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Abstract

A perturbation method known as “the asymptotic averaging method” in the theory of
nonlinear oscillations was first presented by Krylov and Bogoliubov (KB) in 1947.
Primarily, the method was developed only to obtain the periodic solutions of second order
weakly nonlinear differential systems. Later, the method of KB has been improved and
justified by Bogoliubov and Mitropolskii in 1967. In literature, this method is known as
the Krylov-Bogoliubov-Mitropolskii (KBM) method. Now a days, this method is used for
obtaining the solutions of second, third and fourth order nonlinear differential systems for
oscillatory, damped oscillatory, over damped, critically damped and more critically
damped cases by imposing some restrictions. Ji-Huan He has developed a homotopy
perturbation method for second order strongly nonlinear differential systems without
damping. Recently, Uddin ef al. have developed approximate analytical technique for
second order strongly nonlinear differential systems with damping combining He’s
homotopy perturbation technique and the extended form of the KBM method. In this
thesis, an analytical approximate technique will be presented by combining the He’s
homotopy perturbation technique and the extended form of the KBM method for solving
certain type of fourth order strongly nonlinear differential systems with small damping
and cubic nonlinearity. Also, the KBM method will be modified and elaborated to find
out the solutions of fourth order weakly and near critically damped nonlinear differential
systems by imposing some restrictions on the eigen values. To justify the presented
methods, the approximate solutions have been compared to those solutions obtained by

the fourth order Runge-Kutta method.
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CHAPTER 1

Introduction

Differential equation is a mathematical tool, which has its application in many branches
of knowledge of mankind. Numerous physical, mechanical, chemical, biological,
biochemical, and many other relations appear mathematically in the form of differential
equations that are linear or nonlinear, autonomous or non-autonomous. Generally, in
many physical phenomena, such as spring-mass systems, resistor-capacitor-inductor
circuits, bending of beams, chemical reactions, the motion of pendulums, the motion of
the rotating mass around another body, etc, the differential equations occur. Also, in
ecology and economics the differential equations are vastly used. Basically, many
differential equations involving physical phenomena are nonlinear. Differential equations,
which are linear, are comparatively easy to solve and nonlinear are laborious and in some
cases it is impossible to solve them analytically. In such situations, mathematicians,
physicists and engineers convert the nonlinear equations into linear equations by
imposing some conditions. The method of small oscillations is a well-known example of
the linearization. But, such a linearization is not always possible and when it is not, then
the original nonlinear equation itself must be used. The study of nonlinear equations is
generally confined to a variety of rather special cases, and one must resort to various

methods of approximation.

At first Van der Pol [1] paid attention to the new (self-excitations) oscillations and
indicated that their existence is inherent in the nonlinearity of the differential equations
characterizing the process. This nonlinearity appears, thus, as the very essence of these
phenomena and by linearizing the differential equation in the sense of the method of
small oscillations, one simply eliminates the possibility of investigating such problems.
Thus, it is necessary to deal with the nonlinear problems directly instead of evading them
by dropping the nonlinear terms. To solve nonlinear differential equations there exist
some methods. Among the methods, the method of perturbations, i.e., asymptotic
expansions in terms of a small parameter are foremost. Perturbation methods have
recently received much attention as methods for accurately and quickly computing
numerical solutions of dynamic stochastic economic equilibrium models, both single-

agent or rational expectations models and multi-agent or game theoretic models. A
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perturbation method is based on the following aspects: The equations to be solved are
sufficiently “smooth” or sufficiently differentiable a number of times in the required

regions of variables and parameters.

