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ABSTRACT

In this study the thermal diffusion effect on the steady laminar free convection flow and heat
transfer of viscous incompressible MHD electrically conducting fluid above a vertical porous
surface 1s considered under the influence of an induced magnetic field. The governing non-
dimensional equations relevant to the problem, containing the partial differential equations, are
transformed by usual similarity transformations into a system of coupled non-linear ordinary
differential equations and will be solved analytically by using the perturbation technique. On
introducing the non-dimensional concept and applying Boussinesq’s approximation, the
solutions for velocity field, temperature distribution, mass concentration and induced magnetic
field to the second order approximations are obtained for different selected values of the
established dimensionless parameters. The influences of these various establish parameters on
the velocity and temperature fields, mass concentration and the induced magnetic fields are
exhibited under certain assumptions and are studied graphically. The effects of these
dimensionless parameters on the coefficients of skin friction and heat transfer are also studied in
tabular form in the present analysis. It is observed that the effects of thermal-diffusion and
suction have great importance on the velocity, temperature, induced magnetic fields and mass
concentration for several fluids considered, so that their effects should be taken into account
with other useful parameters associated. It is also found that the dimensionless Prandtl number,
Grashof number, Modified Grashof number and magnetic parameter have an appreciable
influence on the concerned independent variables. Further, for more accuracy of the analytical
approximate results, a numerical solution have been obtained by using standard initial value
solver numerical procedure based on the sixth order Runge-Kutta integration scheme along with
Nachtsheim-Swigert iteration technique. Finally, a comparison has been made between the

numerical results and analytical approximate results and a very good agreement is found

between the results.
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INTRODUCTION

The convective heat and mass transfer process takes place due to the buoyancy effects owing to the
differences of temperature and concentration, respectively. In dealing with the transport phenomena,
the thermal and mass diffusions occurring by the simultaneous action of buoyancy forces are of
considerable interest in practice. Further, heat and mass transfer in the presence of magnetic field,
which is the subject matter of MHD, has different applications in natural phenomena and in many
engineering problems. In recent times, the problems of natural convective heat and mass transfer flows
through a porous medium under the influence of a magnetic field have been paid attention of a number
of researchers because of their possible applications in many branches of science, engineering and
geophysical process. Considering these numerous applications, MHD free convective heat and mass
transfer flow in a porous medium have been studied by among others [34], [40] etc. Using Runge-
Kutta fourth order technique along with shooting method, Sharma and Shing [42] investigated the
unsteady MHD free convection boundary layer flow and heat transfer of viscous incompressible
electrically conducting fluid along an isothermal vertical non-conducting porous plate. Choudhary and
Sharma [10] studied the laminar mixed convection flow of an incompressible electrically conducting
viscous fluid over a continuously moving porous vertical plate with combined buoyancy effects of
thermal and mass diffusion under the action of a uniform transverse magnetic field, subject to constant
heat and mass flux with induced magnetic field. However, Pantokratoras [30] showed that a moving
electrically conducting fluid induced a new magnetic field, which interacts with the applied external
magnetic fields and the relative importance of this induced magnetic field depends on the relative
value of the magnetic Reynolds number (R,>>1). Alam [3] studied the steady two-dimensional
problem of MHD free convection and mass transfer flow past an infinite vertical porous plate taking

into account the effects of thermal diffusion and large suction.

In recent times, the problems of natural convective heat and mass transfer flows through a porous
medium under the influence of a magnetic field have been paid attention of a number of researchers
because of their possible applications in many branches of science, Engineering and geophysical
process. Considering these numerous applications, MHD free convective heat and mass transfer flow
in a porous medium have been studied by among others Rapits and Kafoussias [35], Sattar [39], Sattar
and Hossain [40] etc. Besides, Kim [25] has been studied the effect of MHD of a micropolar fluid on

coupled heat and mass transfer, flowing on a vertical porous plate moving in a porous medium.



Nevertheless, more complicate phenomenon arises between the fluxes and the driving potentials when
heat and mass transfer occur simultaneously in case of a moving fluid. It has been observed that an

energy flux can be generated not only due to the temperature gradients but also by composition

gradients.

Moreover, it has been observed that an energy flux can be generated not only due to the temperature
gradients but also by composition gradients. The energy flux produced by a composition gradient is
referred to as the diffusion-thermo (Dufour) effect, whereas, mass flux caused by temperature gradients
is known as the thermal-diffusion (Soret) effect. In some exceptional cases, for instance, in mixture
between gases with very light molecular weight (H,, He) and of medium molecular weight (N, air) the
diffusion-thermo (Dufour) effect and in isotope separation the thermal-diffusion (Soret) effect was

found to be of a considerable magnitude such that these effects cannot be ignored.

In view of the relative importance of these above mentioned effects many researchers have studied and
reported results for these flows of whom the names are [14], [24], [7], [4] and [36] etc. Combined
chemical reaction and Soret/Dufour effects on free convection heat and mass transfer in Darcian
porous media were studied also very recently by [33]. In these studies it has been identified that Soret
and Dufour effects are important for intermediate molecular weight gases in coupled heat and mass
transfer in chemical process systems. Alam et al. [5] extensively investigated the Dufour and Soret
effects on steady MHD free-forced convective and mass transfer flow past a semi-infinite vertical
plate. A numerical study of the natural convection heat and mass transfer about a vertical surface
embedded in a saturated porous medium under the influence of a magnetic field has been done by

Postelnicu [32], taking into account the diffusion-thermo and thermal-diffusion effects.

Following the study to those of [10], [30] and [32], Hossain and Khatun [20] investigated the Dufour
effect on combined heat and mass transfer of a steady laminar mixed free-forced convective flow of
viscous incompressible electrically conducting fluid above a semi-infinite vertical porous surface
under the influence of an induced magnetic field. They have used the perturbation technique to solve
the problem.

Using the Galerkin finite element method, an analysis was performed by Reddy and Rao [37] to study
the effect of thermal diffusion on an unsteady MHD free convective mass transfer flow of

incompressible electrically conducting fluid past an infinite vertical porous plate with Ohmic
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dissipation. It is considered that the plate temperature oscillates with the same frequency as that of

variable suction velocity and influence of uniform magnetic field is applied normal to the flow.

Based on the assumptions that the magnetic Reynolds number of the flow is of insignificant
magnitude, the present study deals with the study of steady two-dimensional MHD free convection
heat and mass transfer flow past an infinite vertical porous plate, taking into account the effects of

thermal diffusion and large suction with induced magnetic field.

Considering various aspects of an MHD heat and mass transfer flow, the analyses presented here, as
mentioned above, are classified mainly into two different methods, one is analytical approximate
method and the other is numerical method. The analytical solutions are obtained by the method of
perturbation technique. Numerical solution is obtained by the sixth order Runge-Kutta integration

scheme along with Nachtsheim-Swigert iteration technique.

Therefore, this thesis is composed of six chapters. In CHAPTER I, available information regarding
MHD heat and mass transfer flows along with various effects are summarized and discussed from both
analytical and numerical point of view. In CHAPTER II, the basic governing equations related to the
problem considered thereafter are shown in standard vector form and the detailed calculation
techniques for the problem are given. CHAPTER III is concerned with the analytical solution of the
problem based on perturbation technique has been discussed. In CHAPTER 1V, the perturbation
solutions and results discussions are presented. CHAPTER V deals with the numerical procedure
based on the sixth order Runge-Kutta integration scheme along with Nachtsheim-Swigert iteration
technique is discussed. A comparison between the numerical results and analytical approximate results
are also given here. In CHAPTER VI, the conclusions gained from this work and brief descriptions

for further works related to our present rehearse are discussed.



CHAPTER
Available Information on MHD Heat and Mass Transfer Flows

1.1. Magnetohydrodynamics (MHD)

Magnetohydrodynamics (MHD) is the branch of magneto fluid dynamics, which deals with the
flow of electrically conducting fluid in electric and magnetic field. Probably, the largest
advancement towards an understanding of such phenomena comes from the field of
astrophysics. It has long been suspected that most of the matter in the universe is in the form of

plasma or highly ionized gaseous state and much of the basic knowledge in the area of

electromagnetic fluid dynamics involved from these studies.

The field of MHD consists of the study of a continuous, electrically conducting fluid under the
influence electromagnetic fields. Originally, MHD included only the study of partially ionized
gases as well as the other names have been suggested, such as magneto fluid mechanics or
magneto aerodynamics, but the original nomenclature has persisted. The essential requirement

for problem to be analyzed under the law of MHD is that the continuum approach be applicable.

There are many natural phenomena and engineering problems susceptible to MHD analysis. It is
the useful in astrophysics because much of the universe is filled with widely spaced charged
particles and permeated by magnetic fields and so the continuum assumption becomes
applicable. Engineers employ MHD principles in the design of heat exchangers, pumps and flow
meters; in solving space vehicle propulsion, control and reentry problem; in designing
communications and radar system; in creating novel power generating systems, and in

developing confinement schemes for controlled fusion.

The MHD in the generation of electrical power with the flow of electrically conducting fluid
through a right-hand transverse magnetic field is one of the most important applications.
Recently, theses experiments with ionized gases have been performed with the hope of
producing power on large scale in stationary plants with large magnetic fields. Generation of

MHD power on a smaller scale is of interest of space applications.



Generally we know that, to convert the heat energy in to the electricity, several intermediate
transformations are necessary. Each of these steps means a loss of energy. This naturally limits
the over all efficiency, reliability and compactness of the conversion process. Method for the
direct conversion to energy is now increasingly receiving attention. Of these, the fuel converts
the chemical of fuel directly into electrical energy; fusion energy utilizes the energy released
when two hydrogen molecules fuse into a heavier one, and thermoelectrically power generation

uses a thermocouple. MHD power generation is another new process that has received

worldwide attention.

The principal MHD effects were first demonstrated in the experiments of Faraday and Ritchie.
Faraday [15] find out experiments with flow of mercury in glass tubes placed between poles of a
magnet and discovered that a voltage was induced across the tube by the motion of the mercury
across the magnetic field, perpendicular to the direction of flow and to the magnetic field.
Faraday observed that the current generated by this induced voltage interacted with the magnetic
field to slow down the motion of the fluid, and he was aware of the fact that the current

produced its own magnetic fluid that obeyed Ampere right-hand rule and thus, in turn distorted

the field of magnet.

Ritchie contemporary of Faraday [15] discovered in 1832 that when an electric field was applied
to a conducting fluid perpendicularly to a magnetic field, it pumped the fluid in a direction
perpendicular to both fields. Faraday also suggested that electrical power could be generated in a

load circuit by the interaction of a flowing conducting fluid and a magnetic field.

The first astronomical application of the MHD theory occurred in 1899, when Bigalow
suggested that the sun as a gigantic magnetic system. It remained, however, for Alfven [6] to
make a most significant contribution by discovering MHD waves in the sun. These waves are
produced by disturbances which propagate simultaneously in the conducting fluid and the
magnetic field. The analogy that explains the generation of an Alfven wave is that of a harp
string plucked while submerged in a fluid. The string provides the elastic force and the fluid
provides the inertia force, and they combine to propagate a perturbing wave through the fluid
and the string.

In summary, MHD phenomena result from the mutual effect of a magnetic field and conducting

fluid flowing across it. Thus, an electromagnetic force is produced in a fluid flowing across a
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transverse magnetic field, and the resulting current and magnetic field combine to produce a
force that resists the fluid’s motion. The current also generates its own magnetic field which
distorts the original magnetic field. An opposing or pumping force on the fluid can be produced
by applying an electric field perpendicularly to the magnetic field. Disturbance in either the
magnetic field or the fluid can propagate in both to produce MHD waves, as well as upstream
and downstream-wake phenomena. The science of MHD is the detailed study of these

phenomena, which occur in nature and are produced in engineering devices.

1.2. Electromagnetic Equations

MHD equations are the ordinary electromagnetic and hydrodynamic equations which have been
modified to take account of the interaction between the motion of the fluid and electromagnetic
field. The basic laws of electromagnetic theory are all contained in special theory of relativity.

But it is always assumed that all velocities are small in comparison to the speed of light.

Before writing down the MHD equations we will first of all notice the ordinary electromagnetic
equations (Cramer and Pai [12]). The mathematical formulation of the electromagnetic theory is
known as Maxwell’s equations which explore the relation of basic field quantities and their

production. The Maxwell’s electromagnetic equations are given by

Charge continuity V.D=p, (1.1)
i 9P,

Current continuity VJ= _W (1.2)
Magnetic field continuity V.B=0 (1.3)
Ampere’s law VxH=J+% ; (1.4)
Faraday’s law VxE= -% (1.5)
Constitutive equations for D and B D=€'E (1.6)

B=uH (1.7)
Lorentz force on a change F,=¢'(E+q,xB) (1.8)
Total current density flow J=c(E+qxB)+ p.q (1.9)



In equations (1.1) — (1.9), D is the displacement current, p. is the charge density, J is the current
density, B is the magnetic induction, H is the induced magnetic field, E is the electric field, £ is
the electrical permeability of the medium, s is the magnetic permeability of the medium, qp, is
the velocity of the charge, o is the electrical conductivity, q is the velocity of the fluid and p. q

is the convection current due to charges moving with the fluid.

1.3. Fundamental Equations of fluid Dynamics of Viscous Fluids

In the study of fluid flow one determines the velocity distribution as well as the states of the
fluid over the whole space for all time. There are six unknowns namely, the three components
(u,v,w) of velocity q, the temperature 7, the pressure p and the density p of the fluid, which are
function of special co-ordinates and time. In order to determine these unknown we have the
flowing equations:
(a) Equation of state, which connects the temperature, the pressure and the density of the fluid.

p=pRT (1.10)
For an incompressible fluid the equation of state simply

p = constant (1.11)
(b) Equation of continuity, which gives relation of conservation of mass of the fluid. The
equation of continuity for a viscous incompressible fluid is

V.q=0 (1.12)
(¢) Equation of motion, also known as the Navier-Stokes equations, which give the relations of

the conservation of momentum of the fluid. For viscous incompressible fluid the equation of

motion is
p%'}=F—Vp+yV2q ) (1.13)

where F is the body force per unit volume and the last term on the right hand side represents the
force per unit volume due to viscous stresses and p is the pressure. The operator,
D ¢ 0 0 0

—=—tU—+V—tw—
Dt ot ox Oy Oz

is known as the material derivative or total derivative with respect to time which gives the

variation of a certain quantity of the fluid particle with respect to time. Also V* represents the

Laplacian operator.



