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Abstract

In this thesis the nature of Complemented lattice and Boolean function is studied. Lattice
theory is a part of Mathematics. In Modern algebra, Abstract algebra and Boolean
function are Lattice theory play important role. A non empty set P together with a binary
relation R is said to form a partially ordered set or a poset if the following conditions
hold:

i) Reflexivity

1) Anti-symmetry

1i1) Transitivity

A poset (L, <) is said to form a lattice if for every a, b € L if Sup {a,b} and Inf
{a,blexist in L. A lattice is said to be complemented lattice if every element has
complement. In this thesis we give several results on complemented lattice, Boolean
function and Boolean algebra which will certainly extend and generalize many results in

lattice theory. The thesis contains four chapters.

Chapter one: We have discussed the basic definition of set, partially order set, relations,

functions etc.

Chapter two: We have discussed lattice, sublattice, convex sublattice, complemented
lattice, ideal, Filter, Prime ideal, Principle ideal and Principle Dual ideal. We have proved
that two bounded lattices A and B are complemented if and only if AxB is
complemented. In this chapter we have also discussed the definition of upper bound, least
upper bound, lower bound, greatest lower bound and relatively complemented lattice, and
established relation among them. We also studied some other properties of these concepts
and we have showed that two lattices A and B are .relatively complemented if and only if

the cross product of two lattices A and B is relatively complemented.

Chapter three: We have discussed Boolean algebra, Boolean lattice and Boolean function.

Let (A,/\,V,’,O,l) be a Boolean algebra. Expressions involving members of A and the
operations A,v and complementation are called Boolean expressions or Boolean

polynomials. For example, x v y’,x,x A0 are etc. all Boolean expressions. Any function

Vi



specifying these Boolean expressions is called a Boolean function. Thus if f(x,y) =x Ay
then f is the Boolean function and x Ay is the Boolean expressions (or value of the

function f ). Since it is normally the functional value (and not the function) that we are
interested in, we call these expressions the Boolean function.

We will denote least and greatest elements of a Boolean algebra by 0 and 1 respectively.
In fact, most of the times we will confine ourselves to Boolean algebras that contain only
these two elements. We also discus in this chapter Disjunctive Normal form (DN form),
Conjunctive Normal form (CN form), Length and Cover. A Boolean function is said to be

in DN form in n variables x ,x,......... ,x, if it can be written as join of terms of the

tvpe  LIE)A L) R A f,(x,) where f;(x;)=x, or x, forall i =123 --—--n
and no two terms are same. Also 1 and O are said to be in DN form. We also prove the
theorem: ‘Every Boolean function can be put in DN form’. Here we give several results

on DN form, CN form, Homomorphisom, Iso-morphisom and Indomorphisom.

Chapter four : In this chapter we have studied series combination, parallel combination,
don't care condition and Bridge circuits. By a switch we mean a contact or a device in an
electric circuit which lets the current to flow through the circuit. The switch can assume
two states ‘closed ' or 'open ' (ON or OFF). In the first case the current flows and in the
second the current does not flow. We will use ab,c, ............ A5 R etc. to denote
switches in a circuit. Two switches a,b are said to be connected ‘in series’ if the current
can pass only when both are in closed state and current does not flow if any one or both
are open. Two switches a, b, are said to be connected 'in parallel' if current flows when
any one or both are closed and current does not pass when both are open. In this chapter

we also solve some circuit problems.

Vil
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CHAPTER 1

Set, Relation and Function.

Introduction : In this chapter we have discussed the basic definition of sets. We also

discussed the definition of Relations and Functions.

1.1: The basic definition of sets:
Definition (Set): Any collection well defined of objects or list 1s called a set and its

objects are called elements or members [1].

Note: The terms well defined means whether any given object belongs to or does not

belong to the set.

Notation of sets : Sets are usually denoted by capital letters A, B, C etc. and the elements in

sets are usually denoted by small letters a, b, ¢ etc.

Example 1.1.1: LetA={a, e, 1,0,u}
Here the set is read “A is the set whose elements are a, e, 1, 0, u”. This type denoting

1s termed as Roaster method.

Example 1.1.2 : Let A= { x : x 1s odd}
Here the set is read “A is the set of numbers x such that x 1s odd”. This type

denoting is termed as Set Builder method.

Definition (Subset) : A set'A' is said to be a subset of a set B if each element of A 1s also an

element of B and is written A B (to be read A4 is a subset of B or A is contained in B)

Example 1.1.3: Let A= { 1,2,3,5,6} , B= {1,2,3}, C={1,5,6} and D= {1,6,7}
Here B cA ,CcAbutDc A
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Definition (Null set or void set or empty set) : A set that contains no elements is called the

empty set or void set or null set and it is denoted by the symbol ¢ .

Example 1.1.4 : Let A ={x: x’=5, x is even}
Here A= ¢ = {}.
Note: The empty set ¢ is a subset of every set, § A, ¢ =B, ¢ <C, ¢ <D.

Definition (Union of two sets) : Let A and B be two sets. Then the union of A and B is the
set of all elements which belong to A or to B or to both A and B and it is denoted by
A B which is read " A union B" or as A cup B.

Thus AUB = {x:xe A orxeB}.
Example 1.1.5: Let A={1,2,3}, B={1,3,5,7} Then AuB={1,2,3,5,7}.

Definition (Intersection of two sets) : Let A and B be two sets. Then the intersection of A
and B is the set of all elements which belong to both A and B and it is denoted by
A B which is read " A intersection B" or A cap B"

Thus AnB={x:x e Aand xe B}

Example 1.1.6 : Let A= {1,2,5}, B= {1,7} and C = {2,3,5}
Thus AnB={1}, AnC={2,5} and BnC=¢.

Definition (Difference of sets): Let A and B be two sets. Then the difference of A and B is
the set of all elements which belong to A but which do not belong to B and it is
denoted by A-B. Here A-B 1s read “A minus B” or “A difference B”.

Example 1.1.7 : Let A={1,6,7,8} and B={1,2,6,9,10} then A-B={7.8} and B-A={29,10}.
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Definition (Universal set): For many purposes all sets under investigation are considered
subsets of a fixed set and we call this fixed set the universal set or universe of

discourse. For convenient sometimes we will denote this set by U.

Example 1.1.8 : In space geometry, the universal set consists of all the points in space.

Definition (Complement) : Let A be a set. Then the complement of A is the set of elements
which do not belong to A, i.e. U-A where U is the universal set and it is denoted by
Alor A° Thus A={x:xeU,xeg A}=U-A

Simply we can write A={x: x¢ A }

Example 1.1.9 : Let U={1,2,3,4,5,6,7}, A={2,4,6}, Then A"ZU-AZ{'I i % g

Definition (Equal set) : Two sets A and B are said to be equal if and only if they have the

same elements and 1s written A=B

Examplel.1.10: Let A={1,2,3} , B={1,2,1,3}, C={1,1,2,2,3.3} and D={1,2,3,1,2,3}
Then A=B=C=D.

Note: A set is not changed by repeating its elements or if its elements are rearranged.

Problem 1.1.11: Which of these set are equal : {r,s,t},{rts},{st,r.;s},{ts,t.r}, {s,r,s,t}.

Ans : These sets are equal as reordering and repetition does not change a set.

Definition (Ordered pair) : An ordered pair consists of any two elements a and b is
denoted by (a,b) where a is designated as the first element and b is designated as the
second element.

Two ordered pairs (p,q) and (r,s) are equal if and only if p=rand g=s .

Example 1.1.12: Here (1,2).(3,11),(1,1),(2,2) etc. are all ordered pairs.
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Definition (Product sets): The product set of two sets A and B, written A x B, consists of
all ordered pairs (a,b) where ac A and be B.
Thus A x B={(a,b):acA, beB.}
A x B is also called the Cartesian product of A and B.

Example 1.1.13: Let A={a,b} and B={1,2}, then
A x B={(a,1),(a,2).(b,1),(b,2)} and
B x A={(1,a),(1,b),(2,2),(2,b)}.

Definition (Proper subset) : If A is a subset of B and A#B, then A is called a proper
subset of B.

1.2: Relations:

Definition (Relation) : Let A and B be sets. A binary relation or, simply, a relation from

A to B is a subset of AxB.
Suppose R is a relation from A to B. Then R is a set of ordered pairs where each first
element comes from A and each second element comes from B. That 1s, for each pairrac A
and b € B, exactly one of the following is true;

i) (a,b)eR; we then say " a 1s R-related to b", written aRb.

i) (a,b)¢R; we then say " a 1s not R -related to b", written aR b.
The domain of a relation R from A to B is the set of all first elements of the ordered pairs
which belong to R, and so it is a subset of A; and the range of R 1s the set of all second
elements, and so it is a subset of B.

Sometimes R is a relation from a set A to itself, that is R is a subset of A°=AxA

In such a case, we say that R is a relation on A.
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Example 1.2.1 : Let A={1,23},and B={xy,z}, and let R= {(lLy), (L.z), (3.y)}.
Then R is a relation from A to B. Science R is a subset of A x B. with respect to this
relation 1Ry, IRz, 3Ry,but IR x, 2R x,2Ry,2R z 3R x,3R z
The domain of R is {1,3}, and the range is {y,z}.

Definition (Reflexive Relation): A relation R in a set A 1s called a reflexive relation

if , VaeA, (a,a)eR.

Example 1.2.2: Let A={1,2,3} then R={(1,1),(1,2),(2,2),(3,3)} 1s a reflexive relation.

Definition (Symmetric Relation): Let R be a subset of Ax A i.e,, let R be a relation of in A.

Then R is called a symmetric relation if (a,b) € R. implies (b,a) € R

Examplel.2.3: Let S={1,2.3}and let R={(1,2),(1,3),(2.3),(2,1), (3.1),(3.2)}.

Then R 1s a symmetric relation.