The KBM [2-4] method was developed for the systems only to obtain the periodic
solutions of second order nonlinear differential equations. Now, the method is used to
obtain oscillatory as well as damped, critically damped, over damped, near critically
damped, more critically damped oscillatory and non-oscillatory solutions of second, third,
fourth etc, order nonlinear differential equations by imposing some restrictions to obtain
the uniform solutions. Ji-Huan He [5-7] has developed a homotopy perturbation technique
for solving second order strongly nonlinear differential systems without damping effects.
Belendez et al. [8] have applied He’s homotopy perturbation method to duffing harmonic
oscillator. Later, Uddin ez al. [9-11] have presented an approximate technique for solving
second order strongly nonlinear oscillatory differential systems with damping effects
combing by the He’s [5-8] homotopy perturbation and the KBM [2-4] methods. The

method of KB [2] is an asymptotic method in the sense that & — 0. An asymptotic series

itself may not be convergent, but for a fixed number of terms, the approximate solution

tends to the exact solution as &— 0. It may be noted that the term asymptotic is
frequently used in the theory of oscillations in the sense that & — . But, in this case,

the mathematical method is quite different. It is an important approach to the study of
such nonlinear oscillations in the small parameter expansion. Two widely spread methods
in this theory are mainly used in the literature; one is averaging asymptotic KBM method
and the other is multitime scale method. The KBM method is particularly convenient and
is the extensively used technique to obtain the approximate solutions among the methods
used to study the nonlinear differential systems with small nonlinearity. The KBM
method starts with the solution of linear equation (sometimes called the generating
solution of the linear equation), assuming that in the nonlinear case, the amplitude and
phase in the solution of the linear differential equation are time dependent functions
instead of constants. This method introduces an additional condition on the first
derivative of the assumed solution for determining the solution of a second order
equation. The KBM method is demanded that the asymptotic solutions are free from
secular terms. These assumptions are mainly valid for second and third order equations.

But, for the fourth order differential equation, the correction terms sometimes contain
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secular terms, although the solution is generated by the classical KBM asymptotic
method. For this reason, the traditional solutions fail to explain the proper situation of the
systems. To remove the presence of secular terms and obtain the desired results, we need
to impose some conditions. The KBM method with some special conditions for fourth
order weakly nonlinear differential systems and the homotopy perturbation technique for
fourth order strongly nonlinear differential systems with damping almost remain
untouched. The main objective of this thesis is to find out these limitations and to fill
these gaps and to determine the proper solutions under some special conditions. The
results may be used in mechanics, physics, chemistry, plasma physics, circuit and control

theory, population dynamics, etc.

In this thesis, we have chosen fourth order nonlinear autonomous differential equations
that describes strongly nonlinear oscillatory differential system with small damping and
cubic nonlinearity to solve by combining the He’s [5-11] homotopy perturbation
technique and the extended form of the KBM [2-4] method. Also the modified KBM
method has been extended to solve weakly and near critically damped nonlinear

differential system.

In Chapter 2, the review of literature is presented. In Chapter 3, an approximate
analytical technique has been developed for obtaining the solution of certain type of
fourth order strongly nonlinear oscillatory differential system with small damping and
cubic nonlinearity. The KBM method has been extended to solve weakly and near
critically damped nonlinear non-oscillatory differential system with special conditions in

Chapter 4. Finally, in Chapter 5, the conclusions are discussed.



CHAPTER 2

Literature Review

Nonlinear differential equations show varieties characters. But, mathematical
formulations of many physical problems often result in differential equations are
nonlinear. In many situations, linear differential equation is substituted for a nonlinear
differential equation, which approximates the former equation closely enough to give
expected result. In many cases such linearization is not possible, and, when it is not, the
original nonlinear differential equation must be tackled directly. During last several
decades in the 20" century, some Russian scientists like Mandelstam and Papalexi [12],
Krylov and Bogoliubov [2], Bogoliubov and Mitropolskii [3] unitedly investigated the
nonlinear dynamics. To solve nonlinear differential equations there exist some methods.
Among the methods, the method of perturbations, i.e.. an asymptotic expansion in terms
of small parameter is foremost. Firstly, Krylov and Bogoliubov [2] considered equations

of the form

i+o’x =g f(x,%1,8), (2.1)
where x denotes ordinary derivative with respect to 7, £ is a small positive parameter and