(d) The equation of energy, which gives the relation of conservation of energy of the fluid. For
an incompressible fluid with constant viscosity and heat conductivity the energy equation is

DT _ 90 , o2
— ==+ kV°T :
o +¢ (1.14)

o0

C, is the specific heat at constant pressure, — is the rate of heat produced per unit volume by

external agencies, & is the thermal conductivity of the fluid, ¢ is the viscous dissipation function

for an incompressible fluid

ou) (ov ’ ow) 1

where
Yx =a_u+@
Y oy ox
Y :@_’_@
¥ 0z Oy
sz:a_w__'__ai&'—
ox 0Oz

(e) The concentration equation for viscous incompressible fluid is

Dc
a—zDMVZC (1.15)

C is the concentration and D), is the chemical molecular diffusivity.

1.4. MHD Approximations

The electromagnetic equation as given in (1.1) — (1.9) are not usually- applied in their present
form and requires interpretation and several assumptions to provide the set to be used in MHD.
In MHD we consider a fluid that is grossly neutral. The charge density p. in Maxwell’s
equations must then be interpreted as an excess charge density which is in general not large. If
we disregard the excess charge density, we must disregard the displacement current. In most
problems due to convection of the excess charge are small (Cramer and Pai [12]).
The electromagnetic equations to be used are then as follows:
V.D=0 (1.16)
VJ=0 (1.17)



V.B=0 (1.18)

VxH =J (1.19)
VXE = ( (1.20)
D=¢'E (1.21)
B=.uH (1.22)
J = o (E+qxB) (1.23)

1.5. MHD Equations

We will now modify the equations of fluid dynamics suitably to take account of the
electromagnetic phenomena.

(a) The MHD equation of centinuity for viscous incompressible electrically conducting fluid

remains the same

Vq=0 (1.24)
(b) The MHD momentum equation for a viscous incompressible and electrically conducting
fluid is

p%‘}=F—Vp+pV3q+JxB (1.25)

where F is the body force term per unit volume corresponding to the usual viscous fluid dynamic
equations and the new term J X B is the force on the fluid per unit volume produced by the
interaction of the current and magnetic field (called a Lorentz force).

(¢) The MHD energy equation for a viscous incompressible electrically conducting fluid is

DT 80 J?
—=—=+kV2T + ¢+ — 1.26
“ Dt 6t ¢ o \1-20)

The new term is the Joule heating term and is due to the resistance of the fluid to the flow of
current.
(d) The MHD equation of concentration for viscous incompressible electrically conducting fluid

remains the same as

% =D,/ V*C (1.27)

1.6. Some Useful Dimensionless Parameters



(i) Reynolds number (R,)

The Reynolds number R, is the most important parameter of the fluid dynamics of a viscous

fluid, which is defined by the following ratio

R = inertia force mass x acceleration

viscous force shear stress x cross sectional area 1% E e 7 v
7

where, L and U denotes the Characteristic length and velocity respectively and v = £ s the

kinematic viscosity ( u is the viscosity and p is the density).

For if R, is small, the viscous force will be predominant and the effect of viscosity will be felt in
the whole flow field. On the other hand if R, is large the inertia force will be predominant and in
such case the effect of viscosity to be confined in a thin layer, near to the solid wall or other
restricted region, which is known as boundary layer. However if R, is very large, the flow ceases
to be laminar and becomes turbulent. The Reynolds number at which translation from laminar to
turbulent occurs is known as critical Reynolds number.

Reynolds in 1883 found that for flow in a circular pipe becomes turbulent when R, exceeds the

critical value 2300,
ie. R~= {U—d] =2300
v rit

where U is the mean velocity and ‘d’ is the diameter of the pipe.

When the viscous force is pre-dominating force, Reynolds number must be similar for dynamic
similarity of two flows.
(ii) Prandtl number (P,)

The Prandtl number P, is the ratio of the kinematic viscosity to the thermal diffusivity and is
defined by

&
!‘}:2:—'0 :—‘urc"'J
a k k
PCp

where ¢, is the specific heat at constant pressure and k is the thermal conductivity. The value of
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—— is the thermal diffusivity due to the heat condition. The smaller value of k. is, the
pe, P

narrower is the region which affected by the heat condition and it is known as the thermal

boundary layer. the value of v = £ show the effect of viscosity of the fluid. Thus the Prandtl
P

number shows that the relative importance of heat conduction and viscosity of a fluid. Evidently
P; varies from fluid to fluid. For air P,= 0.72 (approx), for water at IS.SOC, P,=7.00 (approx), for
mercury Pr = 0.044, but for high viscous fluid it may be very large, e.g. for glycerin P, = 7250.

(iii) Magnetic Force number (M)
The magnetic force number is the ratio of the magnetic force to the inertia force and is defined
by

A = Mmagnetic force _ WiH oL
inertia force pU

(iv) Schmidt number (S,)

The Schmidt number is the ratio of the viscous diffusivity to the chemical molecular diffusivity

viscous diffusivity _ v
chamical molecular diffusivity D,

and is defined by S.=

(v) Grashof number (G,)

; VT ; o
The Grashof number is defined by G, = gﬁz—T and is measure of the relative importance of
U

the buoyancy and viscous forces. The larger it is, stronger is the convective current.

(vi) Modified Grashof number (G,,)
gf*’vVC
2

v

The modified Grashof number is defined by G,, =
(vii) Soret number ()

D‘I’(Tw _Too)

The Soret number is defined by Sy =
' U(Cw . Cno)
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(viii) Magnetic diffusivity (P,,)

The magnetic diffusivity is defined by P,, = u,o'v

(ix) Eckert number (E,)

2
The Eckert number is defined by E. = U—-
ety =1,

1.7. Suction and Injection

For ordinary boundary layer flows of adverse pressure gradients, the boundary layer flow will
eventually separate from the surface. Separation of the flow causes many undesirable features
over the whole field; for instance if separation occurs on the surface of an airfoil, the lift of the
airfoil will decrease and the drag will enormously increase. In some problems we wish to
maintain laminar flow without separation. Various means have been proposed to prevent the

separation of boundary layer flows; suction and injection are two of them.

The stabilizing effect of the boundary layer development has been well known for several years
and till to date it is still the most of efficient, simple and common method of boundary layer
control. Hence, the effect of suction on hydromagnetic boundary layer is of great interest in

astrophysics. It is often necessary to prevent separation of the boundary layer to reduce the drag

and attain high lift values.

Many authors have made mathematical studies on these problems, especially in the case of
steady flow. Among them the name of Cobble [11] may be cited who.obtained the conditions
under which similarity solutions exist for hydromagnetic boundary layer flow past a semi-
infinite flat plate with or without suction. Following this, Soundalgekar and Ramanamurthy [46]
analyzed the thermal boundary layer. Then Singh [43] studied this problem for large values of
suction velocity employing asymptotic analysis in the spirit of Nanbu [27]. Sing and Djukic [44]
have again adopted the asymptotic method to study the hydromagnetic effect on the boundary-
layer development over a continuously moving plate. In a similar way Bestman [8] studied the

boundary layer flow past a semi-infinite heated porous plate for two component plasma.
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On the other hand, one of the important problems facing the engineers engaged in high speed
flow is the cooling of the surface to avoid the structural failures as a result of frictional heating
and other factors. In these respect the possibility of using injection at the surface is a measure to
cool the body in the high temperature fluid. Injection of secondary fluid through porous walls is
of practical importance in film cooling of turbine blades combustion chambers. In such
applications injection usually occurs normal to the surface and the injected fluid may be similar
to or different from the primary fluid. In some recent applications, however, it has been
recognized that the cooling efficiency can be enhanced by vectored injection at an angle other
than 90° to the surface. A few workers including Ingar and Swearn [22] have theoretically
proved this feature for a linear boundary layer. In addition, most previous calculations have been
limited to injection rates ranging from small to moderate. Raptis et al. [35] studied the free
convection effects on the flow field of an incompressible, viscous dissipative fluid, past an
infinite vertical porous plate which is accelerated in its won plane. The fluid is subjected to a
normal velocity of suction/injection proportional to #' and the plate is perfectly insulated, i.e.,
there is no heat transfer between the fluid and the plate. Hasimoto [19] studied the boundary
layer growth on an infinite flat plate started at time t = 0, with uniform suction or injection.
Exact solutions of the Navier stokes equations of motion were derived for the case of uniform
suction and injection whish was taken to be steady or proportional to ' and the plate is
perfectly insulated, i.e., there is no heat transfer between the fluid and the plate. Numerical
calculations are also made for the case of impulsive motion of the plate. In the case of injection,
velocity profiles have injection points. The qualitative natures of the flow in both the suction and
injection cases are the same which are obtained from the results of the corresponding studies on

steady boundary layer, so far obtained.

1.8. MHD Boundary Layer and Related Transfer Phenomena

Boundary layer phenomena occurs when the viscous effect may be considered to be confined in
a very thin layer near to the boundaries and the non-dimensional diffusion parameter such as the
Reynolds number, the Peclet number and the magnetic Reynolds number are very large. The
boundary layers are then the velocity and thermal (or magnetic) boundary layers and each of its
thickness is inversely proportional to the square root of the associated diffusion number. Prandtl
observed from experimental flows that, in classical fluid dynamics boundary layer theory, for
large Reynolds number, the viscosity and the thermal conductivity appreciably influences the

flow only near a wall. When distance measurements in the flow direction are compared with a

13



characteristic dimension in that direction, transverse measurement compared with the boundary
layer thickness and velocities compared with the free stream velocity, the Navier-Stokes and
energy equations can be considerably simplified neglecting small quantities. The flow
directional component equations only remain and pressure is then only a function of the flow
direction and can be determined from the non-viscous flow solution. Also the number of viscous

term is reduced to the dominant term and the heat condition flow direction is negligible.

There are two types of MHD boundary layer flows, by considering the limiting cases of a very
large and a negligible small magnetic Reynolds number. When the magnetic Reynolds number
is large; the magnetic boundary layer thickness is small and is of nearly the same size of the
viscous and thermal boundary layers and then the equations of the MHD boundary layer must be
solved simultaneously. On the other hand, when the magnetic Reynolds number is very small
and the magnetic field is oriented in an arbitrary direction relative to a confining surface; the
flow direction component of the magnetic interaction and the corresponding joule heating is
only a function of the transverse magnetic field component and the local velocity in the flow
direction. Changes in the transverse magnetic boundary layer are negligible. The thickness of the

magnetic boundary layer is very large and the induced magnetic field is negligible. In this case

the magnetic field moves with the flow and is called frozen mass.

1.8.1. MHD and Heat Transfer

With the advent hypersonic flight, the field of MHD, as defined above, which has been
associated largely with liquid metal pumping, has attracted the interest of aerodynamics [13]. It
is possible to alter the flow and the heat transfer around high-velocity vehicles provided that the
air is sufficiently ionized. Further more, the invention of high temperature facilities such as the
shock tube and plasma jet has provided laboratory sources of flowing ionized gas, which provide
an incentive for the study of plasma accelerators and generators.

As a result of this, many of the classical problems of fluid mechanics have been reinvestigated.
Some of these analyses arose out of the natural tendency of scientists to investigate a new
subject. In this case it was the academic problem of solving the equations if fluid mechanics
with a new body force and another source of dissipation in the energy equation were presented.
Some times there were no practical applications for these results. For Example, natural

convection MHD flows have been of interest to the engineering community only since the
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introduction of liquid metal heat exchangers, whereas the thermal instability investigations

described later in section 1.1 are directly applicable to the problems in geophysics and

astrophysics.

1.8.2. Free Convection

In the Studies related to heat transfer, considerable effort has been directed towards the
convective mode, in which the relative motion of the fluid provides an additional mechanism for
the transfer of energy and material, the later being a more important consideration in cases
where mass transfer, due to a concentration difference, occurs. Convection is inevitably coupled
with the conductive mechanisms, since, although the fluid motion modifies the transport
process, the eventual transfer of energy from one fluid element to another in its neighborhood is
thorough conduction. Also, at the surface the process is predominantly that of conduction
because the relative fluid motion is brought to zero at the surface. A study of the convective heat
transfer therefore involves the mechanisms of conduction and sometimes those of radiative
processes as well, coupled with that fluid flow. These make the study of this mode of heat or
mass transfer very complex, although its importance in technology and in nature can hardly be
exaggerated.

The heat transfer in convective mode is divided into two basic processes. If no externally
induced flow is provided and flow arises naturally simply owing to the effect of a density
difference, resulting from a temperature or concentration difference in a body force field, such as
the gravitational field, the process is referred to the natural convection. On the other hand if the
motion of the fluid is caused by an external agent such as the externally imposed flow of a fluid
stream over a heated object, the process is termed as force convection. In the force convection,
the fluid flow may be the result of, for instance, a fan, a blower, the wind or the motion of the
heated object itself. Such problems are very frequently encountered in technology where the heat
transfers to or from a body is often due to an imposed flow of a fluid at a different temperature
from that of a body. On the other side, in the natural convection, the density difference gives rise
to buoyancy effects, owing to which the flow is generated. A heated body cooling in ambient air
generates such a flow in the region surrounding it. Similarly, the buoyant flow arising from heat
rejection to the atmosphere and to other ambient media, circulations arising in heated rooms, in
the atmosphere, and in bodies of water, rise of buoyant flow to cause thermal stratification of the

medium. Such a temperature inversion and many other such heat transfer process in our natural
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environment, as well as in many technological applications, are included in the area of natural
convection. The flow may also arise owing to concentration differences such as those caused by
salinity differences in the sea and by composition differences in chemical processing unit, and

these cause a natural convection mass transfer.