Definition ( Anti-Symmetric Relation): A relation R in a set A i.e. a subset of AxA is
called an anti- symmetric relation if (a,b) € R and (b,a) € R implies a=b. In other
words, if a# b then possibly a is related to b or possibly b is related to a but never

both.

Example 1.2.4: Let A be a family of sets, and R be the relation in A defined by “x 1s a
subset of y”. Then R 1s anti- symmetric since C < Dand D cC

implies C=D.

Definition ( Transitive Relation): A relation R in a set A is called a transitive relation if
(a,b)eR and (b,c)eR implies (a,c)eR . In other words, if a is related to b and b 1s

related to c, then a is related to c.
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Example 1.2.5: Let B={a,b,c} and let R={(a,b),(c,b),(b,a).(a,c)}. Then R isnota transitive
relation since (c,b) €R and (b,a) € R but (c,a)¢R.

Definition ( Equivalence Relation): A relation R in a set A is an equivalence relation if
1) R s reflexive, that is, for every ac A, (a,a) € R.
2) R is symmetric, that is, (a,b) € R implies (b,a) € R.
3) R is transitive, that is, (a,b) € Rand (b,c) € R implies (a,c) € R .

Example 1.2.6: Let X= {a,b,c} be a setand let
R={(a,a),(a,b).(a,c),(b.a),(b,b).(b,c),(c,a),(c,b)(c,c)} be a relation of AxA then the
relation R is an equivalence relation, since

1) R isreflexive, as (a,a),(b,b),(c.c) € R
11) R is symmetric, as (a,b),(a,c),(b,c) € R also (b,a), (c,a), (c,b) eR and

111) R 1s transitive, as (a,c),(c,b) € R also (a,b) eR.

1.3: Functions:

Definition (Function): Suppose that to each element of a set A we assign a unique element
of a set B; the collection of such assignments is called a function from A in to B. The
set A 1s called the domain of the function, and the set B is called the target set.
Functions are ordinarily denoted by symbols. For example, let f denote a function
from A in to B. Then we write £ A — B.

Which is read ; " fis a function from A into B." or "ftakes A into B." or "f maps A

into B.

Example 1.3.1 : consider the function f(x) = x° i.e. f assigns to each real number its cube.
Then the image of 2 is 8 and so we may write f(2)=8. Similarly,

f(-3)=-27,and £(0)=0.
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Example 1.3.2 : Figure 1.1 defines a function f from A ={a,b,c.d}, into B= {rs,t,u} in the
obvious way. That is fla)=s, fib)=u, fic)=r, Ad)=s. The image of f is the set {r,s,u}.
Note that t does not belong to the image of f because t is not the image of any

element of A under f.

Definition (Identity Function): Consider any set A. Then there is a function from A into A
which sends each element into itself It 1s called the identity function on A and it 1s

usually denoted by 1, or simply I. In other words, the identity function I, : A—>A is

defined by 1, (a) =a for every elementac A

Definition (Composition of functions): Consider, the functions A —B and g:B — C that
1s, where the target set B of f is the domain of g. This relationship can be pictured by
the following diagram:

A—>B—£5C

Let ac A; then its image f{a) under f'is in B which 1s the domain of g. Accordingly, we can

find the image of f{a) under the function g, that 1s, we can find g(f(a)). Thus we have a

rule which assigns to each element a in A an element g(f(a)) in C or, in other words, fand

g give rise to a well defined function from A to C. This new function is called the
composition of fand g, and 1t 1s denoted by gof.
More briefly, if fA—B and gB-—>C, then we define a new function

gof-A— C by (gof)(a)=g(f(a)).
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Here =is used to mean equal by definition. Note that we can now add the function gof'to the
above diagram of f and g as follows;
A—>B—E5C
\_gof—"
We emphasize that the composition of f and g is written gof, and not fog; that is, the

composition of functions is read from right to left, and not from left to right.

Definition (One-to-one function) : A function f:A4— Bis said to be One-to-one if

different elements in the domain A have distinct images. Another way of saying the
same thing follows:

fis one-to-one if fla)=Aa’) implies a =a’

Definition (Onto function) :A function f:4— B is said to be an onto function if every

element of B is the image of some element in 4 or in other words, if the image of f is
the entire target set B. In such a case we say that f'is a function of 4 onto B or that /'

maps 4 onto B. That 1s f maps A onto B if b € B,3a € A such that f{a)=b.

Definition (Inverse Function) : A function f:A — Bis said to be invertible if its inverse
relation ' is a function from B to 4. Equivalently f:A4 — B is invertible if there

exists a function

f %:B— A, called the inverse of £, such that.]"'i of=Ix and Fof "=k
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Example 1.3.3 : Consider functions fj:A —»B, ;B - C, f5:C >Dand fi:D —>E defined
by fig-1.2. Now f; is one to one since no element of B is the image of more than
one element of A. Similarly, f;is one-to-one. However, neither f; nor f; is one-to-one

since f3(r)=f3(u) and fy(v) = fu(w).

Fig:1.2
As far as being on to is concerned, f; and f; are both onto functions since every

element of C is the image under f; of some element of B and every element of D is
the image under f; of some element of C. ie.fy(B)=C and £3(C) = D. On the
other hand f; is not onto since 3 B but 3 is not the image under f; of any
element of A, and f; is not onto since, for example, x€ E but x 1s not the image
under f3 of any element of D.

Thus f; is one-to-one but not onto, f3 is on to but not one to one, and f; is neither
one-to-one nor onto. However, f:is both one to one and onto i.e.- f> 1s a one to
one correspondence between A and B. Hence f; is invertible and £, is a function

from C to B.
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Example 1.34 : Let A — B and g:B — C be the function defined by fig-1.3

Fig: 1.3

We compute gof: A — C by its definition: (gof)(a) =g(f{(a))=g(y)=t, (gof)(b)
=g(f(b))=g(z)=r, (gof)(c) =g(f(c))=g(y)=t observe that the composition gof is

equivalent to "following the arrows" from A to C in the diagrams of the functions f and

g

Example 1.3.5: Let fR >R and g:R —>R be defined by f(x)=x* and g(x)=x+3. Then
(gof) (2) =g(f(2))=g(4)=7: (fog)(2) =f(g(2))=f{(5)=25
Thus the composition functions gof and fog are not the same function. We compute a
general formula for these functions:
(20N (x) =g(f(x))=g(x")=x"+3
(fog)(x) = f(g(x))=f(x+3)=(x+3)"=x"+6x+9.
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CHAPTER 2

Lattice, Sublattice and Complemented Lattice

Introduction:

In this chapter we discuss Ideals, Complete lattices and Relatively Complemented
lattices along with the Lattice, Sublattice and Complimented Lattice. Complete
lattices and semi lattices have been studied by several authors e.g. Papert [12],
Rozen [14], Varlet [15]. A lattice L is called complete lattice if for every non
empty subset of L has its Sup and Inf in L. In this chapter we also proved “Two

bounded lattices A and B are complemented iff A xB is complemented”.

2.1: Poset, Greatest element, Least element, Bounded Poset, Upper bound, Least

upper bound, Lower bound, Greatest lower bound, Chain.

Definition(Poset): A non empty set P, together with a binary relation R is said to form a

partially ordered set or a poset if the following conditions hold:
1. Reflexivity: aRa, for all a € P
2. Anti-symmetry : If aRb, bRa then a=b (a,b € P)

o\‘:“gm"?ﬁ%

3. Transitivity : If aRb, bRc then aRc

Example 2.1.1: The set N of natural numbers under divisibility forms a poset. Thus here,

a < b means ar b (a divides b).

Definition (Greatest element): Let P be a poset. If 3 an element a e P then a is called

greatest or unity element of P. Greatest element if it exists, will be unique.

Definition (Least element): An element b € P will be called least or zero element of P

if h<x V xeP. Itisdenoted by 0. Least element if it exists, will be unique.

Example 2.1.2 : Let A={1,2,3}. Then (P(A4),C) is a poset.

Let B={ @, {1,2}, {2}, {3}}
Then (B, C) is a poset with ¢ as least element. B has no greatest element.

Let C={{1,2}, {2}, {3}, {1.2,3}}
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Then C has greatest element {1,2,3} but no least element.
If D={ ¢, {1}, {2}, {1,2} } ‘Then D has both least and greatest elements namely ¢ and

(1,2}.
Again E={{1},{2},{1,3}} has neither least nor greatest element.

Definition (Bounded Poset): If a poset has least and greatest element we called it

0

Fig: 2.1
bounded poset. Ex. P={x:0<x<u }

Definition (Upper bound): Let S be a non- empty subset of a poset P. An element

a e P iscalled anupper bound of Sif x<a » xe §.

Definition (Least upper bound) : If a is an upper bound of S such that a <b for all
upper bounds b of S then a is called least upper bound (1.u.b.) or supremum of S.
We write Sup S for Supremum S.

It is clear that there can be more than one upper bound of a set. But Sup, if it exists, will

be unique.

Definition (Lower bound): An element a € P is called a lower bound of S if a< x.

wxeld.

Definition (Greatest Lower bound): If a is a lower bound of S then a will called
greatest lower bound (g.lb) or infimum of S (inf S) if b<a for all lower
bounds b of S.
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Example 2.1.3 :Let (z,<)be the poset of integers . Let S= {-- -2, -1, 0,1,2}then 2=Sup S
Again in the poset (R, <) of real numbers if S={xe R:x <0} then
Sup S= 0 (and it does not belong to S).

Definition (Chain): If P is a poset in which every two members are comparable then P
is called a totally ordered set or a toset or a chain.

The greatest element is comparable with all elements of the poset.
2.2  Lattice, Sublattice, Convex Sublattice.

Definition (Lattice): A poset (L, <) is said to form a lattice if for every a,b€ L, Sup{a,b}
and Inf {a,b}exist in L
In that case, we write
Sup{a,b}=avb (read a join b)
Inf{a,b}=anb (read a meet b)
Other notations like a+b and a.b or aub and anb are also used for Sup{a,b} and
Inf{a,b}([3L.[7L[10L[13]).

