)=land f' (uAav)< @ ief () Af' (V) <

since u,v € s", , since f is continuous and u, ve s"implies that f! () f-' (v) €
t"with £~ (u(x,))=1,f™" (v(x,))=land f' (u) Af™"(v) <@ Hence (X,t")is T,(i)
Similarly (2), (3) can be proved.

Lemma 5.2.17.: Show that every FST , space is FST, spaces.

Proof: Let (X, t") be a fuzzy supra topological spaces, Since (X, t*) is FS-T oK)=
Spaces if and only if V x,y €X, x #y,3 A, pe t* such that A(x)>0, pu(y)>0, and
A A p=0. =A(x)>0, p(y) =0 and p(y)>0 buth (x)=0. Hence (X, t") is FST, spaces.

Lemma 5.2.18.: Give an example to show every FST , spaces need not FST , space .

Proof: Let X={x,y, z} and

. —ttx. 2w L 2o L - i
E=1L0,A5{(, (5, (2 04K, 70,05 5), @ D} p={, 0, (v, ),
(z, 1)}on X. Here A(x)>0, p(2)>0 So clearly itis FST (i) but A A p #0,

Hence (X, t") is not FST,space.

Lemma: 5.2.19. Prove that every fuzzy - T, space is fuzzy supra - T, space.

Proof: From the definition of fuzzy topology and fuzzy supra topology it is clear that
if t is a fuzzy topology on a set X and t’ is a fuzzy supra topology on X, then tc t,
and fuzzy - T, space and fuzzy supra - T space are applied same conditions on fuzzy
topology as well as fuzzy supra topology respectively. So it is clear that every fuzzy

- T space is fuzzy supra - T, space.
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CHAPTER-SIX

Compactness and Connectedness in FSTS

6.1. Introduction:- In this chapter we introduce and study some compactness

property of fuzzy supra topological spaces.

6.2. Compactness Property of FSTS

Definition 6.2.1: Let (X, t*) be a fuzzy supra topological space and ag[0, 1] .A
collection ® = I* is said to be a fuzzy supra open o - shading if and only if for every
point xeX, there exists Ae ®such that A(x)>a, where a€l, and each member of @ is a

fuzzy supra open set.

Definition 6.2.2.: A fuzzy Supra topological space (X, t*) is supra compact, if every

supra open cover of X by members of t* contains a finite sub cover. that is if p; & t*

for all ie] and \’; i =1 where ieJ, then there are finitely many indices

L Ly suenrmsses L €1, Stich that Vv Ky =1.
J:

Definition 6.2.3.: Let (X, t") be a fuzzy supra topological space and ol then
(X, t*) is said to be o- supra compact if every fuzzy supra open o- shading of the

space has a finite - sub shading. [47]

Theorem 6.2.4.: Let (X, t*) be a fuzzy supra topological space. Then the following
are equivalent,

(1) pi such that ieJ is a cover of X.

(2) ;::! pi =1 where iel for all x €X.
(3) A i =0 where i€J for all x eX
iej

Proof: (1) = (2) is clear from the definition of cover. Since p; such that ieJ is a

cover of X means \,; i =1 where i€J for all x e X.
=

(2)0 (3) Since A p; =inf{y; } where ie] forall x e X.
iej
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= 1-sup {u; } where iel for all x eX.
=1-1=0

(3)= (1), from (3) as above it can be shown that I:; pi = 1. Which implies that p; is

a cover of X,

Theorem 6.2.5.: Let (X, t*) and (Y, S*) be a fuzzy supra topological space, with (X,
t*) supra compact, and let f: X —Y be a supra fuzzy continuous surjection mapping.

Then (Y, S*) is also supra compact.

Proof: Letu €S " for each ieJ and assume that :::' u,=1. Now for each x €X,
,-:; fI(ui)(x) =1, So the t"- open fuzzy sets f'(ui), ieJ cover of X . Thus for finitely

many indices I,.I,,........ I €l such that ,-:; f'(uij) =1, If u is a fuzzy set in Y the

condition f is surjection mapping into Y implies that , for any y €Y,
£ )(y)=sup { £'(u,)@): ze £ (y)}

= sup {u(f(2)):f(z)=y} =u(y)
so f(f L (u))=u .Thus, any fuzzy sets in Y.

1=f(1)=£( ::, £ (uy)) =1"::' f(f'(u g )= \'; u .Therefore (Y, S*) is supra compact .

Theorem 6.2.6: Let (X, t") and (Y, S") be a fuzzy supra topological spaces, and let

f: X—>Y be a supra fuzzy continuous surjection mapping. Let A is an fuzzy supra
compact set in (X, t*) Then f(A) is also supra compact in(Y, S*) .