Practically some time both processes, natural and forced convection are important and heat
transfer is occurred by mixed convection, in which neither mode is truly predominant. The main
difference between the two really lies in the word external. A heated body lying in still air loses
energy by natural convection. But it also generates a buoyant flow above it and body placed in
that flow is subjected to an external flow and it becomes necessary to determine the natural, as

well as the forced convection effects in the regime in which the heat transfer mechanisms lie.

When MHD become a popular subject, it was normal that these flows would be investigated
with the additional ponder motive body force as well as the buoyancy force. At a first glance
there seems to be no practical applications for these MHD solutions, for most heat exchangers
utilize liquids, whose conductively is so small that prohibitively large magnetic fields are
necessary to influence the flow. But some nuclear plants employ heat exchangers with liquid
metal coolants, so the application of moderate magnetic fields to change the convection pattern
appears feasible. Another classical natural convection problem is the thermal instability that
occurs in a liquid heated from below. This subject is of natural interest to geophysicists and
astrophysicists, although some applications might arise in boiling heat transfer.

The basic concepts involved in employing the boundary layer approximation to natural
convection flows are very similar to those in forced flows. The main difference lies in the fact is
that the pressure in the region beyond the boundary layer is hydrostatic instead of being imposed
by an external flow, and that the velocity out side the layer is zero. However the basic treatment
and analysis remain the same, the book by Schlichting [41] is an excellent collection of the
boundary layer analysis. There are several methods for the solution of the boundary layer
equations namely the similarity variable method, the perturbation method, analytical method,

numerical method etc. and their details are available in the books by Rosenberg [38], Patanker
and Spalding [31].
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1.8.3. Heat and Mass Transfer

The basic heat and mass transfer problem is governed by the combined buoyancy effects arising
from the simultaneous diffusion of thermal energy and chemical species. Therefore the
equations of continuity, momentum, energy, mass diffusion are coupled through the buoyancy
terms alone, if there are other effects, such as the Soret and Duffor effects, they are neglected.
This would again valid for low species concentration levels. These additional effects have also

been considered in several investigations, for example, the work of the Caldwell [9], Groots and

Mozur [18], Hurel and Jakeman [21] and Legros, et al. [26].

Somers [45] considered combined buoyancy mechanisms for flow adjacent to a wet isothermal
vertical surface in an unsaturated environment. Uniform temperature and uniform species
concentration at the surface were assumed and an integral analysis was carried out to obtain the
result which is expected to be valid for P, and Sc¢ values around 1.0 with one buoyancy effect
being small compared with the other. Adams and McFadden [1] presented experimental
measurements of heat and mass transfer parameters, with opposed buoyancy effects. Gebhart
and Pere [16] studied laminar vertical natural convection flows resulting from the combined

buoyancy mechanisms in terms of similarity solutions.

Nanousis and Goudas [29] have studied the effects of mass transfer on free convection problem
in the stokes problem in the stokes problem for an infinite vertical limiting surface.
Georgantopolous and Nanousis [17] have considered the effects of the mass transfer on free
convection flow of an electrically conducting viscous fluid (e.g. of a stellar atmosphere, of star)
in the presence of transverse magnetic field. Solution for the velocity and skin friction in closed
form are obtained with the help of the Laplace transformation technique, and the results obtained
for the various values of the parameters Sc, P, and M are given in graphical form. Raptis and
Kafoussias [35] presented the analysis of free convection and mass transfer steady hydro
magnetic flow of an electrically conducting viscous incompressible fluid, through a porous
medium, occupying a semi infinite region of the space bounded by an infinite vertical porous
plate under the action of transverse magnetic field. Agrawal et al.[2] have investigated the effect
of Hall current on the combined effect of thermal and mass diffusion of an electrically
conducting liquid past an infinite vertical porous plate, when the free stream oscillates about
constant non zero mean. The velocity and temperature distributions are shown on graphs for

different of parameters.
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1.8.4. Thermal Diffusion

In the above mentioned studies heat and mass transfer occur simultaneously in a moving fluid,
where the relations between the fluxes and driving potentials are of more complicated nature. In
general the thermal diffusion effects is of a small order of magnitude, described by Fourier or
Flick’s law, is often neglected in heat and mass transfer processes. Mass fluxes can also be
created by temperature gradients and this is Soret or thermal diffusion effect. There are however,
exceptions. The thermal diffusion effect for instance has been utilized for isotope separation and
in mixtures between gases with very light molecular weight (H,, He) and of medium molecular
weight (N, air). Kafoussias [23] studied the MHD free convection and mass transfer flow, past
an infinite vertical plate moving on its own plane, taken into account the thermal diffusion when
(i) the boundary surface is impulsively started moving in its own plane (I.S.P) and (ii) it is
uniformly accelerated (U.A.P). The problem is solved with the help of Laplace transformation
method and analytical expressions are given for the velocity field as well as for the skin friction
for the above-mentioned two different cases. The effect of the velocity and skin friction of the
various dimensionless parameters entering into the problem is discussed with the help of graph.
For the both cases, it is seen from the figure that the effect of magnetic parameters M is to
decreases the fluid (water) velocity inside the boundary layer. This influence of the magnetic
field on the velocity field is more evident in the presence of the thermal diffusion. From the
same figures is also concluded that the fluid velocity rises due to greater thermal diffusion.
Hence, the velocity field is considerably affected by the magnetic field and the thermal
diffusion. Nanousis [28] extended the work of Kafoussias [23] to the case of rotating fluid
taking into account the Soret effect. The plate is assumed to be moving on its own plane with
arbitrary velocity Ugyf(t ), where Up is a constant velocity and f{t") is a non dimensional function
of time ¢’. The solution of the problem is also obtained with the help of Laplace transformation
technique. Analytical expression is given for the velocity field and for the skin friction for two
different cases; Case-I: When the plate is impulsively started, moving on it own plane and
Case-II: When the plate is uniformly accelerated, the effect on the velocity field and skin
friction of various dimensionless parameters entering into the problem, specially of the Soret
number Sy, are discussed with the help of graphs. In the case of an impulsively started plate and
uniformly accelerated plate, it is seen the primary velocity to increase of Sy and the magnetic
parameter M. the mass fluxes can also be created by temperature gradients and this is the Soret

or the thermal diffusion effect.
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CHAPTER II
Basic Equations and Transformations

Cobble [11] showed the condition under which similarity solutions exist to a hydromagnetic flow
over a semi-infinite plate in presence of a magnetic field and pressure gradient with or without
injection and suction. The heat transfer aspect of this problem has been studied by Soundalgekar

and Ramanamurthy [46] taking the effects of suction and injection.

Following the above studies, Singh [43] studied the problem of Soundalgekar and Ramanamurthy
[46] for large values of suction parameter by making use of the perturbation technique as has been
done by Nanbu [27]. Later Singh and Dikshit [44] studied the hydromagnetic flow past a
continuously moving semi-infinite porous plate employing the same perturbation technique. They
also derived similarity solutions for large suction. This large suction, in fact, enabled them to obtain

analytical solutions and indeed these analytical solutions are of immense value and complement

various numerical solutions.

2.1. Governing Equations of the flow

We consider the steady free convection heat and mass transfer flow of a viscous, incompressible,
electrically conducting fluid past a semi-infinite vertical electrically non-conducting porous plate.
Following the Cartesian coordinate system, the flow is assumed to be in the x-direction, which is
taken along the vertical plate in the upward direction, where, y-direction normal to the plate. The

schematic view of the flow configuration and coordinates system of the problem are shown in fig
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Figure 2.1 : Schematic representation and coordinate system of the problem.



A uniform transverse magnetic field is applied normal to the flow region. Based on the assumptions
that the magnetic Reynolds number of the flow is not taken to be of considerable magnitude so that
the induced magnetic field is taken into account. The magnetic field is of the form H = (Hy, Hy, 0)
on of electric charge is V.J = 0 where J = (J,, J,, J2). Since the direction of propagation of electric
charge is along the y-axis and the plate is electrically non-conducting, J,= 0 every where within the
flow. It is also assumed that the Joule heating effect is small enough and divergence equation for the
magnetic field V.H = 0 is of the form H, = Hy . Further, as the plate is infinite extent, all physical

variables depend on y only and therefore the equation of continuity is given by

L @.1)
ox Oy

whose solution gives v = —F; , where Vj is the constant velocity of suction normal to the plate and
the negative sign indicates that the suction velocity is directed towards the plate surface. In
accordance with the above assumptions and initiating the concept of usual Boussinesq’s
approximation, the basic equations related to the problem incorporating with the Maxwell’s

equations and generalized Oham’s law can be put in the following form:

2 H
u—aﬁ-f-v‘—aﬁ=Ua—?4+gﬁ(?"~Tm)+gﬁ*(C—Cw)+#e—9—ai (2.2)
Ox 0Oy oy p Oy
2

ule gy gy O B0, L B H, 2.3)
Ox oy Ox Oy ou, oy

or . o _ k &T v (ou) 1 (o6H.Y
U—+v—= =i =l g (2.4)
Ox a pC,0° C,\0y opC,\ oy

¥ 2 2

BLLEEIE LT L C+DT§—£ (2.5)

x "ot o

The relevant boundary conditions on the vertical surface and in the uniform stream are defined as

follows:

H:UUJVIVU,TZTW,C:CW, H_\-zf‘rwr at y:{}} (26)

u=0,v=0,T=T7T,,C=C_, H, =0 when y >

where g is the acceleration due to gravity, f is the coefficient of thermal expansion, 7 denotes fluid
temperature, C is concentration of species, 7. and C. are the temperature and species concentration

of the uniform flow, /" is the concentration expansion coefficient, v is the Newtonian kinematics
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viscosity of the fluid, s is the magnetic permeability, Hy is the applied constant magnetic field, H.,
is induced magnetic field, p is the density of the fluid, o is the electrical conductivity, & is the
thermal conductivity, D, and Dy are the chemical molecular and thermal diffusivity, Cp is the
specific heat capacity of the fluid at constant pressure, C,, is concentration of species at the wall, k7
is the thermal diffusion ratio, Up is the uniform velocity, ¥, is the non-zero suction velocity
perpendicular to the wall and H,, is the induced magnetic field at the wall, respectively. In order to

simplify the above equations (2.1) — (2.5) with boundary conditions (2.6), we introduce the
following transformations, viz:

U, u e C-C p U,
=y =L, )=, == p=m 2 H = ’~— —LH 27
1=35 L U, T T, @ =(Co—C.) o 2 (m 2.7)

Then by equation (2.1) we obtain v=, ﬂ%&[rzf’(ry) - f(:q)]
X

2.2. Mathematical Calculations

For equation (2.2):
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Now using equations (2.8) — (2.11) in equation (2.2) we get
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For equation (2.3):
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Now using equations (2.13) — (2.17) in equation (2.3) we get
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= Yoluran - rad) @, -1)0'(r) (2.20)
o'T _ o [or
oy* _ay oy
_0 JoT|on
“on oy oy

0 .
—a{(Tw -T,)0'(m)

U, / Uy
2ux |V 2ux

=(Ty T) °9"(??)

kT _ k e Ol

o, A, (T Tw)zva(n) 221)
Ou 1 S

2] - Lt @2
1 |0H, 2_ Uy 10 12

pcpa{ 5 } ~ {7 (m)} (2.23)

Now using equations (2.19) — (2.23) in equation (2.4) we get

LT, -0 £+ 22l ) - S (T~

k 2 UQZ ' 2
“c & )22 9(n)+ {f( W+ 38 o )
k {1 n U{J2 ' b
or, ——(T IO f0) = —— (T, -T.)20°(n) + {f( W+ =)
pCP Cpc:rpex
Dividing both sides by T, -7, )——
2 2ux
pC U, vp e 5 U, pv o7, K32
. D 5a, -1 N e, 1
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p(,u

: £ 1 :
k C(T T){f()} k C(T 7)2a;¢xu{ )

pC L pCu U {E 1

or, ") +—=2= 6'7) f) + CaT {f”( mf + k C(T T)WM{ 1) =
PCL pCY 2, 1Cp Ul ] 2

or, () +—"= ¢ Ca- m{f( nf + > % O —T)on {H'(n)} 0 (2.24)

For equation (2.5):

cC-C, xU
———= = C=C, +>2¢p(C,-C
" ¥C,-C.) Wty PG
L U“(C -C)p+ “(C{,—Cm)%
6x
-Loc,-copr Hae,-c) 2%
v on Ox
U, U ,
v v 2x
U, U :
= 22(Cy - C)p —L2(C, - C.)¢'(m)
v 20
ac U ,
L —(Co = C)em) f'() - (2.25)
X v
E: x 0 (C C )aqo a’?
Oy on oy
U, , U
. U(Co—Cm)';o(n)wF—”—
v 2ux
v@: UUG[ L4
oy \ 2x
A ,
= [/ (1) - F ] (C, - C.)p' () (2.26)
> 3 >)
o' ayloy
:_fv:[g]@z
on\ oy ) oy
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a | xU, , (U, | [U
= = C.—C¢ ! Pt R V1 i 1
Bq{ 5 Co~Ca)e'(m) Zux} T

= ”(C C) co(fr)

. 0°C_ st
S~ 2 Co=Cwm) @227)
2
T
aa2 AT 06() (2.28)
Now using equations (2.25) — (2.28) in equation (2.5) we get
Uﬂz r ??UDZ r T U(]Z ] o) r
e (Co=Ce(m f () - 2 (G -C.)e (??)f(??)+—"2u [of'(7) - F](C, - C.)e' ()
= U’ U,
= Dus 5 (Cy=C)g" () +Dr (T, ~1.) 726" ()
Uoz ’ UOZ ! e U02 al "
or, —=(C, = C)e(m) f'(m) = =(Co = C.)¢' () f (1) = Dn— 5 (C, = C..)9" (1)
v 2v 2v
+ Dr (T, T) Yy 9(?})
U 2
Dividing both sides by Dmﬁ(Cu -C,)
I, D. v
g e — pom —rm ST o
f (me(m) f e’ (m) = 9" (1) + C.—C.xU, D, ()
" v ' LG I.-T, Dp v
g 8 = S B 29
or, ¢"(1) + D, Fme'(m) D, 2f(n)¢(n)+co_cw U, Dmﬁ' (m=0 (2.29)
Boundary Conditions:
Forn =20
" ity & Uy
u=U, :f(T?)—UG U, 1

v=V, =

Lo ar - f )=V,
X

2x
vU,

or, nf'(m)— f(m) =V,
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2x
vU,

n-fm=-f, a n=0, f0)=f,

=1, I= e -1
TW_T@ TW_TQQ

as f'(m=1, f, =V,

T=T, = 6(0)=

G, =plyem—cm Ll Coola,
AC—C). | (6=E.) (C,~6.)