Example 2.2.1: Let X be a non empty set, then the poset (P(X),<) of all subset of X is a
lattice. Here for A,B € P(X)
we will have AAB=A "B and AvB=AUB
As a particular case, when X={1,2,3}.
PX)={p.§1}, 2}, 8L 1.2} {13}, 2.3}, {1.2,38 1t is represented by the
following figure (Fig-2.2). {1,2,3)

{1,2
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Definition (Sublattice): A non empty subset S of a lattice L is called a sublattice of L if
a,beSs, Sup{a,b}and Inf {a,b}exist in S.

(It is understood that A and Vv are taken in L)

Example2.2.2: Let L={0, a,b, c,1}, S={0,a,b, ¢} S;={0,a, b, 1}
S is sublattice. (Fig-2.4)
I c 1

C a b a b
a b
0 0
I
S S,
Fig: 2.3 o
g Fig: 2.4 Fig: 2.5

Si(in Fig: 2.5) is not sublattice.

Definition (Convex Sublattice): A sublattice S of a lattice L is called a convex
sublattice if foralla,b € S

[aAnb,av b]lc S

Example 2.2.3: In the lattice {1,2,3.4,6,12} under divisibility {1,6} is a
sublattice which is not convex as 2,3e[1,6] but 2,3¢ {1,6} .

Thus [1,6]z {1,6}.

2.3: Ideal, Filter or Dual ideal, Prime ideal, Principle ideal, Principle dual ideal.

Definition (Ideal): A non empty subset / of a lattice I is called an ideal of L

ifti) a,bel = avbel
(ii) aelTand xe L = xanael([11]).
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Here in Fig:2.6, Let 1={0,a}, Ova=aecl, Again 0el/ and bel
= 0ab=0€el

So, I={0,a} is an ideal.

10
2 5
1
In fig: 2.7: LetI={2,10} Fig: 2.7
2vIi0=10el
But 2eland 5€ L
2A5=1¢l

Here I={2,10} is not an ideal.
But I,={1,2}and [,={1,5} are ideal.

Definition (Filter or Dual ideal): A subset D of a lattice L is said to be filter or dual
ideal.

If (i)a,be D = aaAnbeD
(i1)a e D and x e L thenav xeD

In the following figure (Fig: 2.8), {a,1} and {b, 1} are filter or dual ideal.

|

Fig: 2.8
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Definition (Prime ideal): An ideal P is said to be Prime ideal. If PC L and

i) anbeP
ii) either acP or beP ([9)).

In Fig:2.9, we get 1={0} is not prime ideal.
anb=0el

[={0,a} is a prime ideal.

{0, a} and {0,b} are prime ideal.

I={a,1} is not prime ideal.

Definition:(Principal ideal): Let L be a lattice and a < L be any element.

Fig: 2.10
Let (a]: {x c L‘x < a} then (a]forms an ideal of L. It is called principal ideal

generated by a ([8]).
In Fig:2.10: (a]={0,a,b,c,d}and (d] = {0,d}be two principal ideal.
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Definition(Principal Dual ideal):  Let L be a lattice and a €L be any element. The

set [a): {xeL,x>a} forms a dual ideal of L, called the principle dual ideal

generated by a.

Problem 2.3.1: Show that the union of two sublattices may not be a sublattice.

Proof.: Consider the lattice L ={1,2,3,4,6,12} of factor S of 12 under divisibility.
Let S= {1,2}, S;={1,3} are sublattices of L. But S U S, ={1,2,3} is not sublattice.

Because {2,3} e SU S,

But2v3=6¢SuSs,

Hence the union of two sublattices may not be a sublattice.

Problem 2.3.2 : If A is an ideal and A’ is a dual ideal of a lattice L such that

A n A'# ¢ ,then show that A ~ A’is a convex sublattice of L.

Proof.: Since A and A’ are sublattices
-. A n A'is a sublattice.
Let abe AnA'"where a<b
=a,beA and abe A’
= [a.b]c A and [a,b]c A’
As A and A’ will be convex sublattices.

Thus [a, b] cAnA',s0 A n A'isaconvex sublattice of L.
Problem 2.3.3 : Prove that intersection of two ideal is an ideal.

Proof: Let I;={0,a} and I,= {0,b} be two ideal. |

IJMIQ:{D}:]_‘,
Here jcLpel,
In0=0el,; a

Hence intersection of two ideal is an ideal.

Fig: 2.11
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2.4: Complement and Relatively Complemented Lattice.

Definition (complements): Let [a,b] be an interval in a lattice L.

Let xe [a,b] be any element. If JyeL s.t.,

XAy=a, XV y=b.
then y is a complement of x relative to [a,b], or y is a relative complement of x in
[a,b].

Observations:

1) Ifsucha yexiststhenyliesin[ablasa=xAy<y<xvy=b.
i) Ifyis relative complement of x, x will be relative complement of y.
iii) An element x may or may not have a relative complement. A relative
complement may or may not be unique.

Let us consider the pentagonal lattice as in the Fig- 2.12

Fig-2.12

b has no complement relative to [0,a] where as a and b are both complement of ¢
relative to [0,1] and b has only one complement c relative to [0,1]
iv) If a, b are unique complements of each other relative to [a,b] then anb=a ,
av b=b. Thus a, b are each others complement.
Let x be any other complement of a relative to [a, b]
Then anb=a =anx
avb=b=avx

Nowb=avx=(aAx)vx=x
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Definition (Complemented interval ): If every element x of an interval [a, b] has at
least one complement relative to [a, b], the interval [a, b] is said to be

complemented.

Definition (Relatively Complemented Lattice): If every interval in a lattice is
complemented the lattice is said to be relatively complemented. Suppose now L
is a bounded lattice. If forany x €L, dyelL s.t., xAay=0, xvy=l, yis called
complement of x (we need not say relative to [0,1] ). Further, if every element of
L has a complement, we say L as complemented. Thus a bounded lattice is
complemented if the interval [0,1] =L is complemented. If L is bounded lattice
and is relatively complemented then L is complemented but not conversely.

Let us again consider the pentagonal lattice as shown below,

1

Fig-2.13

[0,1] is complemented as a and c are each others complement; b and ¢ are each
others complement and of course, 0 and 1 are each others complement. This lattice
is not relatively complemented as b has no complement relative to [0,a] and so
[0,a] is not complemented. The lattice given by the following diagram (Fig.-2.14)

is not complemented as a has no complement (relative to [0,1] ).

1

Fig :2.14
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The lattice given by the figure below is both relatively complemented as well as

complemented.

Fig :2.15

Definition (Complemented lattice) : A lattice is said to be complemented lattice if

every element has complement. 1
In Fig:2.16, we have
0 is the complement of 1 a 4
a i1s the complement of b 5
Fig: 2.16

a Cc

Fig-2.17

This lattice (Fig:2.17)is not relatively complemented as b has no complement in

[0,a] and so [0,a] is not complemented.
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Problem 2.4.1: Let S = {a,b,c,d,e,f,g}be ordered as in fig. 2.18 and let X = {c,d,e}.
(a) Find the upper and lower bounds of X.
(b) Identify sup (X) (the supremum of X) and inf(X) (the infimum of X), if either

exists.

Solution:
(a) The elements e, f and g succeed every element of X; hence e, f and g are the
upper bounds of X. The element ‘a’ precedes every elements of X; hence it is the
lower bound of X. Note that b is not a lower bound since b does not precede c; in

fact, b and c are not comparable.

{£ngineg, - .
N n) F"k

X

Fig: 2.18

(b) Since e precedes both f and g, we have e = sup (X). Likewise, since ‘a’
precedes (trivially) every lower bound of X, we have a = inf (X). It may be noted

that sup (X) belongs to X but inf (X) does not belong to X.

Problem 2.4.2: Let S={1,2,3,..,8} be ordered as in Fig. 2.19 and let A = {2,3,6}
(a) Find the upper and lower bounds of A.

o
N
R

2

F
NS

8

Fig: 2.19
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(b) Identify sup(A) and inf(A) if either exists.

Solution:
(a) The upper bound is 2, and the lower bounds are 6 and 8
(b) Here sup(A)= 2 and inf(A) =6

Problem 2. 4. 3: Repeat problem 2.4.2 for the subset B= {1,2,5} of S
(a) There is no upper bound for B since no element succeeds both 1 and 2. The
lower bounds are 6, 7, 8.
(b) Trivially, sup(A) does not exist since there are no upper bounds. Although A
has three lower bounds, inf(A) does not exist since no lower bound succeeds both

6and 7.

Problem 2. 4. 4 : Consider the ordered set A = {a,b,c.d,e} in fig. 2.20(a). Find the Hasse
diagram of the collection p(A) of predecessor sets of the elements of A ordered
by set inclusion.

The elements of p(A) follow:
p(a) = {a, ¢, d, e}, p(b) = {b, ¢, d, e}, p(c) = {c, d, e}, p(d) = {d}, p(e)={e}
Fig. 2.20(b) gives the diagram of p(A) ordered by set inclusion. Observe that the

two diagrams in fig. 2.20 are identical except for the labeling of the vertices.

‘d\ /b {a,c.d.(:}\ b {b.c.d.c}
C
/ \ {C.d.C}
d
c

- \
{e}

Fig: 2.20(a) Fig: 2.20(b)
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Problem 2.4.5 :Suppose the set P={1,2,3,....}of positive integers is ordered by

divisibility. Insert the correct symbol. <, > or || (not comparable). between each
pair of numbers:
(@ 2 8 (b) 18 24 (c) 9 3, (d 5 15

Solution:
(a) Since 2 divides 8, 2 precedes 8; hence 2 <8.
(b) 18 does not divide 24, and 24 does not divide 18; hence 18|24

(c) Since 9 is divisible by 3, 9 3.
(d) Since 5 divides 15, 5 <15

Problem 2.4.6 : Let P ={1,2,3,.....} be ordered by divisibility. State whether each of the
following is a chain (linearly ordered subset) in P.
() A=1{24,26}  (c) C={28324} (e)E=1{15,5,30}
(b) B = {3.15,5} (d)D={7} () P={123,. .}

Solution:
(a) Since 2 divides 6 which divides 24, A is a chain in P.
(b) Since 3 and 5 are non comparable, B is not a chain in P.
(c) CisachaininP since2<4 < 8 < 32, that is 2/4/8/32
where | means divides.
(d) Any set consisting of one element is linearly ordered; hence D is a chain in P.
(e) Here 5<15=<30; hence E is a chain in P.
(f) P is not linearly ordered e.g. 2 and 3 are non comparable; hence P itself is not

a chain in P.