Proof: Let B= {G, :ie] } , where G, be a fuzzy supra open cover of f(A). Then by

definition of supra continuity A=

{f‘l(Gi): iel } is the fuzzy supra open cover of A. Since A is fuzzy supra compact,
there exists a finite sub cover of A, thatis G , k=1, 2, 3...... n, such that Ac kLZ)I £
(G,,) . Hence

RA) € (TG, )=V G, ) U G,.

Therefore f(A) is fuzzy supra compact



54

Corollary 6.2.7.Let (X, t*) be a fuzzy supra topological space. Then(X, t*) be

a- supra compact iff for alla-centered collection of fuzzy supra closed set F in X,
there exists xe X and for all supra closure of u(x)=1-a0 V pneF . [47]

Proof:-Firstly suppose (X, t") isa-supra compact then from definition for all supra
open set peF with p(x) 2o with ae[0, 1]. Hence the complement of p is (1-pu)(x)=
1-p(x). Hence there exist xe X. pu(x) 21-a. So supra closure of p(x)

>1-o.

Conversely suppose for all peF supra closure of p(x)>1-o.So F is the
collection of supra closed set with (x)< o . Hence by the theorem A supra fuzzy
topological space (X, t*) isa-supra compact, iff V collection F of supra closed set A
in X with A(x)< a, there is x € X such that p(x)> 1-o. where pe F ,So (X, t") is a-

supra compact .

Theorem 6.2.8: Let (X, t") and (Y, s") be two fuzzy supra topological spaces .Then
the product (XxY,3") is fuzzy supra compact if and only if (X, t") and (Y, s") are
fuzzy supra compact.

Proof: First suppose that (XxY,8") is fuzzy supra compact, then we can define a
fuzzy continuous surjection mapping ¥, and =, from (XX Y,8") to (X, t¥) and (Y, s")
respectively .Then by a theorem (X, t*) and (Y, s*) are fuzzy supra compact.

Conversely let (X, t*) and (Y, s*) are fuzzy supra compact. Since
8"={G,xH, : G,et’and H, € s"fori eJ} where G, and H, are fuzzy supra open

set. We claim that if {G,:ieJ} is a cover of X. and (H,: ieJ) is a cover of Y. That is

if _E\f;Gi(x)=1 for all xeX , and if ,-Z; H,(y)=1 where i €] for all yeY. Then

_EVJ {(G, xH,)(x.y)}= Sup {min{ G, (x), H,(y)}} . Hence we have finite subset J' of
; ich V = V =
for which o G,(x)=1or ¥ H, (y)=1 . Whence we have

8"={G,xH, : G,st"and H, ¢ s"for i ¢ J'} is a finite sub cover of (XxY,5")

Hence(XxY,8") is fuzzy supra compact.
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Theorem:6.2.9. Every fuzzy supra compact subset of a fuzzy supra T, -space is

closed.

Proof: Let (X, t") is a fuzzy supra T, -space and A is fuzzy supra compact subset of
X. We shall prove that 4 is closed. If °= 0, then A is closed. Since 0 is an open set. If
A°#0 Now since (X, t") is a fuzzy supra T,-spacethen V x,y eX,x #y, 3 A, ue t*
such that A(x)>0, w(y)>0

and AAp=0. Now p(y) is an open cover of A Since X is supra compact .then 3 finite

number of points y,,y, .Y ys...... y, such that A < L"JyJ if xeA“ then x¢ 0-": Since
i=]

i=l

AAp=0. Which shows that L is open. Hence A is closed.

6.3: Connectedness Property of FSTS

In the following section we have investigated certain fuzzy supra connected
concepts and we will use the abbreviation FSC for the terms ‘fuzzy supra
connected’.

Definition 6.3.1.: Let (X, t*) be a FSTS. Two fuzzy set A and y in X are said to be Q-

separated if there exist (t"-supra closed) or t*-supra open fuzzy sets u and v in X such
that A <u,u <v and Aav=0,0r pau=0 = z/\,u=0=?m£ If A and p are crisp then

they are Q-separated iff they are separated. :[49]

Definition 6.3.2: Let (X, t") be a FSTS. LetA andp are two supra fuzzy closed

subsets in X. Then A and p are said to be disjoint if ALAp=0.

Theorem 6.3.3: Let (X, t*) be a FSTS. A and p are two supra fuzzy closed subsets in

X. We shall prove that AAp=0 if and only if A A u =0=9LA}: in other word two fuzzy

supra closed subsets of a FSTS (X, t*) is separated if and only if they are disjoint.