/1 a power series in &, whose coefficients are polynomials in x, x, sinf and coss and

their proposed solution procedure is known as KB method. In general, /'does not contain
either £ or 7. To describe the behavior of nonlinear oscillations by the solutions obtained
by perturbation method, Lindstedt [13], Glyden [14], Liapounoff [15], Poincare [16]
discussed only periodic solutions, transient were not considered. Most probably, Poisson
initiated approximate solutions of nonlinear differential equations around 1830 and the
technique was established by Liouville. The KBM [2-4] method started with the solution
of the linear equation, assuming that in the nonlinear systems, the amplitude and phase
variables in the solution of the linear equation are time dependent functions rather than
constants. This procedure introduces an additional condition on the first derivative of the
assumed solution for determining the desired results. Some meritful works are done and
elaborative uses have been made by Stoker [17], McLachlan [18], Minorsky [19], Nayfeh
[20] and Bellman [21]. Duffing [22] has investigated many significant results about the

periodic solutions of the following nonlinear damped differential equation



F+2ki+ 0 x=—5x", (2.2)
Sometimes different types of nonlinear phenomena occur, when the amplitude of the
dependent variable of a dynamic system is less than or greater than unity. The damping is
negative when the amplitude is less than unity and the damping is positive when the
amplitude is greater than unity. The governing equation having these phenomena is

¥—g(l-x*)i+x=0, (2.3)
This equation is known as Van der Pol equation. Kruskal [23] has extended the KB
method to solve the fully nonlinear differential equation of the followin g form

E=F(x,%¢). (2.4a)
Cap [24] has studied nonlinear systems of the form

X+’ f(x)=eF(x,%). (2.4b)
Generally, since f'does not contain either & or 4, thus the equation (2.1) becomes

¥+o'x =g f(x,%). (2.5)
As pointed certain that, in the treatment of nonlinear oscillations by perturbation method,
only periodic solutions were discussed, transients were not considered by different
investigators, where as Krylov and Bogoliubov have discussed transient response firstly.
When & = 0, the equation (2.5) reduces to linear equation and its solution is

x=acos(wt+ @), (2.6)
where @ and ¢ are arbitrary constants to be determined by using the given initial
coﬁditions.

When &0, but is sufficiently small, then Krylov and Bogoliubov assumed that the
solution of equation (2.5) is still given by equation (2.6) together with the derivative of
the form

X =—awsin(at + @), 2.7)
where a and ¢ are functions of ¢, rather than being constants. In this case, the solution of
equation (2.5) is

x =a(t)cos(wt+ (1)) (2.8)
and the derivative of the solution is

x =—a(t)wsin(wt + p(1)). (29)
Differentiating the assumed solution equation (2.8) with respect to time 7, we obtain

X =dacosy —awsiny —apsimy, y=awt+ o). (2.10)
Using the equations (2.7) and (2.10), we get
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acosy =ag@siny. (2.11)
Again, differentiating equation (2.9) with respect to #, we have

¥ =—aosiny —aw® cosy — aw@pcosiy. (2.12)
Putting the value of X from equation (2.12) into the equation (2.5) and using equations
(2.8) and (2.9), we obtain

awsiny +ao@cosy =—¢ f(acosy,—awsiny). (2.13)

Solving equations (2.11) and (2.13), we have

d=—Esimf/f(acosw.—aa)sim;/), (2.14)
®

g')—————f-—cosuff(acosng,— amsiniy). (2.15)
am

It is observed that, a basic differential equation (2.5) of the second order in the unknown
x, reduces to two first order differential equations (2.14) and (2.15) in the unknowns a

and ¢.
Moreover, a and ¢ are proportional to &; a and ¢ are slowly varying functions of the

; ; - . - : )
time period 7' =—. It is noted that these first order equations are now written in terms
®

of the amplitude @ and phase ¢ as dependent variables. Therefore, the right sides of

equations (2.14) and (2.15) show that both ¢ and ¢ are periodic functions of time 7'. In

this case, the right-hand terms of these equations contain a small parameter ¢ and also

contain both @ and ¢, which are slowly varying functions of the time 7.with period
2 : A . .