Hy=H,

For n —

u=0 :>f?(c0)=0
v=0 = B~ fn)=0

or,nf'(m)— f(n)=0
Or,f’(ﬂ)=% S f(0)=0 as pow©

T=Tno :g(w)=T_Tm Tm_
[ N

|

I
T,

-

C=C =*¢(w)=—chc°° = Ga=Cs
x(CQ _Cw) X(Cu - Cm)

H, =0

Now we define the following dimensionless parameters

Grashoff number : G, = gh (T, —ZTQ):Zx

U,
* - 2
Modified Grashoff number : Gy, = 22 (CE} Co)2x
0
Magnetic Parameter : M _Hy |4
U\ p

Magnetic diffusivity : P, =ovy,

puC,

Prandtl number : P, =

29

C,-C

w o0

x=—2r =
(G -C,)



U,

Eckert number;: £, =———0
C(L,~1,)

[+

Schmidt number: S =_g_

c

m

Soret number : S :ﬂ_ﬂr_
(Cu - Cw)Unx
Therefore, substituting equations (2.7), (2.12), (2.18), (2.24) and (2.29) into (2.2) — (2.5) with

boundary conditions (2.6) and introducing the above non-dimensional quantities and ignoring the

asterisk (*), we obtain

") + S )+ G6+G, o +M H'(p) =0 (2.30)
H'(m)+ B, {f () H'()+H(n) f'(n)} - P, .nH@) f"(n) +2M P, f"(7) =0 2.31)
6"(n)+ P, 0'7) £(7) + PeE, L")} + 5},—{H 1= 232)

"M +S.f(me'(m) =28 . f (me(n) +S,5.0"(;7)=0 (2.33)

with transformed boundary conditions

O =1, f(0)=1,60)=1¢0)=1, HO)=h= 1} B8
f'(0) =0, 8(0) =0, ¢p(0) =0, H(x0)=0 .

where 6 is the dimensionless temperature and f, = -V, L4 h = JEH“’M B, L

vU, H v

To obtain the more convenient form of above equations (2.30) — (2.33), we further introduce the

following transformations:

E=nf,, f(n) = f,F &), Hmn) = £,LE&), 0(n) = £,’G(&) and ¢(n) = £, P(&) (2.35)

For equation (2.12):
E=nf = 2=,
fm) = £,F(&)

’ ' 65 2
f(??)=wa(§)5;=fw F'(¢)
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£ = f.fF"(r:)z—‘f = £2F"®)
n

£ = f,fF’"(é’)% ) 2.36)
@ f'a) = fFE) £, F'(&) = £,'F(EF"(&) (2.37)
G0 =G, f,'G($) (2.38)
G0 =G, f, P(&) (2.39)
MH'(7) = Mfwﬂ'(f)% = MIAL/(E) (2.40)

Now using equations (2.36) — (2.40) in equation (2.30) we get

LF @+ L FEOF )+ G.1,/GE)+ G, f,' P(&)+ Mf,’L'(€)=0
Dividing both sides by f,*

or, F"(&)+ F(§)F"($)+ ;2 [G.G(E)+ G, P(E)+ ML'(8)]=0 (2.41)

For equation (2.13):

H) = £,LE) = H@) = L& = £21¢)

on
H" () = ffL"(é‘)% = @ (2.42)
FWHm) = £, F' &) f,LE) = £, F'(E)LE) (2.43)
SH )= f,FE&) L&) = £, FLE) . (2.44)
Hm) ") = L& £, F' (&) = £, LEF'(E) (2.45)
"= £,)F'(¢) (2.46)

Now using equations (2.42) — (2.46) into equations (2.31) — (2.33) we get

L E+Pn 1L F(ELE)+ £, F(EL'(E) - Pm}i FALEYF (&) +2M Py £.2F"(E)=0

w

Dividing both sides by £’
L'(E)+Pu F'(E) L) + F(OL'(E) - P& LE)F"(8)+2M Py F'(5) =0 (2.47)

31



For equation (2.14):

o) = £,G(&) = 0'(p) = fﬁG'(:)% = £)G©)
0"(m) = fﬁG"@)?i - 146" @)
n

o) =£,FE) G ) =L FEGEQ)

(') = £ F @)

(H'M) = £ (L&Y

Now using equations (2.48) — (2.51) in equation (2.32) we get

1
2P,

LG &)+ P £ FEG &)+ PE £, (F'(&)f +=— £ (L' 1=0

Dividing both sides by f.*

G'(§)+ PrF ()G (§)+ PrE [ f’ =(F©) + 2},, (L’(r:))z] Al

W

For equation (2.15):
o) = £,/ P(E) = o'(n) = ffP'(cf)% = 12P(E)
o= PO = 1P
n
e = £, F &) [ P& = £, F(E)PE)
o' ()= £, F(E) f,P(&) = f,"F(E)P'(&)
6"(17) = fW’G"(f)g—‘f = £.4G"(®)
n
Now using equations (2.53) — (2.55) in equation (2.33) we get
£ P(E) 28 £, F(EPE)+S.: £, F(E)P(E)+S0S: f,'G"(&)=0

Dividing both sides by £,*
P'(&)-2S . F'(&E)P(E) +S F(E)P'(E) +SoSe G"(£)=0
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Boundary Conditions:

For £=0

fm=7, = f)=fF@) or, £, = f,F(&)=F()=1
1

2

w

o) =1= £.2G(&) =1 or,G(«:)=#=e

w

=&

fm=1= f,’F'(&)=lor,F'(¢)=

1

o) =1= £’ P(&) =1, or, P(£)=

3 =%

w

Hy=1=H(n)=> f,I(&) =1, or, L(£) =fi= Je

w

For £ 5w
fm=0=F()=0
6() =0=G(5)=0
() =0= P(5)=0
H(7)=0=L(£) =0

Therefore, substituting equation (2.35) into equations (2.41), (2.47), (2.52), (2.56) with boundary
conditions (2.34)

F"(&)+ FEF' &)+ £[G.GE)+ G,P(E)+ ML(E)] =0 @.57)
L)+ Pl FE)LE)+ FE)L(E) ]-Pné LEF'(E)+2M Py ()= 0 2.58)
G'(&)+ P, F(&)G/ (&) + P Ee[ e(F"(&)f +% L@©)1=0 259

P'(&)-2S. F'(E)P(E)+S. F(E)P(&E)+ SoS. G'(€)=0 (2.60)

with transformed boundary conditions

F&)=1,F'(§)=¢,G¢)=¢, P&)=¢ LE)=e a §=0}

@.61)
F'(§)=0,G(£)=0, P(§)=0 L(§)=0 at &—>w
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CHAPTER 111
Perturbation Solution

To obtain a complete solution of the coupled nonlinear system of equations (2.57) — (2.60) under
boundary conditions (2.61), we introduce the perturbation approximation. Since the dependent
variables F, L, G and P are mostly dependent on £ only and the fluid is purely incompressible
one, we expand the dependent variables F, L, G and P in powers of small perturbation quantity
¢ such that the terms in &* and its higher order can be neglected. Thus we assume

F)=1+e RO+ KH(E)+ K&+

............. (3.1)
L&) =€eL(&)+E L, (E)+E Ly(E) + ... (3.2)
G(&)=€G (&) + &G, (E) + &G (E) + o, (3.3)
P(E)=e R(§)+ & P(E) + & P(E) + v (3.4)

L F'(&)=¢eF +&*F' +&°F/' +

F'¢&)=eF" +F," +&F" +

From equation (2.57):

/ i i k 1
eR" +& K" +F" +. ..+ (+eF+&'F,+'F, +..)e F +&*F," +&'F, +..)

+&[G, (G, +&’G, +&°G, +..)+G, (e L+ &P+’ P, +..)
+M(eL' +&’L, +&°L) +..]1=0

For first order O(¢):

eF" +eF"=0=>F"+F" =0

For second order O(&?):

e F'+ e*FF'+ £*F} + £2G,G, + €2G" P, + £’ ML! = 0

= K+ R+ F+GG +G, B +ML =0

Again

L'=¢eL +&Li+&'L +......

L'=¢L!+&L]+& L+



From equation (2.58):

L'+ L)+ L] +.....+ P, (e F/+ 6> F) + £’ F! +..)(e L, + €’ L, + £’ L, +...)
+P,(1+eF+&*F, +&’F, +....)(e L, + £’L, + &L +....)

—P (L +& L, +& Ly +..)(F+..) +2MP, (6 '+ & F) + £’ F!+...) =0
For first order O(¢):

L'+ P.L +2MP.F'=0

For second order O(&?):

L3+ P(FL + KL + L)~ P,EL F'+ 2MP,F =0

Again

G'=&G| +&’Gy +&°G} +...

G"=¢G/+&°Gy+&°Gl +....

From equation (2.59):

eG/+6°Gy+ &Gy +...+ P.(1+ e F, + &’ F, + £’F, +.) (¢ G| + £’ G} + £°G}, +..)

i PrEr{g(gFl"-r e'F+ & F'+.)? +%(5 Li+&’Ly+&’ Ly + ..)2} =0

m

For first order O(¢) :
G/+PG =0

For second order O(g?):
EP
2

P

m

G+ P.(Gy + FG))+

(L))" =0

Again

P'=¢P+&’P +&°P +....

P =g P+ 2" PlHet Pl +....

From equation (2.60):

P+ P+ &P +...—25 (e F/+ 6*F} + &' F} + .)(e P, + 6*P, + &°P, +..)
+S (eP +&’ P+ P +.)1+&eF +&°F, +&’F, +..)

+8,5, (G +€°G) +£°G+..) =0

For first order O(¢):

B'+S P +8S,5.G/'=0
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For second order O(&?):

B-28 RF/+S,(PF +F)+5,5.Gy =0
So that the first order equations are:
B4+ H=0

L/+P, L +2MP, F'=0

G!+'PGl =0

P'+S,P'+8,5,G'=0

with boundary conditions

Bl =l s P ln = Gy B

e
F'=0,G, =0, =0,L, =0 at £ >
and the second order equations are :
F'+ FF'+ F+G,G,+G, P+ ML =0
L+ P (FL +FL +L))—PELF'+2MP.F; =0
G1+ P,(Gy + FG) + 25

m

Py -2S RF'+S.(PF + P)+5,5.G; =0

(L))*=0

with boundary conditions
F,=0,F;=0,G, =0,B,=0,L,=0at =0
F, =0,G, =0,P, =0,L, =0 at £ > >

Now we are interested to solve equation (3.5) — (3.8) with boundary conditions (3.9) and

equation (3.10) — (3.13) with boundary conditions (3.14)

From equation (3.5) we have

F'+ F/=0

The general solution of equation (3.5) is given by
Fi=c +c,é+ce™®

Applying boundary conditions:

F,=0, /=1 as £=0 and F'=0 as { >

s 0=+, Fi=c,—ce™, l=i;—c,and 0=k, sothat ¢, =0,¢c, =0,¢,

Hence the complete solution of equation (3.5) F,({)=1-¢"*
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(3.5)
(3.6)
(3.7)
(3.8)

(3.9)

(3.10)
(3.11)

(3.12)

(3.13)

(3.14)

(3.15)



Again from equation (3.6) we have
L'+P,L +2MP, F"=0

Here Fi=1-¢* .. F'=—¢*
Sothat L+ P, L/ =2MP,e™¢

The complementary function is obtained by

- i
L.=c +c,e

Now the particular integral

1

L, =————32MP ¢
D*+P,D
_2MPe¢
-7
e 2MPe”*
The general solution is L, =¢, +c,e”* +-—}1WP’”Tf

Using boundary conditions:

Lizias E=0and L,=0as >

Vé

1 2MP, 1 2MP,
S—==¢q+¢;+—" and ¢, =0, sothat ¢, =0, ¢, =—=—
\[‘E I_Pm ‘\/E I_Pm

Hence the complete solution of equation (3.6) is

2 2MP
1, - 20 [L ]

NE 1-F,

7177 2 S
e —e " —
L
or, LI (5) = Al (e'g _e_Pm‘f)_l_ Kle-.”mé

where 4 =—M—R", K, =L

1-P, JE

Again from equation (3.7) we have

G/+PG =0

or, L, = =t

e

The general solution is G, = ¢, +c,e”"*
Using boundary conditions:

G =1lasé=0and G=0 as £
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~1=¢ +c, and 0 =c¢, sothatc, =0, ¢, =1

Hence the complete solution of equation (3.7) is

G(§)=e" (3.17)
Again from equation (3.8) we have

P'+S P +8,5.G'=0

Here G, =e™ .G =—Pe™ ™ G'=P'e™

s P4 S P =-S8 P

The complementary function is obtained by

P.=¢/+ee™*

and the particular integral is

1

By = i g OB

-S S Pet
or, P =—2 ¢ 1

P8

n, g SSPe ™
The general solution is P, =c¢, +c,e ot Lo
=8

Using boundary conditions:
P =1 as (=0 and A=0 as &> w
S,S.P,

Sl=¢+c, -

and O0=c, so that c1=0,c2=1+P" ~r

r ¢ r €

Hence the complete solution of equation (3.8) is

s sSSP
P -8, B =5

or, B(&) = d,e7¢ + A, (3.18)

5,8,P

=

where A4, =1-4,, 4, e

Again from equation (3.10) we have

F'+FF'+F'+G,G +G,P+ML =0
Here Fi=1-e¢™, F'=—¢*, G, =¢ P =4, + 4,7,
L =4, (e-é g Tk )+ Ko™,

LI' B A1 (Pme—ﬂué —e‘é )_ K]Pme—.n,,g
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DB E ==k - Ge ™ — G, e — G, Ae™ — MA(Be — e )+ MK, Pe

The complementary function is obtained by
F,=e,+ec,E+oe°
and the particular integral is

1 B G, re_ Gudy se__Gods -re
FEP:D"'+D2(E§+82£)_D3+D2€r_D3+12)26 _D3+;)2€
AMIPm e—Pm§+ M4! e—f 4 MKIPm e—Pmﬁ

D’ + D’ D’ + D’ D’ + D?
£ b G G G A MAPE'™  MAL
e e i L 3 N T 2 3 T
3D’ +2D 4 -P’+P° -8’+8' -P’+P* -P’+P’ 3D*+2D
MK, P, e ™*
-P¥ep?