Proof: Let (X, t*) be a FSTS and A and p are two fuzzy supra closed subsets in X,

Thenk =2 and z = Let A and p are separated then by definition X A =0 and

AAp =0, Since X =Aand L= n S0 Aap=0 and AAp=0 = A and p are disjoint.
Conversely let A and p are two disjoint supra fuzzy closed subsets of

(X, t*) then AAp=0. We shall prove that they are separated, i.e
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A A p=0and A A ﬁ =0, now AAp=0

= A Ap=0and LA 1=0. Since 1 = Aand -;I =u. Hence A and u are separated.

Theorem 6.3.4: Let (X, t") be a FSTS. A And p are two separated fuzzy supra subset
in X. We shall prove that if Avp is fuzzy supra closed then Aand p are individually

fuzzy supra closed.
Proof: Let A and p are two fuzzy separated supra subsets in X such that Avp is fuzzy

supra closed. We shall prove that A and p are individually fuzzy supra closed.

Since A and p are two fuzzy separated supra subsets in X, so we have Av |._L =0 and
AA 1 =0. Also Avp is fuzzy supra closed = /’I.T,u =Av E =AVL
SA=AAN(AVR)=AA AV A ADV(AAu)=4v0=2
Similarly ﬂ =L

Hence Aand p are fuzzy supra closed.

Theorem 6.3.5: Let (X, t") be a FSTS. A and p are two separated fuzzy supra subsets
in X. We shall prove that if Av p is fuzzy supra open then A and p are individually
fuzzy supra open.

Proof:- Let A and p are two fuzzy separated supra subsets in X such that Avp is fuzzy

supra open . We shall prove that A and x are individually fuzzy supra open . Since
Aand p are two fuzzy separated supra subsets in X, So we have Av p =0 and 1 A u
=0. Also Avp is fuzzy supra open. p being closed . So (n)°¢ is closed. Hence

(Avp) A (ﬁ )¢ is fuzzy supra open. So

AV A (W) =AW TV Ik A(R)T=2 A0=2

[Sincedv p =0=> A < (p)°]

This shows that A is open, similarly it can be prove that ;i is open.

Definition 6.3.6: Let (X, t") be a FSTS. We call (X,t") is

(1)FSC () iff there does not exist non-zero Q-separated supra fuzzy set u and vin t”

with 1 =uvyv.
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(2)FSC (II) iff there does not exist non-zero separated supra fuzzy sets u and v in X

with 1= uvv.

(3) FSC (III) iff there do not existu, v € t* - {0, 1} with uvv>0 and

ua v=20,

Theorem 6.3.7: The following statements are equivalent for an FSTS (X, t") ;

(a) (X, t")is FSC (I).

(b)There does not exist non-zero disjoint t"-supra closed crisp sets whose supremum
is 1.

(¢)There does not exist non-zero disjoint t*-supra open crisp sets whose supremum is 1.
(d) (X, t") is FSC (II).

Proof: (a) = (b)

If there exist Crisp subsets 1 ;and 1, € t"©, 1, #0 # 1, such that

l,vl,=land 1, Al ,=0. Then clearlyl , and 1 , are t" separated.

So (X, t") is not FSC (I).Which contradicts (a).
(b) =(¢)
If there exist Crisp subsets 1 ,and 1,e t", 1 ,#0 #1,, such that 1 ,v1 ,=1 and

1, A1,=0. Then clearlyl ,and 1 ;are t"- closed. Which contradicts (b) .

(¢) = () If (X, t")is not (d) then u, v eI *-{0}such that u and v are separated and
I=uvv.
Now there existA and p e t* such that u <A and v< p and A Av=0=p Au, but

then A and p are crisp also 4 A p =0and Avp=1 contradicting (c)

Theorem 6.3.8 A supra topological space (X, T® ) is connected iff (X, (T")).is
FSC(i)

Proof:- First ,let (X, T") is connected . If (X, (T")).is not FSC(i) then there exist
two non-zero fuzzy supra opensetsu,vin @ (T') suchthat 1 =uvv.andua v=0.
Then we see thatu™ (a,1], v (a,1]e T',e €l, and u™'(a,1]u v (a,1]=X and
u ' (a,1]1n v (a,1]1=¢ = (X, T") is not connected, a contradiction.

Conversely if (X, (T")).is FSC(i) but (X, T".) is not connected then there exist
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U and VeT with U# ¢ #V such that UnV=gand UUV=X , Now I, 1_ being
Ls.c belong to (@ (T")) and I, #0=1, .Moreover I vl =land I Al =0,

Showing that (X, @ (T")).is not FSC(i) ,which is also a contradiction.
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