Problem 2.4.7 : Let A= {1,2,3,4,5} be ordered by the diagram in Fig. 2.21. Insert the
correct symbol, <, > or || (not comparable). between each pair of element:

()1 5()2 3(c)4 1(d)3 4

Solution:
(a) Since there is a "path"(edges slanting upward) from 5 to 3 to 1, 5 precedes

1; hence 1>35.
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/ b

15
l

4

Fig : 2.21
(b) There is no path from 2 to 3, or vice versa; hence 2||3.

(c) Thereisa pathfrom4to2to1; hence4<1.
(d) Neither 3 <4 nor 4=<3; hence 3|/4.

Problem 2.4.8 : Let A={1,2,3,4,5}be ordered as follows in Fig. 2.21
(a) Find all minimal and maximal element of A.
(b) Does A have a first element or a last element?

Solution:

(a) No element strictly precedes 4 or 5, so 4 and 5 are minimal elements of A.

No element strictly succeeds 1, so 1 is a maximal element of A.

(b) A has no first element. Although 4 and 5 are minimal elements of A, neither

precedes the other. However, 1 is a last element of A since 1 succeeds every

element of A.

Problem 2.4.9 : Consider the ordered set A in Fig. 2.21. For each ac A. Let p(a) denote

the set of predecessors of a, thatis, p(a)= {x: x < a}

Solution:

Let p(A) denote the collection of all predecessor sets of A, and let p(A) be

ordered by set inclusion. Draw the Hasse diagram of p(A).

The elements of p(A) follow:
p(1) ={1,2,3,4,5}, p(2) = {2,4,5}, p(3) = {3, 5} , p(4) = {4}, p(5) = {5}

Fig. 2.22 gives the Hasse diagram of p(A) ordered by set inclusion. [Observe that

the diagrams of A and p(A) are identical except for the labeling of the vertices.
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224\}

{243}

/ 35}

3
(&

Fig : 2.22

2.5 : Modular Lattice, Jordan-Dedekind condition, Atoms and covers.

Definition (Modular Lattice):A lattice L is called a modular lattice if v«ca_ b,ce L,
witha>b

an(bve)=(anb)vianc) [:bv(ax\c)]

Example 2.5.1 : The lattice given by the following diagrams are modular

Fig: 2.23
Fig: 2.24

In the first we cannot find any triplet a, b, ¢ s.t., a>b and c is not comparable with
a or b. Hence it is modular.

By similar argument the second lattice is also seen to be modular.
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The following theorems are generalization of some theorem of [13].
Theorem 2.5.2 : Homomorphic image of a modular lattice is modular.

Proof : Let 8: L. — M be an onto homomorphism and suppose L is modular.
Let x, y, ze M be three elements with x > y.
Since @ is onto homomorphism 3 a, b, c eL st., 8(a)=x, 6(b) =y,0(c) =z
where a>b

Now L is modular a,b,c e L, a>bthusweget an(bve)=bv(anc)

Now

xn(yvz)=0(a)a(@@®)v o))
=0(a)A (@B ve)=6(an(bvc))
=0(bv(anc))=0(b)vé(anc)
> B(b) v [G(a)x\ 9(0)] =yvi(xaz)

Hence M is modular.

Theorem 2. 5. 3: Two lattices L and M are modular if and only if L x M is modular.

Proof. : Let L and M be modular
Let (a1, b1), (az, by), (a3, bs) €L x M be three elements with (a;, b;) >(az, by)
Then a;, a5, a3 €L, a1 > a,
by b2, b3 €M, by =b,
and since L and M are modular, we get
a,Aa,vay)=a,v(a rna,)
b, A(b, v b,)=b, v (b, AD,)
Thus
(alsbl)’\[(azabz)v(a:aabz)]
:(alabl)’\(az vag,b, Vba)
(al "\(az Va3)»b1 /\(bz VbJ))
(32 V(al ’\33)=b2 V(b1 Ab_z))
(az,bz)v(a] Aay,b /\b3)
(az,bz)v[(al,b])/\(a3,b3)]

Il
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Hence L x M is modular.
Conversely , Let L x M be modular.
Leta;, a, a3 el, aj=az

bi.ba, bz M, b1 >b,
Then (a;, by), (az, b2), (a3, bs) €L x M and (aj, bi) >(az, ba).
Since L x M is Modular, we find
(a1,b) A @2,b2) v (a3,b5)]= (a2, 55) v [(a1, b1) A (a5, b5)]
Or, (a],b])f\(a2 vas,b, vb3)= (az,bz)v(a, naz,by A b3)
Or, (a; Afa, Va})’bl "'\(bz Vba))= (az V(al f’\az)»bz v (b, Aby))
= a; Afa, va3)=a2 v(a; Aaz)

by A(by vbsy)=b, v(b, Ab,)

=L and M are Modular.

Remark :It is important to point out here that in the above theorem, the assertion is that
a non modular lattice contains a pentagonal sublattice and not only a pentagonal
subset. In other words, it is possible that we may have a modular lattice which

contains pentagonal subset. Consider, for instance, the lattice L of factors of120.

The lattice is given by the diagram.

We notice S = { 2, 6, 10, 12, 60} is a pentagonal subset of L but not a
sublattice. For, in L, 10v6=30¢S. Again L is modular, as it is cardinal
product of three chains A ={0<1<2<3}, B= {0<1}, C ={0<1} and a chain being

modular gives product of chains to be modular.
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Definit

Definit

ion (Jordan-Dedekind condition) : Let L be a lattice of finite length. We say L
satisfies the Jordan-Dedekind condition if all maximal chains between same end

points have same (finite) length.

ion (Atoms and Covers) :Let L be a lattice of finite length with least element o.
An element xeL is said to have height or dimension n if / [0,x]=n and, in that
case, we write h(x)=n.

An element a in a lattice L is called an atom if it covers o. In other words, a is an
atom iffa# 0 and x Aa=aor xAa=0 VxeL

Clearly then  h(a)= 1.

An element b is called dual atom, if 1, the greatest element of the lattice covers b.

The following theorem is a generalizations of a well-known results.

Theorem 2.5.4: Let L be a lattice of finite length. Suppose in L, whenever, x,y cover

Proof :

xAy implies xvy covers x and y, then L satisfies the Jordan- Dedekind

condition.

Let a, b be any two comparable points (a<b).We show all maximal chains from a
to b have same length | [a,b].

Since all chains from a to b are finite, at least one maximal chain exists of finite
length from a to b . We show all maximal chains are of the same length.

We prove the result by induction on n, the length | [a,b], if I[a,b]=1.then b covers
a and thus there is only one maximal chain from a to b with length 1 and hence
the result holds for n=1.

Let the result be true for n=m-1

Let a<x1<x2< .... <Xm=D

a<y1<ya2< ... <vy=b

be two maximal chains from a to b of lengths m and k. We show k=m.

Case (1) If x;=y;

Then x;<x2<....<Xm =b

X1=Y1<y2<....<yx=b
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are two maximal chains from x;to b with lengths m-1, k-1 and as the result holds
for m-1,

k-1=m-1= k=m

Case (11) x; #yi

Here x;and yjcover a=x; Ay

Thus by given condition x; Vv y; covers x; and y,

Let x; vy =t

Since x;<b, y;<b

t;(]\/ylib

and we find t and b are comparable.

Now
X 1 <X2 < ......... <Xn]_' b
X<t<z1<5 s <z=b

are two maximal chains from x; to b of lengths m-1 and i+1 (Note t covers x; ).
But the result holds for m-1 and thus i+1=m-1.

Again, the chains

yi<t<zi<........ <z=b

are maximal chains from y; to b with lengths k-1 and i+1
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i.e., are maximal chains from y; to b with lengths k-1 and m-1.

But result holds for m-1, and so k-1=m-1

= k=m

i.e., the result holds for n=m.

Hence by induction hypothesis, the result holds for all n and our assertion is

proved.

Example 2.5.5 : Let X # ¢ finite set and p(X) be the power set of X. We know
(p(X),g)forms a lattice with least element ¢ and greatest element x. Also for
any A, B € p(X)
Solution:
AAB=AnBand AvB=AUB
Since

AA(X-A)=ANn(X-A)=¢
Av(X-A)=AuU(X-A)=X

we find X-A is complement of A (relative to [¢,X ] )

Thus p(X) is complemented.

Suppose B is any complement of A, then

AAB=¢=AnB
ie, AvB=X=AUB
An B=A4n (X - 4)

AUB=AUX-A)
B=X-A

Or that X-A is unique complement of A. Thus this is an example of a uniquely

complemented lattice.
We show further that p(X) is also relatively complemented.
Consider any interval [A,B] of p(X),

Let, C €[A,B] be any member. Then

Cao(AuB-C)=(CnA)u(CA(B-C))=Au¢d=A
cu(Au(B-C)=(CuAa)u(B-C)=Cu(B-C)=B

Showing that A U(B — C) 1s complement of C relative to [A,B].
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Since C was any element of any interval of p(X). we find p(X) is

complemented.

Theorem 2.5.6 : Two bounded lattices A and B are complemented if and only if A x B

is complemented.

Proof : - Let A and B be complemented and suppose o, u and o/, u’ are the universal

bounds of A and B respectively.