7==2. We can transform the equations (2.14) and (2.15) into more convenient form.
@

Now, expanding

siny f(acosy,—awsiny) and cosy f(acosy,—amsiny) in Fourier series in the total

phase i, the first approximate solution of equation (2.5), by averaging equations (2.14)

and (2.15) with period 7" = EE, is
@

2
(@)= e, jsin w f(acosy,—aw siny)dy,
2rw 5
(2.16)

g
2rwa

2x
(@) =— Icos w flacosy,—aw siny)dy,
[



where a and ¢ are independent of time ¢ under the integrals. Krylov and Bogoliubov [2]
called their method asymptotic in the sense that £ — 0. An asymptotic series itself is not
convergent, but for a fixed number of terms the approximate solution tends to the exact
solution as &—0. Later, this technique has been extended mathematically by
Bogoliubov and Mitropolskii, and has extended to non-stationary vibrations by
Mitropolskii [4]. They have assumed the solution of the nonlinear differential equation
(2.5) of the form

x=acosy +cu(a,y)+eu(a,W)+........... +&"u (a,p)+0(s™), (2.17)
where u,, (k=1,2,....,n) are periodic functions of y with a period 27, and the
quantities @ and y are functions of time / and defined by the following first order
ordinary differential equations

a=gA(a)+& A a)+ ... +&"4 (a)+O0(e™), 2.18)
W =o+eB(a)+& B, (a)+......+ "B, (a) + O(s™").

The functions », 4, and B,, (k=1,2, ... ,n) are to be chosen in such a way that the

equation (2.17), after replacing @ and y by the functions defined in equation (2.18), is a

solution of equation (2.5). Since there are no restrictions in choosing functions 4, and

B,, 1t generates the arbitrariness in the definitions of the functions », (Bogoliubov and

Mitropolskii). To remove this arbitrariness, the following additional conditions are

imposed

_{u,{(b,t;/)coszgfdu/ ={)
> (2.19)

A
Iuk(a, yw)siny dy =0.

0
Absences of secular terms in all successive approximations are guaranteed by these
conditions. Differentiating equation (2.17) two times with respect to # substituting the

values of x, x and ¥ into equation (2.5), using these relations in equation (2.18) and
equating the coefficients of £*, (k=1,2, ....... , 1) result a recursive system leads to

@™ (1), +u) = 4 (a,w)+2w(a B, cosy + A, siny), (2.20)
where (u,),, denotes partial derivatives with respect to i,

S a,p)= f(acosy,-awsiny) and



o) =uf. (acos:,z/,—aa)sin W)+ (4 cosy —aB,siny + o(u,),,) %
f(cosa;/ amsiny) + (aB} Al ')cosr,y+(7AB —-ad, jB‘)sinw— (2.21)
a
(Al(ul)ﬂw + Bl(u‘.l )!‘VW)'

Here f* is a periodic function of y with period 27 which depends also on the

amplitude a. Therefore, /“™ and u, can be expanded in a Fourier series as

FE N aw) = g8 (a)+ D (g% " (a)cosny + H¥ " (a)sinny),

e (2.22)
u,(a,p) = v @)+ Y (v (a)cosny + ol (a)sin ny),
n=1
where
1 2n
gt =— I_f‘(k'l)(acos w,—awmsiny)dy. (2.23)
2y
Here, v*™" =" =0 for all values of k, because both integrals of equation (2.19) are

vanished. Substituting these values into the equation (2.20), we obtain

@™y (a)+ Y. @ (1— ")V (a)cosny + o (a)sinny)
n=2
=gy a)+(g* P (a)+ 2waB,)cosny + (K*(a) + 2w A, )siny (2.24)

* Z[g “D(aycosny + b (a)sinny).

n=2

Now, equating the coefficients of the harmonics of the same order, yield

' (k-1}
g a)+20aB, =0, W (a)+204, =0, v (@)= &_@ (a)

»°
. (225)
*=D( gy = g a) oV (gy=T_4) n(k (a )
< &*(1-n*)’ o*(l-n*)y

These are the sufficient conditions to obtain the desired order of approximation. For the

first order approximation, we have

(0) 2
i v f (a) = jf(acos ty,—awsiny)sny dy,
2 2ra v
(0 2r (2.26)
B, = - & - J.f(acostu/,——aa)sinyf)coswd;m
2a0  2mae !