G e—P,.g GmAze—Scﬁ GmAse'Pr'f ﬂfq]e'nué
+ +

+ + MAEe ¢ -
3¢ T PE ) 525 ) BAp D) B(R 1) A

The general solution is

1'l/.)'Kle"P“"‘f
P,(P,-1)

-Fé o Sc8 -
Fy=c +c,é+ce® +le'25+(1 + MA e ™ + G, +EG’"A3)6 + G”;Azc + (M, — MK, Je ™
4 zie-1) &6 EE-D

Using boundary conditions:
F,=0,F)=0asé=0and F;=0as £ >w

O=c +c, +l+(G’ +G’"A3)+ G4, +(M’41 - MK))

4 PY(P-1) S8°s.-1) P.(B-1)

(G, +G,4,)e™ G 4

RN S S 7 =3 ¢
F,=¢,—cse 2e +(1+ M4, e —(1+ M4, e PP 1) 5.(5.~1)

(M4, — MK, )e™"*

(B, -1)

1 (G, +G,4,) G4 (M4, - MK,)
c0=c,—co——+H(1+ M4 )—>—+-_—m" 3/ L e’ S 1 1
O e M) - 6D (o)

c,=0

(G, +G,4) G,4, (M4 -MK,)
p(p-1) s.(5.-1) (-1

c, =—%+(1+M4,)—

R i
=g =rMA )+ P(-) "S.-) " ®B-) 4  P(p-1)

G,4, (MAI _MKI)

SHs-1) BE-D
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(MI _MKI) = 1 = (Gr +GmA3)

.F; zl_(1+m1) + (Gr +GmA3) e GmAZ %
2 P(E-1) ' S5.(5.-1)
- GmAz _(1%4|—MK1) l:_l+(l+m)_
881 BlB-U L2 '

_(Ma-MK)| 1 ¢
) e +4e +(1+11M,)§e +
G,Ae ™ | (MA) - MK, Je"

848 1) P,(P, -1)

Hence the complete solution of equation (3.10) is

-1 4  pp-1)

(Gr +GmA3) == GmAE
R(R-1) s.(s.-1)

(G, +G, 4 )"
P (P -1)

(&) =%-9'25+D;§e‘f + Dye "+ De S+ De + Dyet + D,

where D, =14+ MA4,, D, =G, +G,4,, D,=G,4,, D, =

D, = D12
P -1
Dis 1
D,=MA -MK,, D,=——2 D, =——+D,
B,(P, -1) 2
D, 1

10

=m= D, =_Z_DS__D9_DIU_D?

Again from equation (3.11) we have

L)+ P,L, + P,(F!L, + F,L\) - P,EL,F"+ 2MP, F!' = 0

Here F, =1-¢™, F/=e, F'=—c"

-D,-D;-Dg, Dy =

D, D,

Dl
R*(P.-1)

| s a s £ -
F==e®+Dée* + D™ +Dye*+D,e™™ + Dee™* + D,
4

1 = = _r _
Fj=——e*-Dée*+De* —D,Pe " -D,,S,e* -D,Pe™ — D™

2

Fy=e*+Dée* +(Dy—2D,)e* + D,P’e™™ + DS e + D, P,’e™"

L=l (e"”c —e ' )+ Ko Il'=u (Pme"P""f —e* )— K P’

S Ly+P L +P, le'g {A, (e'g —e“p""f)+ Ke ™ }+ (1 —e " ){A, (e_é + Pt )— K Pt }]

e ) T S
P(p—1) "7 " 8(8.~1)

3

(3.19)

—Pe{a (e —e ™ )+ Kie ™ f—e7t) +2MP, [e ¥+ Diget +(Dy - 2D, )¢ + D, P

+D,,S, ‘e %+ D,P e ]=0
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sLy + PLy + P [Ae™ —Ae™"™ L Kie™""% g + P Ae™™ —K,P e ™

—Ae™® — A P e e 4 K P.e %14 AP Ge™ — AP LotV 4 K P e fmths
+2MP,e* +2MP, (D, -2D,)e™® +2MP, D,&e™* +2MP, D, P, e™"
+2MP,D,,S. e™** +2MP, D,P,’e™"* =0
Or, Ly +P,Ly+ P, (K, — 4 — AP, + K\P,)e """ £ P 2(4 —K))e ™ + A Pe¢
+ AP, e +(K — 4 ) e T DE L2 MP e £ 2MP, (Dy —2D))e ¢ +2MP, Dife™*
+2MP,DyP*e™ " +2MP, DS, 2e 5 +2MP,* D,e ¢ = 0
The complementary function is obtained by
L, =c¢+ cze_P'"f
Now the particular integral is

1 Py -P ”
Ly =~ 5P (K =4 = AP, + KB 4 2~ K)e™ 4 AP,

+ A, P,&e* + (K, — 4, )™ ™" + 2MP, e +2MP, (Dy —2D,)e™* + 2MP, D,&e”*

+2MP,D,Pe™* +2MP, D,,S. e +2MP,>D,e™" ]

__ PR A AR KR P -K) e AP o APE o
(P, +1)* =P, (P, +1) 2D+ P, 1-P, D*+P.D

L AP@D4R) e EK=4) g (Ki=4)@D+P) e, MBy o
(p* + P, DY D +P.D (p* + P, DY 4=2F,

2MP,(Dy =2D,) ¢ 2MEP,D, _ 2MP,D@2D+P,) . 2MP, D,P’ Y
1<=P D*+P,D (Dz+me)2 P*-PP

- 2MPm )DH]SC2 e—Sc¢ 2M§Rﬂ3D‘! e~Pm¢f
S?-P.S. 2D+ P,

P (K —A4) (P, +1)e e

P + +éP A — 4 4 jm AP
+1—-P m( 1 Kl)e' me ! e": " 1 m(g e---z;
( m 1)(‘():” 1 m) I_Jm I 21!?1

5 AL, Q2D+1F,) 2% c(K - 4) g UBANE (K, —4)2D+F,) o~ (Fn*E
(4-28,) (B 4137 = By (B +1) (B, +1? - £,(B, +1)}

(MPy_2p 2ME(D-2D) ¢ 2MERD ¢ 2MEDQD+E,)
B2 2=l £=] (B,-1)
_2MBDP, _pe2MB,DyS,

'E- _'Pm Sc' _‘Pm

e ¢ +2MEP 2D e "
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AIPm e—§+ Aleé: e-lé’
1-P, 2(P, -2)

=B, (4 - K, )" + &P, (4, - K )e ™™ -

L Alpm(Pm _24) e-zg i ‘E(Al Ny Kl)e—(P,,,+:)§ i (A] . Kl)(sz + 2) e—(!’m+1)¢’ + M-Pm e—zg
4P, -2) (P, +1) (P, +1) P 2

L 2MP,(Dy -2D) . 2MP, D/ée™® N ZMPmD](sz—Z) o5, 2MP, DyPe™"*
P -1 P, -1 (2, =1) B =E

, 2MP, DS e

+2MEP 2D e ¢
Pm —SC § m T

The general solution is

AP, . AP
L=, +c,e™™ + P (4 — K% 1+ P (4, — K e é — ifm e AFub

1-P, 2(P, ~2)
AIPm(Pm ‘“4) e-zg e g(AI e Kl) e—(Pm+1)¢ + (Al - Kl)(Pm it 2) e—(.",,,+1)¢ + MPm e—zg
4(p, -2) (P, +1) (P, +1)* P -2

L 2ME,(Dy=2D) ¢ 2MP, D te* L2MP,D(P,-2) 2MP,D,P.e” "
P, -1 P, -1 (B, -1 P,-P

+ 2MP;meize‘5°‘f +2MEP, D"
Using boundary conditions:
L,=0, as {=0 and L, =0 as &> o
AP AP.(E. —4)+(A, - K, XP, +2)+ MP,

...0: P A ‘_K 1" m
¢ +ec, + m( 1 1)+Pm_1+ 4(Pm_2)z P, +1)° P —2

, 2MP,(D, ~2D,) 2MP,D,(P, =2) 2MP,D,P, 2MP,D,S,
P 7. —1) P,-P,  P-S,

and ¢, =0, so that

AR,  APP, -4 (A-K)PB,+2) MR,  2MP(Dy-2D)
P -1 4(pm~2)2 (P, +1)* B, -2 P, -1

P -2 (P 4
¢ 2MED(B, =) IMEDOL,  2MEDiSeyrie (4 o p o
(Pm_l) Pm—Pr ‘Pm_Sc

L, =~[P,,,(A1 —K1)+

+(4 - K,)P,Ee”n" — ALy e+ Alns e+ AL _j) g clA— k) e Fm+hs
1-P, 2(P,-2) 4(2,-2) (P, +1)

+ (AI = Kt)(sz +2) e—(F,,,+1)¢ 0, MPm e—2¢ 4 2MPm(Di_2D1) ik 2MR¢:?1‘§€_§
(P, +1) P, -2 P, -1 P, -1
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ZMPJ‘ND]. (Rn il 2) -& ZMPm D?R'eupré 2M}Dﬂi '[)Il}Scemsaf
+ i +
(5=1) B=F 5=S,

Hence the complete solution of equation (3.11) is

+2MEP,D,e™ "

L, (&)= Bie™™™ + Bige™™ + Bye™ +Bie™ +B,e™™™ + Be™ + Be™ + B,e™*

+Bye ™ + Bye ™ + Be™™ + B & + Bybe WV 4 B e 6 + B Lo (3.20)
AP =4 = )
WhereBlzpm(Al"Kl),Bzz 1 m’ 3:_‘%2’, 4=(A] Kl)(sz“i' ), 5= MPm .
P, -1 4(P, -2) (P, +1) P -2
2MP, (D; —2D),) 2MP,D,(P, —2) 2MP, D, P 2MP,D,,S.
B, = m ; B, = m m2 g B e o T m b,
P -1 (P, -1) P -P P, =8,

B, =-[B,+B,+B;+B,+ B, + B, + B, + B; + B, ],

= ‘A'].Pm J IZ:AI_K|,BI3:M, 814=2MPM2DT
2(P, -2) P, +1 P, -1

m

11

Again from equation (3.12) we have

EP.

Gl +P(G) + FG)) + 29 (L) = 0

Here G, =¢™, G/ =—Pe™™

F=1-e%, L =4l - )+ Ke ™, Ll = 4 (Pe™ —e)—K,P,e

(L) =4’ (Pe™™ —e)? + K’P e _24 K P, (P,e”™ —e¢)e
=4’ (P, e —2P e et +e )+ KPP 2 24K P, e + 24K, P, e e
=(42P + K2R —24,K,P,2 k% +QAK,P, —2P, A7 V% 4 4267
=P.H(A4, —K e 4 (2A, K.P, -24’P, )e‘“’»*”@ + 4%

The complementary function is obtained by

G, =oyvee ™

and the particular integral is

1 O N T ane _BE, 2D\, -(BtE
Gzpzm(a (1-e®)e g_EP’" (4, -K))e —E(ZA,K,RH—MI P)e
_R‘EL' A12€—2§)
2P

m

B Y p ~{(BH)E 1 BEE 2 2PE
- r et — e A SN o i e —K e
D*+PD D*+PD Fipp 2 A7k

r
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RE _QAKFE -24°F) s __BE 4’ ¢

" D’+PD 2P, D*+PBD2P,
— ‘Przé e—-",ﬁ W Prze_(ﬂﬂ)g - Pr‘PmEc(Al _“ql)2 e—szf
2D+ P, P?+2P +1-P>—-P 24P -2P.P,)
2
_ PJ'EC szlKl‘Pm _2A1 Pm e_(Pm_'_”g _ 1 R‘E{.‘ Aze_2¢
P?4+2P +1-PP —P 2P, 4-2P 2P
=—pP tgfe—Pré = ‘Pr2 e~(f’,+1)§ — PrEc(AI = Kl)z e—zP,,,é + A] PrEc(Al = Kt) e—(!},,+1)§
’ (P +1) 4(2P,-P) (P, +1)(P, - P, +1)
- PrEcAIZ e—2§
4Prn (2 - ‘Pr)

The general solution is

2 2
G, =c, +e,e e —p it _ 4 s _LE(4 —K) ot ALE(4-K) e

(B, +1) 42P,-P,) (P, +D(B,—P.+])

_ PrEcAiz o %
4P,2-P)
Using boundary conditions:

G,=0,asé=0 and G,=0 asé > w

“0=c¢, +c P’z PE(4-K) 5 AP E(4-K) P,!ECAI2
TR (P41 4@2P,-P) (P, +1)2,—P +1) 4P.(2-P)

and ¢, =0, so that

G| B REWA-K) ARE(4-K)  _ BEA o _peti B e
*“|(@&+) 42R,-P) (B,+1XP,—P+1) 4P,2-P) £ (P+1)