Then (0,0') and (u, u) will be least and greatest elements of AxB.
Let (a,b)e AxB be any element.

Then ac A, beB and as A, B are complemented Ja €A, bEB st
ana=o, ava=u, bab=0, bvb=u

Now (a,b) A (a, b)=(ara, bAab)=(0,0)

(a,b) v (@,b)=(ava, bvb)=(uu)

Shows that (2,b') is complement of (a,b) in AxB.

Hence AxB is complemented

Conversely, let AxB be complemented.

Let ac A, be B be any elements.

Then (a,b) € AxB and thus has a complement, say (a’b)
Then (a,b) A (a.,b)=(0,0), (a.b) v (a.b)=(u.u)
—=(ana.,bab)=(0,0), (av a,bv b)=(uu)
—ana=o,av a=u

bAab=0,bv b=u

ie aand b’ are complements of a and b respectively. Hence A and Bare

complemented.

Theorem 2.5.7 : Two lattices A and B are relatively complemented if and only if A x B

is relatively complemented.
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Proof : - Let A, B be relatively complemented.
Let [(a1, by), (a2, b2)] be any interval of Ax B and suppose (X, y) is any element
of this interval.
Then (a;, b1)< (X, y) <(az, ba)
a; az, Xe A
bi, b2, yeB
= a <x<a
b <y<b,
= x€[aj, az] an interval in A
ye [by, bz] an interval in B
Since A, B are relatively complemented so x, y have complements
relative to [a;, az] and [by, bz] respectively.
Let X and y' be these complements, Then
XAX=a, YA y’;Zb 1
XV X=a5, yVvy=b,
Now (x.y) A (X,¥)= (xAx,yry')=(a,.b,)
xy) v X, y)= (xvX, y Vy)=(a, b2)
—(x, v) is complement of (x, y) relative to [(a, by), (a2, by)]
Thus any interval in A x B is complemented .
Hence A x B is relatively complemented
Conversely, let A x B be relatively complemented.
Let [a), a;] and [by, b2] be any intervals in A & B.
Let xe[a1, a2], y [b1, bz2] be any elements.
Then a;<x<ay, bj<y<bs
= (a1, b1) <(x,y) < (az, b2)
= (x,y) €[(a1, b1), (az, b2)], an interval in A x B
= (x,y) has a complement, say (x, y) relative to this interval.
Thus (x,y) A(X,y)= (a1, b1)
(5y) v (X, ¥) = (az, bo)
or, (xAX, yAy)=(a1, by)
(xvX,y Vy)=(as, bs)
- XA X=a xvx=a

yA Y =byVy=b,
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= x'is complement of x relative to [a;,az]
- y is complement of y relative to [by, bs]

which in turn imply that A, B are relatively complemented.

Theorem 2.5.8: Dual of a complemented lattice is complemented.

Proof: Let (L,p) be a complemented lattice with o, 1 as least and greatest elements.
Let (Z . P) be the dual of (L,p) Then 1,0 are least and greatest elements of L .
Let ae L=L be any element.

Since ac L, L is complemented, 3 a’"€ L st.

ana =0,ava =1 inL.

i.e., 0=Inf{a,a'} in L.

—=>0pao0p a

=ap0,ap0inL

= o is an upper bound of {a,a'} in L

If k is any upper bound of {a,a'} in L thena p k, a'p k
—kpa kpa=kpo asoisInf

= 0pk

3 ie,oislub. {a, a’}in L

ie. av a=0inL
Similarly, @ Aa'=lin L
or that a' is complement of ain L

Hence L is complemented.
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Problem 2.5.9 : Show that no ideal of a complemented lattice which is a proper

sublattice can contain both an element and its complement.

Solution: Let L be a complemented lattice. Then o, 1€ L. Let / be an ideal of L such
that / is a proper sublattice of L. Suppose 3 an element x in / such that its
complement x' is also in /.

Then x AX=0, xvx= 1
since / is a sublattice, x A x'r, xv X arein/. ie,o0, 1€/
Now if /€ L be any element then as 1 €/

Inltel

— /€] = Lcl! ==L, acontradiction.

Problem 2.5.10 : Let L be a uniquely complemented lattice and let a be an atom in L.

Show that a'the complement of a is a dual atom of L.

Solution: Since L is uniquely complemented lattice, every element has a unique

complement.

Suppose a’is not a dual atom, then 3 at least one x s.t., a<x<1
— ava<xva
= l<xvasl

= l=xva.

Now if a<x then xva=x=> x=1, not true. Again if a< x, then axx=0

o~r

(note a is an atom)
thusanx=0, aVx=1 = x=4a ,again a contradiction.

Hence a' is a dual atom.
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CHAPTER 3
Boolean Algebra and Boolean Function

Introduction:
A complemented distributive lattice is called a Boolean Lattice. Let (4,4.v.".0./) be
a Boolean Algebra. Expressions involving members of A and the operations A, v
and complementation are called Boolean expression. Any function specifying these

Boolean expressions is called a Boolean function. A Boolean function is said to be in

Disjunctive normal form (DN form) in n variables x,,x,,x,,.......... ,x, 1f it can be
written as join of terms of the type f, (x, ) A £, (x, ) A £ (3 ) Ao A f,(x,). where
fi(x)=x foralli=1,23,.....nand no two terms are same. A Boolean function f

is said to be in Conjunctive Normal Form (CN form) in n variables

RyiKp K pemmnnrayXplt: . 18 meet of  terms of  the type
e YRR R Y i WL OR ). WHLIETE fi(x)=x, or X, for all
1=1,23,........... , nand no two terms are same.

3.1: Boolean Algebra and Boolean Lattice:

Definition (Boolean Algebra and Boolean Lattice): A complemented distributive
lattice 1s called a Boolean Lattice. Since complements are unique in a Boolean
Lattice we can regard a Boolean Lattice as an algebra with two binary operations A
and v and one unary operation ' . Boolean Lattices so considered are called
Boolean algebras. In other words, by a Boolean Algebra, we mean a system
consisting of a non empty set L together with two binary operations A and v and

unary operation ' ,0 and 1 satisfying (va.b.ce L)



Chapter 3 Page 36

(lana=a,ava=a

(mnanb=baa,avb=bva
(m)an(bac)=(anb)ac,av(bvec)=(avb)ve
(ivjan(avb)=a,av(anb)=a

(vian(bvc)=(anb)v(anc)
(viy)waeL,3a’eLst,ana’'=0ava'=1

where 0, 1 are elements of L satisfying 0<x <1 wxeL.(a will be unique and is

the complement of a)([1],[2],[4],[5],[6].[10]).

Since we have mentioned above that, A , vand ' are operations on L. It is clear

that closure properties hold in L i.e.- foralla,beL,anb,avb, a’eL.

Example 3.1.1 : Let B={0,a,b,1}. If we define A , vand complementation ' by

v 0 a b 1 /
0O |0 |0 |0 |O 0 |0 |a |b |1 G
a |a |a 1 1 a |b
a a |0 |a by e 1 kbB i b |=
b [0 |0 |b |b I j1 |1 1 |1 1 |0

Then B forms a Boolean algebra under these operations. Since a Boolean Algebra is
distributive (and thus, modular) and complemented, all properties of modular,

distributive and complemented lattices hold in a Boolean algebra.

Theorem 3.1.2 : Prove that Boolean sublattice may not be a Boolean subalgebra.

Proof: A subalgebra (or a Boolean subalgebra) 1s a non empty subset S of a Boolean algebra
L.Suchthat,a, beS=>aabavba'eS
We thus realize that a subalgebra differs from a sublattice in as much as it 1s closed
under complementation also. Notice that if [a, b] be an interval in a Boolean algebra

L, where a>0, then [a, b] 1s a sublattice of L, but is not subalgebra as
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aecla,b]= a'e|a,b]
= ana’'ela,b]
= 0 ela.b]

which is not possible as a>0. Hence a Boolean sublattice may not be a Boolean

subalgebra.

Theorem 3.1.3 : In a Boolean algebra, the following results hold.
i) @) =a
ii)@Aab) =a’'vb’ [De Morgan's Law |
iii) (a v b)’ = g [DeMorgan's Law]
iv) a<be a'">2b’
via<bo anb' =0« a'vb=1]
Prof: (i) Let (a')=a’ then
ana =0 awva' =1
arAa.-.r:O, afvau:j
—ana'=a"Aa’, ava'=a"va'

’

—a"=a :(a") =a

(1) We have
(anb)a(@vb)=[arb)ralvanb)ab’]
=[ara)ab]van(da b’)]
=[oab]v[arno]=0vo=0
(a/\b)v(a'vb’)z(a’vb’)v(ax\b)
=[@a’'v b')va]/\[(a'vb’)vb]
=[a’'va)vbafa'v(b'v b)]
=(lvb)ala’vi)=1a1=1

Hence (a A b)r =a’vb’

(ii1) This can be proved in the similar way used to prove (ii).
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(iv) a<b=a=anb
—a'=(aab) =a’vb’
= jf

biza' b =da b

(v;a<b=>aAb' <bab'=>0<anb'<0
—anb'=0
Again,Letanb’ =0
Then a=anl=an(bvb)=(arb)v(anb’)
=(anb)v0=(anb)
—>a<anb.

Second result follows similarly.
3.2: Boolean Functions:

Definition (Boolean Functions): Let (4, A, v, ,0,1) be a Boolean algebra. Expressions

involving members of A and the operations A,vand complementation are called
Boolean expressions or Boolean polynomials. For example, x vy’ x,x AOetc. are

all Boolean expressions. Any function specifying these Boolean expressions is called
a Boolean function. Thus if f(x,y)=x Ay then f is the Boolean function and x A y is
the Boolean expression (or value of the function f). Since it is normally the
functional value (and not the function) that we are interested in, we call these
expressions the Boolean functions.