Thus, the variational equations in equation (2.18) become



I
e _[f(a cosiy,—awsiny)siny diy,
27w

i (2.27)
W=w- = I_)"(a cosiy,—amsiny)cosyy dys.
2mao

It is seen that, the equation (2.27) are similar to the equation (2.16). Thus, the first order
solution obtained by Bogoliubov and Mitropolskii [3] is identical to the original solution
obtained by Krylov and Bogoliubov [2]. In literature, this method is well known as
Krylov-Bogoliubov-Mitropolskii (KBM) [2-4] method. Secondly, higher order solutions
can be found easily. The correction term #, is obtained by equation (2.22) on using
equation (2.25) as

e g\%a) 2 i g (a)cosny + h'" (a)sinn v (2.28)
: &)2 n=2 mz(l -—_nz)

[

The solution equation (2.17) together with u, is known as the first order improved
solution in which ¢ and ( are obtained from equation (2.27). If the values of the
functions 4, and B, are substituted from equation (2.26) into the second relation of

equation (2.21), the function /" and in the similar way, the functions A4,, B, and u,
can be found. Therefore, the determination of the higher order approximation is
completed. The KB [2] method is very similar to that of Van der Pol [1] and related to it.

Van der Pol has applied the method of variation of constants to the basic solution

e acoswt+bsinar of x+@*x =0, on the other hand Krylov-Bogoliubov have applied
the same method to the basic solution x =acos(@?+ @) of the same equation. Thus, in
the KB method the varied constants are ¢ and ¢, while in the Van der Pol’s method the
constants are & and b. The method of KB seems more interesting from the point of view

of applications, since it deals directly with the amplitude and phase of the quasi-harmonic

oscillation.

The solution of the equation (2.4a) is based on recurrent relations and is given as the
power series of the small parameter. Cap [24] has solved the equation (2.4b) by using
elliptical functions in the sense of Krylov and Bogoliubov. The method of KB has been
extended by Popov [25] to damped nonlinear differential systems represented by the

following equation

¥+2kx+0’x=¢f(%x), (2.29)



where — 2k x is the linear damping force and 0 < k£ < @. It is noteworthy that, because of
the importance of the Popov’s method in the physical systems, involving damping force,
Mendelson [26] and Bojadziev [27] have retrieved Popov’s results. In case of damped
nonlinear differential systems, the first equation of equation (2.18) has been replaced by

a=-ka+eA(a)+e’A(a)+.... +&"A (a)+0(g™™). (2.18a)
Murty and Deekshatulu [28] have developed a simple analytical method to obtain the
time response of second order nonlinear over damped systems with small nonlinearity
represented by the equation (2.29), based on the KB method of variation of parameters.
Alam [29] has extended the KBM method to find solutions of over damped nonlinear
differential systems, when one root of the auxiliary equation becomes much smaller than
the other root. According to the KBM method, Murty ef a/. [30] have found a hyperbolic
type asymptotic solution of an over damped system represented by the nonlinear
differential equation (2.29), i.e., in the case k4 > . They have used hyperbolic functions,
coshp and sinh¢ instead of their circular counterpart, which are used by Krylov,
Bogoliubov, Mitropolskii, Popov and Mendelson. In case of oscillatory or damped
oscillatory process may be used arbitrarily for all kinds of initial conditions. But, in case
of non-oscillatory systems cosh @ or sinh ¢ should be used depending on the given set of
initial conditions (Murty et al. [30], Bojadziev and Edwards [31], Murty [32]). Murty [32]
has presented a unified KBM method for solving the nonlinear systems represented by the
equation (2.29), which cover the undamped, damped and over-damped cases. Bojadziev
and Edwards [31] have investigated solutions of oscillatory and non-oscillatory systems
represented by equation (2.29) when k£ and @ are slowly varying functions of time 7.
Arya and Bojadziev [33-34] have examined damped oscillatory systems and time
dependent oscillating systems with slowly varying parameters and delay. Sattar [35] has
developed an asymptotic method to solve a second order critically damped nonlinear
system represented by equation (2.29). He has found the asymptotic solution of the
equation (2.29) in the following form

x=a(l+y)+eu(a,y)+...... +&"u,(a, ) +0(e™), (2.30)
where a is defined by the equation (2.18a) and y is defined by