_BE(A-K) ane, ARE(A-K) _pue__ BEA o2
42F,-P) (B, +1)( B, —P.+1) 4P.(2-P)

or, G, (&)= 4,8 — 4,67 — Ao 1 407 P — g7 4 fe7H (3.21)

2 2
= AP E (A —K
where 4, =-P,, 4, = . : A{):PrEc(Al k) . A = L E (4 1) ,
P, +1 4Q2P, —P.) (B, +1)(P, — P +1)

= ‘PrEL'AIZ

=l 4= d+A—A+4
8 4Pm(2—ﬂ) A’Q 5 6 7 8

Again from equation (3.13) we have

P} 28 .PF+S,(P/F,+P))+8,5,Gf =0
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Here
F=1-¢°
sE=e,
= e + 4,7 *
=4S¢ — APe™
G, = 1445.9_’”"f —Aje‘”’r*')f _Aﬁe-zr”mé +A7e_“b”'”)¢ _Ase—zé +Age_")’5
$Gy= A8 F — ARG + (B AN 124 P e
— 4, (B, +1)e™ "¢ 12 407 — g P

and

Gy =—APe™ —APe™ + 4,6P%e™™ — A (P, +1)2e D8

—44,P, e + A, (P, +1) e _ 4467 + 4 P
The complementary function is obtained by
B.=c+ .cz.e‘s"‘f
and the particular integral

2
)y = EAzSc o (SeE | 3‘433(: e (BDE | fZSc oS 4 ljSPrSc
D” +S8.D D*+S.D D800 D*+S.D

]

2
A4S soms __ABS. s 25S.AP, pe S,S.A o

4= r e—P,‘:
D*+8.D D*+8.D D*+8.D D2+SCD§

A S,S.(B, +1)° e (BHDE | 44,b, S S, e 2R _4,5,8.(P, +1)* o (PnDE
D* +S.D D*+S.D D*+S.D

JAGSS, o APSS. g
D* +8.D D*+8,D

__ 248 -4S’ o-Sog , 248, — ABS, + 4S,S, (P, +1)° e—(;r:.u)g
(S, +1) =8.(S, +1) (P, +1)* =S,(P, +1)

54 AR A BSARASSI o1y ASSEL g, ASSEE
_SC‘E' r ScPr (PE—SP)

4,46&“:'2 25 AS, S (P, +1)* B, 45uSedhy -2
4})2 25.P, (Pm+1)2—Sc(Pm+1) T 28,

— 4,8, Ee

_248.-482 some | 248~ APS, + AS,S(A+1)’ (pu
(S.+1) (B +D)(E =S, +D

— 4,8 &e™¢

45

et (S, —2R)e



i A4S, . +2S,S 4, — 4,S S P, 0Pt _ AS.S.P . A,8.S, (5.~ 2P )
P—§, 2 =5 (.-5.)
L2488, ane 4,8,8.(P, +1) ot | 28.5: 4y 2
2P -8, (P,-S.+1) 2-8,
The general solution is
Pop pEaE g 24,8, — 4,8, oS48 24,8, — AP, + A4S,S. (B, +1)° - (PHDE
oL M- (S, +D) 2 +1)(P -5, +1)
e Azscée—s;‘f 4 ABSC i 2SoScA4 = A‘)SuSc'Pr e‘Pr‘f 4 ScSo}::- ée—f’rf + A4SC‘SU 5 (S‘ _2})’-)6—"15
B.=S, =5, (2.-8.)

L2ASS Py o ASS(PutD) e, 25,54 e
2P -8 (B, S, +1) 2-8,

Using boundary conditions:
P,=0 as £=0 and G,=0 as £ >

clme, +e, 4 225 ~ A4S, 24S. - APS, + 4SS, (P, +1)’ , A4S, +25,8.4, — 4S,S,P,
(S, +1) (P, +1)(P, - S, +1) P, -8,

A,S.S, 24,5.S,P, A4,8,S.(P,+1) 25,8 4
+ e (5, ~2P) + - +
(P -5.) 2F. =8, (B.—S,+1) 2-8,
and ¢, =0, so that

24,S, - 4,S.> 24,8, —A,PS. +AS. S.(P. +1)
] 2 27e 3 e =ET e 5 0™ ¢ r

ol 4,8, +2S,S. A, — A,S,S_P.
: (S, +1) (P +1)(P. -S, +1) P8
4,58, (S, —2p ) 2A6SSuPy | ASSP+1) 25,5y | s
('F:- & Sc )2 I " 2‘Pm Sc (Pm N Sc + 1) 2~ S;

4] 2
245~ 45 oS¢ | 245 =~ RS, + 4SS (B +1)" _(pane _ 4,8, £e5
(Sc+1) (B +1)(B ~ 8, +1) |

" A4S, +2S,S A, — A,S,S.P. o Pk AScSaPrg =hE +~—A£SESL(S —2P)e™"
PS8, E =S (B-S.)

L2458,y ane AS,S(But) nne , 25,54 o
2P, -8, (B, —S,+1D) ]
or, P(£) = Eje™™ + E,e "8 4 E " 4 f et _ o (Pa¥

+E@e™ + E,e™™ + Ege™>* — Ejbe™™* — E,je™™* (3.22)
The solution of the equations (3.5) — (3.8) and (3.10) — (3.13) up to order 2 under the prescribed

boundary conditions are obtained in a straightforward and are:

46



F(&)=1-¢* (3.23)

L&)=4e e )+ Kol (3.24)

G (&) =e"* (3.25)

P (&) = Aye™¢ + A" (3.26)
1 )

F (&)= Ze-’*ﬁ +Dé&e™* +Dye ™ + Dige™ % + D.e™™* + Dye™ + D, (3.27)

L,(&)=Be™ ™" + Bte™™ + Be™ + Bie™ + Be™ " + Be ™ + Bee¥ + Bt +Bye ™

+Bye™¢ + Be™™ + B, Ge + Bt "V 4 B Lot + B Lo (3.28)
G, (E)=A,Ee™™ — A" _ L e L A gD _ g 1 4o (3.29)
Pz@’) :EE—PJ _I_Eze~{n‘:+l)§ +E;€_{S‘+])§ +qu—2ﬂ,¢ ~E§€_(P"’+1}§ +Eﬁe'2§ +E_’e—f}r§ +Eae_5‘¢ _E)&-b}é _E@—Ré (3_30)
where the constants 4,, B,, D,, and K, are shown in Appendix 3.A

The above solutions (3.15) — (3.22) are however valid for 2, =S_#1 and P, # S,

The velocity, temperature induced magnetic field and the concentration can now be calculated
from (3.1) — (3.4) as follows:

u

o =) = Fl+ ey + e'F, (3.31)
(1]

H(mp) =+eL + &L, (3.32)

0(n) = G, + &G, + £*G, (3.33)

@(n)=F + &P, + £°P, (3.34)

Thus with the help of the solutions (3.23) — (3.30) the velocity, temperature, induced magnetic
field and concentration distributions are calculated from (3.31) — (3.34). However for different
values of the established parameters, the results of the velocity, temperature, induced magnetic
field and concentration distributions are plotted graphically and the coefficient of skin friction

and heat transfer are given in tabular form in CHAPTER 1V.
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Appendix 3.A

2MP 1 A
Ay K =— A, =14, 4, w5k
1-P. JE ° P -8,
D2
D =1+ M4, D,=G,+G,4,, D, =G,4,, § = ,
B(B~1)
D, = D, : D, = D, y D, = D, i
S.(S.-1) Bl RE~1)
1 D, D
D 8-t PPt PR jp . SN B
8 2 1 4 5 6 9 P,Z(P, _1) 10 Scz Sf _1)
1
Dnz—Z_Ds—Dg—Dw—DT, D, = M4, - MK, , B =P (4, -K,),
AP B APu(Py =) _ (4K )P +2)
2T P’ T AP =ay " : (B 1)t
MP, 2MP, (D, —2D,) 2MP,D,(P, -2)
B, = > Bii= ’ B, = 2 ’
P,-2 P, -1 (P, -1)
2
Bi= MP”’D"’R, Bgzm, By=—{B +B,+B,+B,+B;+ B+ B, + B, + By ],
Pm_Pr Pm_Sc
AP, - 2MP_ D
By Sy Blzz“u’ T, B, :2MPm2DT
2(p=0) P, +1 B =
2 2 7 -
4=, pIne ) 4 -BEG-KY | AREM-K)
F+1 42F,-F) (B + DB, =B +1)
PEA’
O L o | = A+ A - A4, +
8 4Pm(2_R.) A9 5 6 7 Aﬂ
E - AS,+25,8.4, - 4,S,S.P. £ - 24,S,— A,PS, + AS,S.(P. +1)
= =

) 2

F.=8, (B, +1)(F, =S . +1)
E. = 2A2Sc - AZSCI e—fscﬂ)i Bi= ZAGScSoPm . A?SnSc(Pm +1)
’ (S, +1) i T YU =8
E{}:M, E?z_A*EEc:‘_ng_(Sc_gpr),
2_Si‘ (‘Pr _Sc)
S.S,.P
Ey=-E -E -E-E -E -E-FE,, Ey = 4,8, =A;)L_S.
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CHAPTER1IV

Perturbation Solutions and Results Discussions

The system of coupled, nonlinear, ordinary differential equations (3.5) — (3.8) and (3.10) —
(3.13) governed by the boundary conditions (3.9) and (3.14), respectively are obtained by using
perturbation technique. In order to get insight into the physical phenomena of the problem, it is
required to find the approximate numerical results of the first order solutions (3.23) — (3.26)
along with the second order solutions (3.27) — (3.30), concerning the velocity, temperature,
induced magnetic field and concentration. For more consistent results the numerical
approximation of the second order solutions (3.27) — (3.30), with the assist of the first order

approximation, have been carried out here for small values of Eckert number E,= 0.2 (which is

the measure of the heat produced by friction) with different selected values of the established
dimensionless parameters like Soret number (Sp), Grashof number (G,), modified Grashof
number (G,,) for mass transfer, suction parameter f,,, magnetic parameter (1), etc. Since the two
most important fluids are atmospheric air and water, the values of the Prandtl number (P;) are
limited to 0.71 for air (at 20°C) and 7.0 for water (at 20°C) for numerical investigation. The
other parameters like magnetic diffusivity (P,) and Schmidt number (S.) are chosen to be fixed
values 3.0, 0.6, respectively. With the above mentioned parameters the velocity and temperature
profiles, the variation of induced magnetic field and mass concentration are presented in the
following Figure 4.1 through Figure 4.20.

Figures 4.1 and 4.2 show the effect of Soret number (Sy) on the velocity and temperature fields
respectively. It is observed that velocity increases with the increase of Sy but there is no
remarkable effect of Sy on the temperature field. Also the velocity decreases more with

increasing Sy for negative values of modified Grashof number G,, and it becomes negative and

asymptotically tends to zero far away from the plate surface.
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Figure 4.1: Velocity profiles for different values of Sp (with fixed values of P, = 0.71, M= 1.5,
G,=10.0, f,, = 3.0) taking G,, = 4.0 and —4.0.
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o S0=0.0 Gm= 4.0
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Figure 4.2: Temperature profiles for different values of S, (with fixed values of P, = 0.71,
M=15,G,=10.0, £, = 3.0) taking G,, = 4.0 and 4.0.

The variation of induced magnetic field and mass concentration with Sy are shown in Figure 4.3
and Figure 4.4 respectively. It is seen that with the increase in Sy, the induced magnetic field
decreases but the reverse effect is observed for the mass concentration, that is, concentration
increases with increasing So. The induced magnetic field becomes higher for negative values of

G, but show increasing with increasing Sy as observed in Figure 4.3.
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Figure 4.3: Variation of induced magnetic field for different values of Sy (with fixed values of
P,=0.71, M= 1.5, G,=10.0, £, = 3.0) taking G,, = 4.0 and —4.0.
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Figure 4.4: Variation of concentration for different values of Sy (with fixed values of P, = 0.71,
M=15,G,=10.0, f, = 3.0) taking G,, = 4.0.

The effects of suction parameter (f,) on the velocity and temperature fields are presented in
Figure 4.5 and Figure 4.6, respectively. Both of them are found decreasing with increasing f,,.
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Figure 4.5: Velocity profiles for different values of £, (with fixed values of P, = 0.71,
So=3.0, M=1.5,G,=10.0 and G,,=4.0).
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Figure 4.6: Temperature profiles for different values of f,, (with fixed values of P, = 0.71,
So=3.0,M=15,G,=10.0 and G,,=4.0).

Figure 4.7 and 4.8 respectively show the effect of £, on the induced magnetic field and mass
concentration. The induced magnetic field rapidly increases with the increase of f,, but
concentration first increases very close to the plate surface and then found to decrease further

with increasing f,, away from the surface.
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n

Figure 4.7: Variation of induced magnetic field for different values of £, (with fixed values of
P,=0.71, 8, =3.0, M= 1.5, G,= 10.0 and G,, = 4.0).

1.4 -

Figure 4.8: Variation of concentration for different values of £, (with fixed values of P, = 0.71,
So=3.0,M=1.5, G,=10.0 and G,, = 4.0).

The effect of Grashof number (G;) on the velocity and temperature fields, induced magnetic
field and mass concentration are displayed in Figures 4.9 and 4.10 and Figures 4.11 and 4.12,
respectively. Figures show that velocity increases with the increase of G, but the induced
magnetic field decreases with increasing values of G,. No considerable effect of G, on the

temperature and concentration is found as seen in Figure 4.10 and Figure 4.12, respectively.
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Figure 4.9: Velocity profiles for different values of G, (with fixed values of P, = 0.71, Sp = 3.0,
M=125, f,=3.0 and G, = 4.0).
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Figure 4.10: Temperature profiles for different values of G, (with fixed values of P, = 0.71,
So=3.0,M=1.5, f,=3.0 and G,, = 4.0).
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Figure 4.11: Variation of induced magnetic field for different values of G, (with fixed values of
P,=0.71,8,=3.0, M= 1.5, f,= 3.0 and G,, =4.0).
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Figure 4.12: Variation of concentration for different values of G, (with fixed values of
P.=0.71,8,=3.0, M= 1.5, f,= 3.0 and G,, = 4.0).