In what follows, we'll be denoting least and greatest elements of a Boolean algebra
by 0 and 1 respectively. In fact, most of the times we'll confine ourselves to Boolean

algebras that contain only these two elements.

Disjunctive Normal form (DN form)
A Boolean function (expression) 1s said to be in disjunctive normal form(DN form)

in n variables x;, xp, ----- , Xn. If it can be written as join of terms of the type
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f,(x,) Afy(x5) A, ~f,(x, ) Where fi(xi)=x; or x’ for all i=1,2,3,--—, n. and no

two terms are same. Also 1 and O are said to be in disjunctive normal form.

Again, in that case, terms of the type f,(x;) Af,(x5)A .. ~f, (x, )are called

minterms or minimal polynomials. (A normal form is also called a canonical form).
For instance, (x Ay AZ')v(x'Ay' Az)v(x Ay Az)is in disjunctive normal form
(in 3 variables) and each of the brackets is a minterm.
Thus each minturm is a meet of all the n variables with or without a prime (1.e. x; or
xi ). If we have three variables x, y, z then any function in the DN form will be join
of some or all the minterms.
XAYAZ X'Aynz xAY' Az xAnynz'
xny' nz xX'Aynz xX'Any'Anz xXny'nz
Which will be 2" (n=3) in number.
Consider the function.
fE=xv(x' Ay)=xa(yvy)v(x'ay)

=(xAy)vxay)v('ay)
Which is in DN form and contains three minterms out of four (possible) minterms

XAY, X Ay, xAY,x' Ay in 2 variables.

Example 3.2.1: A complete DN form in 3 variables 1s
Ax.y,2) = @XAYAZIV AYAIVIXAY AZ)VEAVAZ IV EAY AZ )V AYAZ)

VX'AYAZ)V(X'AY' AZ)
Theorem 3.2.2 : Every Boolean function can be put in disjunctive normal form.

Proof.: We prove the result by taking the following steps.
(1) If primes occur outside brakets, then open the brakets by using De Morgan's
laws.(a A b) =a'v b, (avb) =a'Ab’
(2) Open all brakets by using distributivity and simplify using any of the definition

conditions like indempotency , absorption etc.
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(3) If any of the terms does not contain a certain variable x;(or x;) then take meet of
that term with x, vx;. Do this with each such term. (it will not affect the
functionas x, v x; =land 1na=a)

Now ,open brakets and drop all terms of the type a A a'(=0). Again, if
any of the terms occur more than once. These can be omitted because of

idempotency. The resulting expression will be in DN form.

Hence every function in a Boolean algebra is equal to a function in DN form.

Problem 3.2.3: Put the function f = [(x AY') v z’] A(x'v z) in the DN form.

Solution : Wehave  f=[(x"v y")v z'|a (z' A x").

r

=(x’vyvz’) (z /\x)

=(x'AZ Ax)v(yrz Ax)v(Z Az AX)
=0v(xayaz)v(xaz)
=(xayaz)v[xaz)alyvy)
=(XAyAZ’)V[(XAZ'Ay)v(XAz'Ay')]
=(xAayaz)v(xry' aZ')

Problem 3.2.4: Put the function:

=[x’ AY)V(XAYAZ)IV(EAY AZ)V(X AY AZAL)V t'], in the DN form.

Solution : We have

_f':(x'/\y)f f\(xx\yx\:/:')r A(xny’x\z)!n(xx\yx\z'z\t)’ At

(v ) AV VAV v ) Al(xv v ad]

(s Ax ) (rAy WA (7 AX ) (3 AP ) A2 A (K Yy 2)
A[(x/\r)v(yx\r)v(zx\r)v(rf\r'ﬂ

=[(xAY)V(xAz)v (¥ Ax)vy' V(¥ Az)]A
[(x'/\y/\f)v(x’f\z/\!)v(y/\x/\f)v(y/\!)v(y/\z/\f)v(z’/\xz\!)v(z’x\yf\!ﬂ
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=(xz\y'f\z'f\r)v(xAzAyAr)v(y’Ax’AzAt)v(y’AZAIAx’)
V(Y AZ AxAt) V(Y AzAX AL)

=(XAy’Az'Af)v(x,f\yf\zx\r)v(x'z\y'f\zx\t)

Example 3.2.5:
Let A= {0,1} and f : A®* — A be defined by
f(x,y)=xAay)v(x'Ay)vxay)v(x'ay’)
1.e.- fis incomplete DN from. We calculate all values of f(x,y), x,y € A
FO0)=(0A0)vdA0)v0ADV(OAL=1
F(LO)=0A0)vOAL)v(AAl)v(Qa0)=1
fOD=@AD)vAAl)v(O0A0)v(AAa0)=1
FAD=0AD)vOAD)v(AA0)v(0A0)=1
(Note x =0 x'=1)
We thus notice that in each case, one minterm is 1 A 1=1 and all others are zero.
Also the resulting value of f(x,y) is always L
If we go through similar process, with a function f which is in complete DN from in

3 variables x, y, z we'll get the same result.

Problem 3.2.6 : Write the function x vy’ in the disjunctive normal form in three variables

X,Y,Z.

Solution: We have,

xvy' =[xa(yvy)alzvz)vly alxvx)a(zv z)]

=[fxayvixayhalzv )V Ax)v(y AxRalzv )]
=(xAyAZ)V(XAYAZ)VXAY AZV(EXAY AZ)V(Y AxAzZ)V(Y AxAZ)v
(Y Ax'AzZ)v(Y AX AZ)

=(xayaz)vxayaz)vixay az)vixay az)v

X' Ay Az)v(x' Ay AZ)
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Conjunctive Normal Form :

Definition: ( Conjunctive Normal Form ): A Boolean function f is said to be in

Conjunctive Normal Form (CN form )in n variables x,.x,.x;......... ... x, if f is meet
of terms of the type £, (x;) v £5(X3)V eovvooors o e V£ (X))
where f,(x,)=Xx, or X, foralli=1,23,........,n

and no two terms are same. Also 0 and 1 are said to be in CN form.

Problem 3.2.7: Put the function

F=lxay)vz]ale'v z)’ in the C.N form.

Solution: We have

I=["vy)vz]alxaz)

= vyvz)alxaz)viyay)
=(x'vyvz)allxaz)vylalxaz)vy']
=(x'vyvz)allevy)alz' vy)a (xvy)Inlz'vy))
=('vyvz)alixvyvizazZhailz vy)v (xAaxRatevy)vEazBailz vy)vixa )]
= (x’v_vvz')/\(.vvyvz)/\(xvyvz')/\(z’vyvx)r\(z'v_vvx’)x\
(xvy'vz)/\(xvy’vz’)x\(z’v.v'vx)r\(z'v_v’vx')

=(xvyvz)alx'vyvz)a rvyvz)Ialxvy' vz)alxvy' v Z)n(x' v y'vz)
Problem 3.2.8 : Put the function x A (y v z) in the C.N form.

Solution:
xalyvz)=[xv(ya YAV z)v(xa x')]
=(xvy)alevy)Ialyvzv)a(yvzvx')
=(xvy)vizaz)alevy)vizaz)alyvzvi)alx'vyvz)
=(xvyvz)alxvyvz)a(xvy vz)alxvy'v Z)In(xvyvz)alx'vyvz)

=(xvyvz)alxvyvz)alxv yvzIalevy' vz)alx'vyv z)
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Problem 3.2.9: Find the D.N form of the function whose CN form is

f=(xvyvz) AxvyvZ)a(xvyvz) aAxvy vz)ax vyvz)

Solution: We know f=(f)’. Thus
=[{(xvyvz) AxvyvZ)axvy vz) Akvy vZ)AaX vyvz)lT
=[(xvyvz) vixvyvzZ) v(xv yvz) v
(xvy vz)v(x vyvz)] (by De Morgan's Law)
=[(x'AY AZ) V(XA y"" AZ) V(X Ay AZ)
v (X AyAaz) v(xay AZ)](by De Morgan's Law)

=(XAYAZ) VXAY AZ) V(XAYAZ)
3.3: Length and Cover :

Definition( Length and Cover ) : A finite chain with n elements is said to have length n-I.
(1.e..length is the number of links that the chain has). We say a covers b if b < a and
there exists no c.s.t., b<c <a. A chain x; <x;<... <X, is called a maximal chain if
each X, , covers X;. Suppose now [a,b] is an interval in a lattice and if amongst all
chains from a to b, there is one of maximum length n , we say [a, b] has length n.
Thus it 1s the Sup of lengths of chains from a to b. We denote it by /[a, b] = n. In case
some chains from a to b have infinite length we say [a, b] has infinite length.

If L be a lattice with least 0 and greatest element 1 then as L = [0, 1], length of L is
defined to be length of the interval [0, 1].

Example 3.3.1: Consider the pentagonal lattice L
It has five chains
0<1, 0O<ag<id, 0<b<l
0<ec<l, O0<b<a<l 0

Fig 3.1
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from 0 to 1. The last two being maximal chains. (Thus there can be more than one
maximal chain from x to y (x <y ) in a lattice).

The chains have lengths 1, 2, 2, 2, 3,

110, 1 ]=3, and hence length of the pentagonal lattice 1s 3.

3.4: Homomorphism, Isomorphism and Endomorphism.