w=1+eC(a)+€&Cy(a)+......... +&"C (a)+0(e™") (2.18b)
Osiniskii [36] has extended the KBM method to the following third order nonlinear

differential equation



¥+ i+, i+cx=¢f(%%,x), (2.31)
where ¢ is a small positive parameter and fis a given nonlinear function. He has assumed
the asymptotic solution of equation (2.31) in the form

x=a+bcosy+eua,by) ... +&"u, (a,b,y)+0(e™), (2.32)
where each u, (k=1,2, ...... ,n) is a periodic function of y with period 27 and a, b

and y are functions of time ¢, and they are given by

a=-Aa+eA(a)+ EEA: (@)+ .. +&"A (a)+ O(e™),
b= —pa+eB(b)+ szﬁz(b) + . + "B, (B) + O(E”“), (2.33)
W =0+eC(B)+&C,(B) +.....c....+£"C,(b)+ O(£™),

where — 4, — i+ @ are the eigen values of the equation (2.31) when ¢ =0.

By using the KBM method, Bojadziev [37] has investigated solutions of nonlinear
damped oscillatory systems with small time lag. Bojadziev [38] has also found solutions
of damped forced nonlinear vibrations with small time delay. Bojadziev [39], Bojadziev
and Chan [40] have applied the KBM method to solve problems of population dynamics.
Bojadziev [27] has used the KBM method to investigate solutions of nonlinear systems
arised from biological and biochemical fields. Lin and Khan [41] have also used the
KBM method to some biological problems. Proskurjakov [42] and Bojadziev er al. [43]
have investigated periodic solutions of nonlinear systems by the KBM and Poincare
method, and have compared the two solutions. Bojadziev and Lardner [44-45] have
investigated monofrequent oscillations in mechanical systems including the case of
internal resonance, governed by hyperbolic differential equations with small
nonlinearities. Bojadziev and Lardner [46] have also investigated solution for a certain
hyperbolic partial differential equation with small nonlinearity and large time delay
included into both unperturbed and perturbed parts of the equation. Rauch [47] has
studied oscillations of a third order nonlinear autonomous system. Bojadziev [48] and
Bojadziev and Hung [49] have developed a technique by using the method of KBM to
investigate a weakly nonlinear differential system with strong damping. Osiniskii [50] has
also extended the KBM method to a third order nonlinear partial differential equation
with initial friction and relaxation. Mulholland [51] has studied nonlinear oscillations
governed by a third order differential equation. Lardner and Bojadziev [52] have
investigated nonlinear damped oscillations governed by a third order partial differential

equation. They have introduced the concept of “couple amplitude” where the unknown
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functions 4,, B, and C, depend on both the amplitudes a and b . Bojadziev [48] and

Bojadziev and Hung [49] have used at least two trial solutions to investigate time
dependent differential systems; one is for resonant case and the other is for non-resonant
case. But, Alam [53] has used only one set of variational equations, arbitrarily for both
resonant and non-resonant cases. Alam et @l. [54] have presented a general form of the
KBM method for solving nonlinear partial differential equations. Raymond and Cabak
[55] have examined the effects of internal resonance on impulsive forced nonlinear
systems with two-degree-of-freedom. Later, Alam [56-57] has extended the method to
nth, n=223 order nonlinear differential systems. Alam [58] has presented a new
perturbation method based on the KBM method to find approximate solutions of second
order nonlinear systems with large damping. Alam e/ al. [59] have investigated
perturbation solution of a second order time dependent nonlinear system based on the
modified KBM method. Sattar [60] has extended the KBM asymptotic method for three
dimensional over damped nonlinear systems. In recent years, He [5] has developed some
new approaches to Duffing equation with strongly and high order nonlinearity (I)
linearized perturbation method. In another paper, He [6] has obtained the approximate
solution of nonlinear differential equation with convolution product nonlinearities. Also,
He [7] has presented a new interpretation of homotopy perturbation method. Belendez ef
al. [8] have presented the application of He’s homotopy perturbation method to Duffing
hamlonic oscillator. Lim et al. [61] have also presented a new analytical approach to the
Duffing harmonic oscillator. Later, Uddin ef al. [9-11] have presented an approximate
technique for solving second order strongly nonlinear oscillatory differential systems with
damping effects combing by the He’s [5-8] homotopy perturbation and the KBM [2-4]
methods. Alam and Sattar [62] have studied time dependent third order oscillating
systems with damping based on the extended form of KBM method. Alam [29] and Alam
ef al. [63] have developed a simple method to obtain the time response of second order
over damped nonlinear systems together with slowly varying coefficients under some
special conditions. Later, Alam [57] and Alam and Hossain [64] have extended the
method presented in [29] to obtain the time response of n-th order (1 > 2), over damped
systems. Alam and Sattar [65] have presented a unifiecd KBM method for solving third
order nonlinear systems. Later, Alam [66] has extended the method to nonlinear over
damped systems. Also, Alam et al. [67] have extended the method to certain non-