Figure 4.13 and Figure 4.14 observed the effect of magnetic parameter (M) on the velocity and
temperature fields. The effect of magnetic parameter (M) on induced magnetic field and mass
concentration are shown in Figures 4.15 and 4.16, respectively. As M increases, velocity
increases but the induced magnetic field decreases as shown in Figures 4.13 and 4.15,
respectively. But no significant effect is observed on the temperature and concentration gradient

for the variation of magnetic parameter as observed in Figure 4.14 and Figure 4.16, respectively.

3 1 |
|
2.5 + —o M=0.5 .
2 *’x%x M=1.0
K B = M=
s / \5\_5 | —x-M=1.5
w, Long & % e
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Figure 4.13: Velocity profiles for different values of M (with fixed values of P, = 0.71,
So=3.0, £,=3.0,G,=10.0and G, =4.0).
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Figure 4.14: Temperature profiles for different values of M (with fixed values of P, = 0.71,
So=3.0, f,=3.0,G,=10.0 and G,, = 4.0).
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Figure 4.15: Variation of induced magnetic field for different values of M (with fixed values of
P.=0.71, So=3.0, £, = 3.0, G, = 10.0 and G, = 4.0).
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Figure 4.16: Variation of concentration for different values of M (with fixed values of
P,=0.71, So=3.0,£,=3.0,G,=10.0 and G,, = 4.0).

Displayed Figure 4.17 and Figure 4.18 show the effect of Prandtl number (P;) on the velocity
and temperature fields where as Figure 4.19 and Figure 4.20 show the effect of P; on the induced
magnetic field and concentration, respectively. Here we see that both velocity and temperature
decrease with the increase of P.. A reverse effect is observed for the induced magnetic field.

Here the induced magnetic field increases with increasing P; as is seen in Figure 4.19.

Figure 4.17: Velocity profiles for different values of P; (with fixed values of Sp = 3.0, f;, = 3.0,
M=15, G,=10.0 and G,, = 4.0).
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Figure 4.18: Temperature profiles for different values of P; (with fixed values of So = 3.0,
f»=3.0,M=15,G,=10.0 and G,, =4.0).

——Pr=0.71
Pr=7.0

Figure 4.19: Variation of induced magnetic field for different values of P, (with fixed values of
So=3.0,£,=3.0,M=15,G,= 10.0 and G, = 4.0).
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Figure 4.20: Variation of concentration for different values of P, (with fixed values of Sy = 3.0,

£,=3.0,M=15,G,=10.0 and G,, = 4.0).

Again with increasing P;, the concentration is found to increase first very close to the plate
surface and after that it further decreases and asymptotically approaches to zero away from the

plate surface (Figure 4.20).

The variations of the values proportional to the coefficients of skin friction f 7(0) and heat
transfer —9’(0) with the variation of the values of different selected established dimensionless

parameters are tabulated in Table (4.1) — (4.4).

Table 4.1: Variations of the values proportional to the coefficients of skin-friction (/" (0)) and
heat transfer (-4’ (0) ) with the variation of S (for fixed values of P, =0.71, S. = 0.6,
£,=3.0, M=15, G,=10.0 and G,, = 4.0).

So 1" (0) -9'(0)

3.0 6.250391 1.92228
1.5 4250391 1.92228
0.0 2.250391 1.92228

From Table 4.1, it is observed that with the increase in S,, the coefficient of skin friction

increases but no effect of Sy on the coefficient of heat transfer is perceived.
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Table 4.2: Variations of the values proportional to the coefficients of skin-friction ( /" (0)) and

heat transfer (-4’ (0) ) with the variation of £, (for fixed values of P, = 0.71, S, = 0.6,
S0=3.0,M=1.5, G,=10.0 and G, = 4.0).

Ju f"(0) -9(0)
5.0 -0.04977 3.24787
3.0 6.250391 1.92228
1:5 18.50078 0.96905

From Table 4.2, it is seen that, with the increase in f;,, the coefficient of skin friction highly
decrease and the rate of heat transfer increases. The usual stabilizing effect of the suction

parameter on the boundary layer growth is also evident from this Table.

Table 4.3: Variations of the values proportional to the coefficients of skin-friction ( £/ (0)) and

heat transfer (—9’(0) ) with the variation of G, (for fixed values of P, = 0.71, S, =0.6,
S0=3.0,£,=3.0, M= 1.5 and G,, = 4.0).

Gy " (0) -9 (0)
10.0 6.250391 1.92228
5.0 3.902973 1.92228
3.0 2.964006 1.92228
3.0 0.147105 1.92228
-5.0 —0.791860 1.92228

Table 4.3 shows that with the decrease in G,, the coefficient of skin friction gradually decreases

but there is no effect of G, on the coefficient of heat transfer as is seen in the Table.

Table 4.4: Variations of the values proportional to the coefficients of skin-friction ( f i (0)) and

heat transfer (=4’ (0) ) with the variation of M (for fixed values of P, = 0.71, S, = 0.6,
So=3.0, f,,= 3.0, G,=10.0 and G,, = 4.0).

M (0 -9 (0)
3.0 4.750391 1.52290
1.5 6.250391 1.92228
1.0 6.750391 2.01990
0.5 7.250391 2.09978

From Table 4.4, we see that with the increase of induced magnetic field M, both the coefficient

of skin friction and the coefficient of heat transfer reduce significantly.
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Table 4.5: Variations of the values proportional to the coefficients of skin-friction ( f "(0)) and
heat transfer (—9’ (0) ) with the variation of P; (for fixed values of S. = 0.6, So= 3.0,
fw=3.0,M=1.5, G,=10.0, and G,, = 4.0).

Py 7(0) -9 (0)
0.71 6.250391 1.92228
3.0 2.666667 7.78750
7.0 2.031746 17.87920

It is observed from Table 4.5 that, with the increase of the Prandtl number P, the coefficient of

skin friction decreases but the rate of heat transfer extensively increases.

Table 4.6: Variations of the values proportional to the coefficients of skin-friction ( f (0)) and
heat transfer (-9’ (0) ) with the variation of S, (for fixed values of, P, = 0.71, Sy = 3.0

Sw=3.0,M=1.5, G,=10.0 and G, = 4.0).

Se (0 -9'(0)
5.0 4.294836 1.92228
3.0 4472613 1.92228
1.5 4917085 1.92228
0.6 6.250391 1.92228
0.1 17.361500 1.92228

Table 4.6 shows that with the decrease in S, the coefficient of skin friction sharply decreases but

no through effect of S, on the coefficient of heat transfer is seen here.

Table 4.7: Variations of the values proportional to the coefficients of skin-friction ( f 7(0)) and

heat transfer (-’ (0)) with the variation of G,, (for fixed values of P, = 0.71, S, =0.6,
S0=3.0, f,,=3.0, M= 1.5, and G, = 10.0).

Se ") ~&(0)
4.0 6.250391 1.92228
4.0 —6.194050 1.92228

The coefficient of skin friction decrease with the decreasing values of S. from positive to
negative but no significant effect of S, on the coefficient of heat transfer is observed as is seen in

Table 4.7.
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CHAPTER V

Numerical Scheme and Procedure

In Chapter IV, we have obtained the approximate analytical solutions of the system of coupled
nonlinear ordinary differential equations (2.30) — (2.33) with boundary conditions (2.34) by
using the perturbation technique. In this Chapter, our aim is to solve the same equations
(2.30) — (2.33) together with the boundary conditions (2.34) numerically using a standard initial
value solver numerical procedure based on the sixth order Runge-Kutta integration scheme
along with Nachtsheim-Swigert iteration technique. Also for more accuracy of the solutions, a
comparison will be made of the numerical results adopting the aforementioned numerical

techniques with the obtained analytical approximate results through graphs and tables.
Nachtsheim-Swigert iteration technique

To obtain the solution of the system of ordinary differential equations (2.30) — (2.33) with
boundary conditions (2.34), an extension of the Nachtsheim-Swigert shooting iteration
technique (guessing the missing value) (Nachtsheim and Swigert (1965)) together with Runge-
kutta sixth order integration scheme is implemented.

It is clear that the numbers of initial conditions are not sufficient to obtain the particular solution
of the differential equations, so we require assuming additional missing/unspecified initial
conditions. Thus, in this method, the missing initial conditions at the initial point of the interval
are assumed and with all the initial conditions (given and assumed) the equations are integrated
numerically in steps as an initial value problem to the terminal point. These are to be so assumed
that the solution of the outer prescribed points also matches. The accuracy of the assumed
missing initial condition is checked by comparing the calculated value of the dependent variable
at the terminal point with its given value there. If match is not found (a difference exists) at the
outer end then another set of missing initial conditions are considered and the process is
repeated. This trial and error process is taken care through Nachtsheim-Swigert iteration
technique and the process is continued until the agreement between the calculated and the given
condition at the terminal point is within the specified degree of accuracy. For this type of
iterative approach, one naturally inquires whether or not there is a systematic way of finding

each succeeding (assumed) value of the missing initial condition.



The boundary conditions (2.34) associated with the system are of the two-point asymptotic class.
Two-point boundary conditions have values of the dependent variable specified at two different
values of the independent variable, where the outer boundary conditions are specified at infinity.

There are four asymptotic boundary conditions and five known surface conditions as well as
four unknown surface conditions f 7(0), H'(0), &' (0), qo’* (0) here. Specification of asymptotic

boundary condition implies that the value of velocity approaches to zero, the value of induced
magnetic field approaches from unity to zero, the value of temperature approaches from unity to
zero, and the value of concentration approaches from unity to zero as the outer specified value of
the independent variable # is approached infinity. The governing differential equations are then
integrated with these assumed surface boundary conditions. If the required outer boundary
condition is satisfied, a solution has been achieved. However, this is not generally the case.
Hence a method must be devised to logically estimate the new surface boundary conditions for
the next trial integration. Asymptotic boundary value problems such as those governing the
boundary layer equations are further complicated by the fact that the outer boundary conditions
are specified at infinity. In the trial integrations, infinity is numerically approximated by some
large specified value of the independent variable. There is not a priori general method of
estimating this value. Selection of too small a maximum value for the independent variable may
not allow the solution to asymptotically converge to the required accuracy. Selecting a large
value may result in divergence of the trial integration or in slow convergence of surface
boundary conditions required satisfying the asymptotic outer boundary condition. Selecting too
large a value of the independent variable is expensive in terms of computer time. Nachtsheim-

Swigert developed an iteration method, which overcomes these difficulties.

Within the context of the initial value method and Nachtsheim-Swigert iteration technique the

outer boundary conditions may be functionally represented as

S Ene) =11 (£1(0), H'(0), 6'(0), ¢’ (0)) = 6, (5.1)
H(£,) = H(S"(0), H'(0), 8/ (0), ¢' (0)) = 5, (5.2)
O(Enax) = 0" (0), H'(0), 6'(0), ¢ (0) = 5, (53)
P(Emax) = 0(f" (0), H'(0), 6(0), ¢'(0)) =4, (5.4)

With the asymptotic convergence criteria is given by

I ) = L7 (F"(0), H'(0), 0'(0), ¢ (0)) = & (5.5)

H' (&) = H' (" (0), H'(0), 6/ (0), ¢ (0)) =6 (5.6)
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0’ (Smax) =6 (/" (0), H'(0), 6'(0), ¢ (0)) =, (5.7)
@' (Emax) = @' (" (0), H'(0), 6'(0), ¢ (0)) = &, (5.8)
Let us choose f"(0)=g,, H' (0)=g,, 0'(0)=g,, ¢ (0)=g,, and expanding first order

Taylor series expansion after using the above equations (5.1) — (5.8), yields

: ; of’ of' of’ of'
P E) =1 Em)+ Ltg + L g, + L g, + L ng, =5, (5.9)
0g, 0g, 0g, 0g,
OH OH oH oH
H(élnax):HC(gmu)-'-—Agl +—Ag2+—Ag3+—Ag4 =§2 (510)
agl agz 5g3 6g4
o0 00 o0 00
g(gmax):ac(gmax)"' Ag] Tt Agl i ‘Ags +—Ag-i ='§3 (511)
0g, og, og; 0g,
0 0 0 o
@(gmax)z‘;ac(gmax)-}-i&gl +—@&gz +—¢Ag3 +'_5£Ag4 254 (512)
agl agz agz. og,
a i a W a i a M
£ E) = 1 (r:,m)+éfﬁgl +éz\gz + Ej; Agy + a’; Ag, =5, (5.13)
1 2 3 4
! ! ! !
ohee Ly i 3o ae B OB o TR 5 (5.14)
og, 0g, og;, Ogy
06’ 00’ 00’ 00’
ef(émax)=gc”(§max)+a_agl +6_Ag2 + Agj + Agri =5? (5‘15)
g1 b8 ag; 684
i op' oo’ e’ ¢’
0 (Ea) = 0. (Enn) + 22— Mg, + 22 Ag, + 22 Agy + 22— Ag, = &, (5.16)
0g, 0g, 0g, og,

where subscript ‘c’ indicates the value of the function at &, determined from the trial

integration. Solution of these equations in a least square sense requires determining the

minimum value of the error as
E=6+68,"+6"+48"+6, +6,+5," +8; (5.17)
with respect to g;, g,, g; and g,.