Definitions:(Homomorphisms, Isomorphism and Endomorphism)
Let L and M be lattices. A mapping 6 : L — M is called a meet homomorphism if
B@a b)=0(a)~06(b)
It is called a join homomorphism if 6(a vb)=0(a) v 0 (b)
If 0 is both meet as well as join homomorphisim , it 1s called a homomorphism (it
is ,of course, clear that the operation ~and v on the left are those of L and on the
right are of M). A homomorphism is also sometimes called a morphism.
If in addition, the map 6 is also 1-1 onto we call 8 to be an ismorphism. If 0 is an
ismorphism from L to L we call it an automorphism.
A homomorphism from L to L is called endomorphism. If 6 : L— M i1s onto

homomorphism, we say M homomorphic image of L

Example 3.4.1: Let L and M be the lattices
1 q

0
Fig :3.2
Fig 3.3
Define0: L - M, s,

0()=p, 6(@)=q, B(b)=p, 6()=q

Then 6 is a homomorphism.
6(ab)=6(0)=p,0(2)6(b)=q-p=p
O(ova)=06(a)=q,0(0)vO(a)=pvq=gqetc.
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Themap ¢ : L — M, Sit, ¢ (0) =p, ¢ (a) =x, ¢ (b) =x, ¢ (1) = q 1s neither a meet,
nor a join homomorphism as

¢ (@b) -9 (0)=p, ¢(a) @ (b) =x x=x

e@vb)=e()=q e@vebd)=xv x=x

The map ¥: L—>M, st, ¥ (0) = P, ¥ (a) = p, ¥ (b) = p, ¥ (1) = q is meet
homomorphism, but not a join homomorphism as
FPl@avb)=¥(1)=q,¥@v¥b)=pvp=p

¥ (a~b) =¥ (0) =p=p -p- ¥ (@) ¥ (b)

¥ (a0)="¥(0)=p=p -p- ¥ (a) - ¥ (0)
Y@-1)=¥(@=p=p-q-¥ @)~ ¥ (1)etc.

Finally, the map ¢ : L — M, st, o (0) = p, o (@) = o (b) g= o (1) is a join

homomorphism but not a meet homomorphism.

Theorem 3.4.2 : Any meet (join) homomorphism preserves order.

Proof: Let 6 : L — M be a meet homomorphism,.

Leta<b inL.

Then a=a-b
= 0(@)=06 (a~-b)=0(a)~0(b)
= 0(a)<0(b)
Dually, the result follows for join homomorphisms.
Hence, a homomorphisms preserves order. The converse, however, is not true.
Consider the map ¢ in the above example, ¢ preserves order but is neither a meet nor

a join homomorphism.
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Problem: 3.4.3 : Let L, M be lattices. If 0 : L — M is onto homomorphism and L has least

element then so has M.

Solution: Let O be least element of L. Then (0) < (x) ¥V x € L. 6 (0) <0 (x) (0 preserves

order). Since 0 is onto, any element y € M is of the for 0 (a), a € L. But 6 (0) <0 (x)
¥ x e L. 1e, 0(0)is least element of M.

Similarly, we can show that if L has greatest element, M would also have greatest
element. Hence if L is a bounded lattice then so would be any of its homomorphic
image. Having defined isomorphism in two ways, it should be our endevour to first

establish the equivalence of the two definitions which we achieve through.

Theorem 3.4.4 : Lattices isomorphic as posets are isomorphic as algebras and conversely.

Proof:

J

R

Let L and M be two lattices isomorphic as posets i.e., 3a 1-1 ontomap 6: L—- M
st,a<binL < 0(a) <6 (b) in M. To show that L, M are isomorphic as algebras,
we need prove that 0 is a homomorphism.

Leta, b € L be any elements.

Thena-b<a,a~b=<b

6@ b)<0O(a),0(a~b)<6(b)

0 (a ~ b) 1s a lower bound of {6 (a), 6 (b)}.

Suppose y € M is any lower bound of {6 (a), 8 (b)}.

Sincey € M, B isonto, 3x e L,s.t, 0 (x)=y.

So 6 (x) 1s a lower bound of {6 (a), 6 (b)}.

0 (x) <0 (a), 6 (x) <6 (b)

x<a,x<b

x is a lower bound of {a, b}

x<a-b

0(x)<B(a-b)inM

orthat 6(a ~b) 1s g.lLb. {0 (a), 6 (b)}

i.e.0(a~b)=90()~0 (b)

Dually, we can show 8 (avb)=0(a) v 0 (b)
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Hence 6 1s a homomorphism.
Conversely, let L, M be isomorphic as algebras i.e. 3 a 1-1 onto homomorphism
0.L — M. Weneedshowa<binL ©6orf (a)<0(b)in M.

Now a<b c—==a~b

= O(a)=0(aAb)=0(a)AE(b)

= 8(a)<8(b)
Also

@ (a)<@(h) = 0 (a)=0 (a) A8 (h)
= & (a)=6(a ADb)

=aq a Ab

=a<bh

Which proves our assertion.

Problem 34.5: If L, L, M;, M; are lattices such that L; = M, and L, = M; then show that
L,xL, =M, xM, =M, x M,.

Solution : Let f:L, - M, andg:L, ->M, be the given isomorphisms.
Define 6:LixL,—>M, xM, st.,
0((a, b)) = (f(a).g(b))

Then 6((a, b)) =0((c,d))

< (f(a),g(b)) = (f(c);g(d))

< f(a)=f(c), g(b)=g(d)

= a=c¢c, b=d

< (a, b)=(c.d)

shows that @ is well defined 1-1 map

Again, @ ((a,b) A (c, d)=6 ((aAc,bAd))

=(/(aAc)g(bAd))

=(/ (@A f(c).g(b)A g (d))
=(S(a), g (BY A((f(c), g d))
=6((a,b))Ab((c.d))
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Similarly, 8((a, b) v (¢, d)) = 8 ((a, b)) v ((c, d))
Showing thereby that 8 is a homomorphism.
Finally, for any (m,m:) €

M, x M, sincem,e M, & m, € M, andf,g are onto,
dl, eL, L, eL,st . f(I,))=m; g(d,)=m,

and 9((11~ 1L)=((,).g(1,)) = (m; m,)
Shows that @ is onto and hence an isomorphism.
To show M, xM, =M, xM, we can define

oM xM, >M,xM,s.t,

¢:((m;,m,))=(m,,m,)

It 1s now easy to verify that ¢ is an isomorphism.

We conclude this chapter with the following two theorem which are nice generalization of

some results of [13].

Theorem 3.4.6 : Homomorphic image of a relatively complemented lattice 1s relatively

complemented.

Proof : Let 6 : L — M be an onto homomorphism and suppose L 1s relatively
complemented. Let [a’, b'] be any interval in M, since & 1s onto homomorphism, 3
pre images a and b for a’, b" respectively such that
@ (a)=a’. 6 (b) =b’and asb(asa' <b'),

Thus [a, b] is an interval in L.
Lety e[a'.b'] =[ 0 (a). 0 (b) | be any element then as before 3 a pre image x of y
s.t, @ (x)=yand a<x < b.
Now L relatively complemented implies that X has a complement x' relative to [a, b],
Lie, XAxX=a xve=>

= O(x) AB(x)=0(a). 6 (x)v8 (x)=0 (b)

= yAB(x)=a',yv O (x')b=b
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= 0 (x') is complement of y relative to [a', b'],
Thus each element in any interval in M has a complement, giving us the required

result.

Definition(kernel of 6 ): Let 6:L —M be an onto homomorphism. the set{xeL: 6 (x)=0'"}
where o' is least element of M is called kernel of 6 and is denoted by ker6. If M

does not have the zero element, ker 0 does not exist.

Theorem 3.4.7 : If ¢ : L — M is an onto homomorphism, where L, M are lattices and 0' 1s

least element of M, then Ker € 1is an ideal of L.

Proof: Since & isonto, 0' € M, thus ker & # ¢ as pre image of 0' exists in L.
Now x,y € ker 8 = 0(y)=0"=0(y)
O(xvy)=0(xz)vO(y)=0'v0 = yvye Keré.
Again yeKerf, lel, gives G(y)=0'
Also 0(x AD)=06(x)A0()=0AI=0
— xAI e Ker 6.

Hence Ker &. is an ideal of L.

Theorem: 3.4.8. If: &:L - L be a homomorphism where L is a complete lattice then 3some

acl,st, f(a)=a

Proof: Let S={xec L/ x <68 (x)}
Then S = @ as 0 e S as 0 <0 (0) (Note 6 (0) € L).
Thus S is a non empty subset of a complete lattice and therefore Sup S exists. Let
Sup S=a.
Nowx <a V xe S
=y 8 (x)<6(a) VxelS
— x<0(x)<0(a) VxeSl

= @ (a) is an upper bound of S
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= a<@B(a) (Def.of Sup)
= aeS by def.of Sandhencea is greatest element osS.
Also a<8(a) = 0 (a)<8 (6 (a)}
= 6B (a)e S (Def.of S)
a being greatest element of S then gives 6 (a) < a
ie, a<f@a<a

Hence @ (a) = a, which proves our assertion.

Definition (Dual join homomorphism, Dual isomorphism) : A mapping
0:L — Miscalled dual meet hom omorphism if 0 (aab)=0(a)v 0(b)and is

called a dual join homomorphism if @ (av b)= 8 (a) A 0 (b).

It is called a dual homomorphism if it satisfies both the above conditions.

A 1-1 onto dual homomorphism is called a dual isomorphism.
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CHAPTER 4
SWITCHING CIRCUIT DESIGNS
Introduction:
In this chapter we study series combination, Parallel combination, Don't care
condition and Bridge circuits. In this chapter using the concepts of Boolean algebra

and Boolean polynomials different circuits has been designed and analyzed.

4.1: Series combination, Parallel combination:
Let A, B......denote electrical switches, and let A and A’ denote switches with the
property that if one is on then the other is off, and vice versa. Two switches, A and

B, can be connected by wire in a series or parallel combination as follows:

(A
W
— & &—e o— .
(B)
B/
Series Combination , A A B Parallel Combination, Av B

Let AAB and AV B, read as A meet B and A join B, denote respectively that A and B
are connected in series and A and B are connected in parallel. A Boolean switching
circuit design means an arrangement of wires and switches that can be constructed by

repeated use of series and parallel combinations; hence it can be described by the use

of the connectives A and v.

Example4.1.1:

® ®
@ = @

Circuit (1) Circuit (2)

(1) Arn(Bv A) @) (AAB)v[A vC)aB]
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Circuit (1) can be described byAA(Bv A'), and circuit (2) can be described by
(AnBYv[4'vC)AB]

Now let 1 and O denote, respectively, that a switch or circuit 1s on and that a switch
or circuit is off. The next two tables describe the behavior of a series circuit ANB

and parallel circuit AV B

A | B | AAB A | B | AvB
| 1 | 1 1 1
1 0 0 1 0 1
0 | 0 0 | |
4 4 0 0 0 4]

The next table shows the relationship between a switch A and a switch A".

Notice that the above three table are identical with the tables of conjunction,
disjunction and negation for statements (and propositions). The only difference is

that 1 and O are used here instead of T and F .

Theorem 4.1.2 : The algebra of Boolean switching circuits is a Boolean algebra. In order
to find the behavior of a Boolean switching circuit, a table 1s constructed which 1s

analogous to the truth tables for propositions.

Example 4.1.3: Consider circuit(1) in example 4.1.1. What is the behavior of the circuit,
that is, when will the circuit be on (i.e.- when will current flow) and when will the

circuit be off ? A “Truth” table is constructed for A A (B v 4’) as follows:

A | B | A |BvA'|4a(Bva)
[ [ 0 [ I
1 0 0 0 0
0 1 1 I 0
0 0 | 1 0

Thus current will flow only if both A and B are on.
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Example 4.1.4 : The behavior of circuit (2) in example 4.2.1 is indicated by the following
truth table for (4 A B')v [(4' v C)A B]:

A[B|C|A|B|AAB | AVvC | (AVCIAB | (AAB)V (A vC)AB)
1 (1|1 bei oo 1 1 1
1|1 |o]0o |0 |O 0 0 0
O T O T T I O 1 0 1
O o O T R 0 0 1
o J101 1 Jo |0 1 1 1
o|1{0f1 [0 |oO 1 1 1
ool {1 (1 |0 1 0 0
olof|o |1 |1 |O I 0 0

Remark 4.1.5 : Any combination of switches using the connectives nand vsuch as

(4A B)v[(4’'v C)A B], will also be called a Boolean polynomial.

Problem 4.1.6 : Determine the Boolean polynomial for each of the given three circuits

© @
@ B ®
oy
© ®
Cirouit (1) Cirouit (2) Cirouit (3)
Solution:

(i) AN(BVvA)AC (i) [AA(CVB)V(BAC) (iii) (AVvB)AC]v A }AB
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Problem 4.1.7 : Construct a circuit for each of the following Boolean polynomials:

(DAABY[A'AB'V 4v B)] 2 (AvB)ACA(4'VB'vC')

Solution:

(A ()

® ®

®

ul ’—@y % e— O—1+@+1e

W, & ‘—@J

Circuit (2)
Cirewit (1)

(1) Note that the series circuit (A AB) is in parallel with (A4’ A (B'v Av B)) which
is A" in series with the parallel combination (B"'v Av B).
(2) Note that the parallel circuit (AvB) 1s in series with C and in series with the

parallel circuit (A" v B'v C'").
Problem 4.1.8 : Construct an equivalent simpler circuit of the adjacent diagram.

Solution: We first write the Boolean polynomial which represents the circuit.

(AAB)v(AAB)V(A'AB) (A) (B)

(AAB)v(AAB)v(A'AB) (A) B)
=[AA(BvB)v(A’AB) _
@ ®

=[AAU]Jv(A’AB)
=Av(A'AB)
=(AvA')A(AvB)
=Un(AvB)
=AvB
o—

Hence the adjacent figure is an equivalent circuit.
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Problem 4.1.9 : Determine the Boolean polynomial for each of the given circuits.

() ()
\& &)
® (© %

D@
"/ Circuit-3 =/

F®1
e

Circuit - 1

i

()
B)
I ®) (- I
Circuit - 2 W O
Circuit - 4

Solution: (i)A A(A v B) (i) (AvB)A(A'vB')
(i) (AAB)vCV(A'AC) (iv)[BA(AVC)v(A'AC)

Problem 4.1.10 : Construct a circuit for each Boolean polynomial :
(1) Av(BAC) 2 AA(BvC) (3)(AvB)A(CvD) () (AAB)v(CAD)
() (AvB)A[A'v(CABY)] 6) [(AAB)vC]A[DV(A'AB)]

Solution:
(A
&)
[ — —
Crrcuit - 1 Circuit - 2

-3
oo

Circuit - 3 Circuit - 4
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©

©)

Circuit - 5 Circuit - 6

4.2: Don't Care Conditions:
suppose we have a circuit specified by a certain function. Suppose further that there
is a condition which is impossible to happen. Then there is no harm if we include
this condition as part of our circuit (function) as in any case this condition is not to
occur. The advantage lies in the fact that addition of an extra condition
sometimes leads to a simplification of the given circuit. Such conditions are called

don't care conditions.

Example 4.2.1 : Suppose an interview board has three members A, B, C and a candidate 1s
selected only when all the three members say yes. When a member has to say yes, he
presses a button provided to him. When all the three press the respective buttons
provided to them, a light goes on. If a,b,c stand for A,B,C saying yes, then the light
shines only when a & b & ¢ occur. The circuit would be constructed as follows:
Suppose now, member C would say yes if both A and B say yes. Then the condition
anbac’ can never occur. Thus our original circuit can be put equal to
(anbac)v(anbac’) which simplifies to (anb) v(cac’)=anbwhich i1s
simpler than a AbAac. Thus aAbac’ isa Don't Care Condition.

Translated in simple language, since C will say yes when A and B say yes, we need
not provide C with a button to press. Indeed, if C presses the button when one of A

or B have said no, the result is still no. So pressing of the button by C 1s immaterial.
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Problem 4.2.2 : Suppose a circuit is defined by the following table where X denotes don’t

care condition. Draw the circuits with X=0 and 1

X v 7 f(x.y.7)
0 0 0 1
| 0 0 1
0 1 0 0
0 0 1 X
1 1 0 0
1 0 1 1
0 1 1 0
Ll 1 1 0

Solution: The function (with X=0) is
f = (x'x\y'f\z')v(x;'\y'r\z')v(xf\y'f\z)
= [(.\"vx)f\(y'x\z')]v(xx\y’x\x)
= (y'Az’)v(XAy’Az)

y'Alz'v(xaz))

v'A((z'v X)A(z'v 7))

Il

v'A(z'vx)

If X=1, we get
fz_v’x\(z’vx)v(x’x\y’/\z)
:(_v’Az’)v(y'/\x)v(x'z\y’/\z)
=y’z\[z'vxv(x’f\z)]
=y'Alzvilxv x)A(x v z)}]
=y'Alz'v(xvz)

r

:)-’

The two circuits are given by

VJ T y k
— Eees =, e

Fig: 4.1 Fig:4.2
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Thus, if X is a don't care condition, the circuit can be simplified by applying the

condition.

Example 4.2.3:Suppose we have a circuit defined by the function
_j'ZaA(b’vc)v(a’Ab’/\c’). Suppose further that the conditions a A b Ac'and

a' Ab' A c are impossible to occur.
Then our function can be replaced by
f=lan@'ve)v(a ab Ac’)]v(aAbAc’)v(a’Ab’Ac]
=aA(b’vc)v(a’Ab’x\c’)v(a'/\b'/\c)v(ax\b/\c’)
=an(@'ve)via Ab)a (c've)lv(ans ne')
=a A(b'vc)v(a'f\b’)v(ax\b/\c')
=an|p'vec)v (e nelv(a’ AbY)
=an|p'vev B)A(B'veve)v (@'~ b
=(@nl)v(a' ~b")
=(ava)alavb)

=awvb’

Hence the circuit giver by the original function could be replaced by a v b'. The two
circuits are not equal, but they differ only by cases which would never arise. Hence

any one will give the desired result. The two circuits are given by

Fig:43 Fig:4.4
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4.3: Bridge Circuits:

Consider the following series-parallel circuit which is represented by the function
[an (dv(ca e))]v [b Alev(c /\d))]

=(and)v(ancre)v(bre)v(bacna)

We notice it can also be represented by the following circuit, which is not a series-parallel

. . a d
circuit : !
e dec (S———
| |
!b [e
Fig:4.6
Or
a d
TR A S
b e
Fig : 4.7 \ /
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This is called a bridge circuit. Expression (1) explains the routes through which the
current could flow.

Consider another function

f=(@nb)vlancnaz)v [{av(xf\y)}/\{cv(z./\b)}]
:(aAb)v(aACAz)v[(aAc)v(a/\(z/\b))v (XA}’)A cv(xf\y)x\b]
:(aAb)v(aAzAc)v[(av(xx\y))f\c]v[(av(xf\y))x\(z,x\b)]

It is given by the following circuit

Fig : 4.8

The corresponding series-parallel circuit being

Consider now the bridge circuit
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The different paths through which the current can flow are given by
anbanen(dvb)en(dvb’) and crend

Thus the function representing this circuit is
(aAb)v(avef\(dvb'))v[cx\(dvb')]v(cmenb)
=fanfpviend)viend)pvicaldvb'vel
:aA[bvev(ex\d)]vc;\(dvb’ve)
=anlbve)venl(dvbve) [as bv(end)=(bve)]

Now this is represented by the series-parallel circuit

o

= ]

Fig : 4.11

One may remark here that it is not essential that the bridge circuit corresponding to
a series- parallel.
Circuit would always have lesser number of switches.

For, instance, the bridge circuit
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which is represented by

[(@ ab)ac'lviaabadaalv(cna)alendnc’)
=(@anbac)vi(anbad)vicnra)
=anlbalc'vd)ve]

=aA[(b/\c’)vcv(b/\d)]
=an|bve)v(ad)

=anllcvb)v(®ad)

=aA[cv(bv(bAd))]

=anfcvb)

Which has series parallel circuit

Fig : 4.13

having lesser number of switches.

Reader with a sharp eye would have noticed that the above conversions of bridge

circuits to series parallel circuits actually involve the Wye to delta transformations.
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