Now differentiating equation (4.17) with respect to g,, g,, g, and g,

0. a0
5|%+52%+5‘3%‘+54%+55%+56 656+5?a T+58 320 (5'18)
og, og, og, og, og, og, og, og,
o l51e) [510) 0o l51s) a0
520 5,y Oy B0 B0 D6 5 B0 5 PO (5.19)
0g, og, og, og, g, og, og, og,
1510) oo oo 0o
y D B0 e B O s Bl D08 PO 5 T0k g (5-20)

0g; 0g, 0g, 0g; 0g; 0g; 0g; 0g;
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o6 o8
4 , —=+6, 653_‘_54 00, +J
0g, og, og, og, 0g, og, og, og,

=0 (5.21)

Now using the equations (5.9) — (5.16) in the equation (5.18)

) of of’ of' f o, H H H
Ag L/ «‘
{ = %, 2t %, 25 + 2, } 2%, Hi—dgt =0t égs A&i]b:

& B %
a6 o6 o0 op op aqo op op

+| 6. +—Ag +—Ag, +—Ag, + Ag] { 0, +—Ag, +—Ag, +—Ag,; +——Ag

li g, 1 g, : 0g; ’ 0g, ! 0g, 0g, l 08, 0g; 08, ! 0g,
B 0 Vi G i i I i
H| 1+ T ng + L g, + Lo ng, + L pg, |L

L 0g, 0g, 08, og, og,

B / i i / !
P H;’+6H Ag]+aH Ag2+aH - OH o' . }61{

i g, g, 0g; 0g, g,

B 69 / / / /
- 9c +—— g, +ag Ag2+69 Ag_1+69 Ag }69

L og, 0g, 0g; 08, og,

I B 0 0 0 0
. chf (0 Ag, + §0 Ag, + (P Ag, + = Aga] 99 =0

L 0g, 0g, 0g; og, og,

/ 2 2 2 2 i 2 / 2 / 2
or, Fef | == [ ] == | =—| [ Agl
og, g, g, g, dg, g, g, dg,
[ o i’ OH 0H 00 00 , dp op af” of" +aH’ oH' +ae9’ 00’ +a¢f o/ ] &
¢, 0, 0g, 0z, Oz, 08, 02, 08, 0%, Og,  Og, Og, | 0%, 08,  Og, 08, |

o o oo 000 dpop o' of' o' o’ 20' 20" a9/ 0]
_5g3 dg, 0g;0g Og,0g Og,08 Og,0g Og, Og Og,; Og, Og,; O |

_giéﬁ—ka—Ha—H—I— 20 %4— aqﬂ a_g0+afﬁ afh’ +aH.-’ 6Hr’ +aga" aga’ +6¢Jf aqpf"
| 0g, Og, Og, 0g, Og, og, oOg,0g Og,dg Og, Og, Og, Og Og, 0g |

! i J / g
=_[f;i+ B0t Pt S p P g 100 0P } (5.22)
0g, 0g, g, 0g, 0g, g, 0g; g,

Ag,

Similarly by using the equations (5.9) — (5.16) in the equation (5.19), (5.20) and (5.21)

{af’ﬂ+§£ﬂ+ od 39 5_1;0 dp +5fﬂ afﬂ _}_6.(‘1‘“f oH' +59J 00’ _|_t':3qf)’r a@!}Ag
og, 0g, Og, O0g, 0Og agz ag| og, O0g, o0g, Og, Og, Og Og, Og 0%, I

or'Y (e Y (o0Y (o0 (ar"Y (ou') (06') (o¢'Y
i) A el ] A ) (5] )

0g, og, 0g, og, og, 0g, og, 0g,

A/ ! " " / / / ! / /
Lo o oHoH 96 00 0 op O&f" o OH'0H' 00" 36"  0¢' dp }Aga
_ags dg, O0Og,0g, O0Og,0g, O0g, 08, og, g, Og, O0g, 0g; og, 0g, 0g,

[ Apf ! - " " ! / / / / /
of' of % oH oH i 06 o6 i op 0@ i of" of i oH' oH +a€ 00 i dp' dp }qu
_584 og, og,0g, OoOg,0g, Og,08, Og,0g, Og, O0g, Og,O0g, 0%, 0%,
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; ! i ! ! /
:{f G gy L O W0 O g PR 50,80 +qp;a¢’] (5.23)
0g, ‘ og, 5g: “ og, og, 0g, og, 0g,

and

[af’f af’ +6H oH 4 o6 o686 . op Op +5f” 5f” +5H’J oH' _'_@9'e 08’ _'_649Jr at;of}
og, 0g, Og, Og, Og Og, Og Og, Og Og, Og Og, Og Og, Og, Og, 1

[ gl / i i / / / ! ! !
n of of 4 oH oH i 08 @ A Op O@ +6f of +6H oH +69 00" o¢ O s
._agz og; Og, 0g; 0Og, 0g; Og, 0g; Og, Og; Og, Og; Og, 0g; 0g, 0g;

i /N2 2 2 2 W2 JN2 /\2 i N2
|\ 9, 085 0g; 08 0g; 0g; 0g; 0g;

2 ! i i ! / ! ! ! /
_{6f of' OH OH 00 90 op dp o' o'  oH'oH' 20" 20" dp agﬂ o
og, g, Og,0g, oOg,0g, Og,0g, Og, g, Og, 0g, Og, 0g, Og, 0%,

f ! i
{f’ A a—H o B0 B0 a0 i B 1 80 100 ] (5.24)

0g; 0g; aga 5g3 ags -

[af* of [OHOH 20 29  0p dp " of" oH'oH' 20'00' d¢’ agoi]

og, og, Og, O0g, Og Og, Og Og, Og Og, Og Og, Og Og, Og Og, I

/ / I 1/ / ! ! / / /

+{ii+5’H@H+69 00 , 09 09 o' " oH'oH' K 06' 00 o9 aq%
og, 0g, O0g,dg, Og,0g, Og,0g, Og, 0g, Og, Og, 0%, 0gs 0Og 0g

og, g, og,0g, oOg,0g, Og,0g, Og, Og, Og, Og, Og, g, Og, 0%,
o' N (am ¥ (88X (o0Y (or'Y (e’ (a0’ (80 Y
Aa) (o) (o) () +(%) 5] ) ) [

0g, 0g, 0g, 0g, 0g, 0g, 0g, 0g,

{ I ! - !
={fc’ o +H, 6H+6L o0 +o, Op +ﬂ_”§f_+Hc’aH +9’f69 @c,ago}
0g, og, 0g, 0g, og, og, 0g, 0g,

! /! I 1 ! ! f / ! /
J{Gf of LOH OH 00 90 dp dp o' o' oH'oH' 00’00  0p 6@9} ‘

(5.25)

We can write the equations (5.22) — (5.25) in system of linear equations in the following form
as.

a, Ag, +a,Ag, +a;Ag; +a,Ag, = by,

(5.26)
a, Ag, +a,Ag, +a,Ag, +a,Ag, =b,, (5.27)
ay,Ag, +a,,Ag, +ayAg; +ay, Ag, = by, (5.28)
a,Ag, +a,Ag, +a,;Ag, +a,Ag, =b,, (5.29)

where
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(3] () - () 5G]
() (&) (&) () (&) (R G ()
) (&) () ) () () 3T (3
=) () (3 -6 () (5 (R3]

@}ﬂ : 6H 5H 69 69 5‘@ op af” @rﬁ oH' oH' +59€ 06’ +5§0x 3ga'#
0Og, 0g, ag1 agz agl agz agl og, agl agz Og, Og, Og Og, Og Og,

WQ
Il
4.

ap =ay; =

/ I 1l / / ! / i /
o oHOH 9000 dpdp oo oH oH' 0030  op' op

a.=da
B og, 8g, og, 0g, Og, 0g, Og, 0g, Og, Og, Og, Og;, Og, g, Og Og;

o o +8_H OH , 00 09  0p 0p _ﬁ’” o +6H" oH' . 00’ 00’ N d¢' dp'
og, og, Og, o0g, Og oOg, Og Og, Og Og, Og Og, Og 08, og, 0g,
' / I I 'l / |
0y may, Y OHOH 0000 0p0p 'Y oH oH' 0636 op 3y
0g, 0g; Og,0g; Og,0g; Og, 0g; Og, Ogy Og, Og; 0g, O0g; 0Og 0%
%, 52 _i’af’ﬁH OH 09 09  op dp @f"’ af” oH' oH' ae’ o0 afp oy
A e e, | O, Og, | O, 0%, 0%, 08, 0%, O, 0%, O O, 0gs | 08, 0%,
of of OHOH 360 o6 .09 op @f” of" +aH’ oH' +a_9” 06’ +a_¢f' o'
og, 0g, ags 884 ag‘ 58'4 5‘g3 og, ag3 og, O0Og, Og, 0Og, 0g, Og; 0g,

I -/ ! /
{f —+H ———+9 90 4 %ﬂ‘c”af +H,/ o +6, o +¢, aqo}
5g , 0g, g, 0g, 08, 0g,

ay =

ay, =

Ay =03 =

" / / /
b :—f”af +H — oH +6, la_fp_ %*‘fcﬁ@( +Hcf OH 4 cf 00 +0on op il
0g, 0g, agz agz 0g, 0g, 0g, 0g,

L +6‘: L
B 0g; 0g; ag 3 ag 3 0g; 0g; 0g; 0g;

[ / / i f
by,=—f. Z—+H, E-‘-g 60 5. f”@r gy B, gt 00 +go’a¢}

! i ! ! !
by =— 1. o +H 2ie] +6, oF +, Op +fc”i+Hc’ 2 +0. od +, g } ;
0g, 0g, 0g, 0g, og, 08, 0g, g,

Now solving the equations (5.26) — (5.29) by Cramer’s rule, we have

det 4, det 4, det 4, det 4,
= A e = and Ag, =——, where
O = et d” " et d” T e i
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det 4=

det 4, =| 2

det 4; =

by
by

a4
ayy
3
A3y
Aaq
ayy ap
24 21
) det Az —
A3y asy
A4y %)
ayy ayy

a a
4 21
2| det4, =

A3y ayy

Ay Qg

Then we obtain the missing (guess) values as

g < g +Ag

g, < g tAg,
8; < & +Ag;
g, < & +Ag,

(5.30)

Based on the integration done with the aforementioned numerical technique, the velocity f, , the

induced magnetic field H, temperature 6 and concentration function ¢ are determined in terms

of the similarity variable 7 for some selected values of the established parameters. In the process

of calculation, the skin friction coefficient f,, (0) and the heat transfer rate —6,(0) are also

evaluated. The numerical results thus obtained for velocity and temperature fields in terms of the

similarity variable are plotted in graphs together with the analytical approximate results to make

a comparison of the solutions below:
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Figure 5.1: Comparison between velocity profiles of numerical solution and perturbation
solution (P, =0.71, Sy =3.0, £, = 3.0, M= 1.5, G, = 10.0 and G,, = 4.0).

14 —=— Numerical Solution
\
0.8 - '\ Perturbation Solution
@ 064 \
\\
0.4
o
N
0.2 '\\_\
| \\‘_“—\—»‘k
0 ; - = i oo -
0 0.5 1 1.5 2 2.5 3

Figure 5.2: Comparison between temperature profiles of numerical solution and perturbation
solution (P, =0.71, Sy =3.0, £, = 3.0, M= 1.5, G, = 10.0 and G,, = 4.0).
The values proportional to the coefficient of skin friction and the rate of heat transfer are

compared by putting them in tabular form given below:

Table 5.1: Comparison of the values proportional to the coefficient of skin friction and the rate
of transfer heat between numerical solution and perturbation solution (P; = 0.71,
So=3.0,£,=3.0,M=15, G,=10.0 and G,, = 4.0).

Perturbation solution

Numerical solution

77(0)

6.250391

6.209126

-6(0)

1.922228

1.918692

Therefore, a very good agreement is found between the numerical results and the analytical
approximate results as seen in the above Figures and Tables.
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CHAPTER VI

Conclusions

An analysis of the steady MHD free convection heat and mass transfer flow of viscous

incompressible electrically conducting fluid above a vertical porous plate is presented under the

action of a transverse applied magnetic. The thermo diffusion (Soret) effect is taken into

account. Approximate numerical results for the second order solutions incorporation with the

first order solutions regarding the velocity, temperature, induced magnetic field and mass

concentration are presented for different selected values of the established dimensionless

parameters. A numerical solution have been obtained by using standard initial value solver

numerical procedure based on the sixth order Runge-Kutta integration scheme along with

Nachtsheim-Swigert iteration technique to measure the accuracy of the approximate results.

On the basis of the figures, it is concluded that:

a.

b.

The velocity increases with the increase of Soret number (Sp)

For negative values of modified Grashof number (G,), the velocity decreases more
with increasing Sp.

There is no remarkable effect of Sy on the temperature field.

The induced magnetic field decreases with the increase of Sp.

Concentration increases with increasing Sp.

Both the velocity and temperature are decreased with the increase of suction

parameter (f,,).
The induced magnetic field increases rapidly with the increase of £,.

Concentration increases very close to the plate surface and then decrease away from

the surface with the increase of f,.

The velocity increases with the increase of Grashof number (G,).

No considerable effect of G, on the velocity.

The induced magnetic field decreases with increasing values of G,.

No considerable effect of G, on the temperature and concentration are found.

The velocity increases with the increase of magnetic parameter (M).

The induced magnetic field decreases with the increase of magnetic parameter (M).
No significant effect is observed on the temperature and concentration with the
increase of M.

The velocity decreases with the increase of Prandtl number (P;).



q. The temperature decreases with the increase of P..
r. The induced magnetic field increases with increasing P..

s. The concentration increases with increasing P..

On the basis of the tables, it is concluded that:

a.

With the increase in Sy, the coefficient of skin friction increases but no effect of S, on the
coefficient of heat transfer is perceived.

With the increase in f;, the coefficient of skin friction highly decreases and the rate of
heat transfer increases.

With the decrease in G,, the coefficient of skin friction gradually decreases but there is
no effect of G, on the coefficient of heat transfer.

With the increase of induced magnetic field M, both the coefficient of skin friction and
the coefficient of heat transfer reduce significantly.

With the increase of the Prandtl number P,, the coefficient of skin friction decreases but
the rate of heat transfer extensively increases.

With the decrease in S,, the coefficient of skin friction sharply decreases but no through
effect of S. on the coefficient of heat transfer.

The coefficient of skin friction decrease with the decreasing values of S from positive to

negative but no significant effect of S, on the coefficient of heat transfer.

From the comparison of numerical solution and perturbation solution a very good agreement is

found between the numerical and analytical approximate results.
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