oscillatory nonlinear systems with varying coefficients. Alam [68] has also presented a
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unified KBM method, which is not the formal form of the original KBM method, for

solving nth, n>23 order nonlinear systems. The solution contains some unusual

variables, yet this solution is very important. Alam [69] has also presented a modified and
compact form of the KBM unified method for solving an nth, n=23 order nonlinear
differential equation. The formula presented in [69] is compact, systematic and practical,
and easier than that of [68]. Alam and Sattar [70] have developed a method to solve third
order critically damped autonomous nonlinear systems. Alam [71] has redeveloped the
method presented in [70] to find approximate solutions of critically damped nonlinear
systems in presence of different damping forces by considering different sets of
variational equations. Later, he has unified the KBM method for solving critically
damped nonlinear system whose unequal eigen values are in integral multiple. Alam [72]
has also extended the method to a third order over damped system when two of the eigen
values are almost equal (i.e., the system is near to the critically damped) and the rest is
small. Alam [73] has presented an asymptotic method for certain third order non-
oscillatory nonlinear system, which gives desired results when the damping force is near
to the critically damping force. Akbar er al. [74] have presented an asymptotic method
based on the KBM method to solve the fourth order over damped nonlinear systems.
Akbar er al. [75] have also developed a simple technique for obtaining certain over
damped solution of an nth order nonlinear differential equation. Akbar er al. [76] have
presented the KBM unified method for solving n-th order nonlinear systems under some
sbecial conditions including the case of internal resonance. Later, Akbar ez al. [77] have
extended the KBM method for solving fourth order more critically damped nonlinear
systems. Akbar er al. [78] have also developed perturbation theory for fourth order
nonlinear systems with large damping. Haque ef al. [79] have investigated the solution of
fourth order critically damped oscillatory nonlinear systems when two of the eigen values
are real and equal and the other two are complex conjugate. Uddin and Sattar [80] have
presented an asymptotic method for solving fourth order weakly nonlinear differential
system with strong damping and slowly varying coefficients. Recently, Rahman et al.
[81] have developed a technique for solving of fourth order near critically damped

nonlinear systems.
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CHAPTER 3

An Analytical Approximate Technique for Solving a Certain Type of Fourth Order
Strongly Nonlinear Oscillatory Differential System with Small Damping

3.1 Introduction

The study of nonlinear problems is of crucial importance in all areas of applied
mathematics, physics, engineering, medical science and other disciplines, since most of
the phenomena in the real world are essentially nonlinear and described by nonlinear
differential systems. It is too much difficult to handle nonlinear problems and in general,
it is often very difficult to get an analytical approximate solution than a numerical one.
The most common methods for constructing the analytical approximate solutions to the
nonlinear oscillator equations are the perturbation techniques. Some well known
perturbation methods are the KBM method [2-4], the Lindstedt-Poincare (LP) method
[13, 16], and the method of multiple time scales [82]. Almost all perturbation methods
are based on an assumption that small parameters must exist in the equations, which is too
strict to find wide application of the classical perturbation methods. It determines not only
the accuracy of the perturbation approximations, but also the validity of the perturbation
methods itself. However, in science and engineering, there exist many nonlinear problems
which do not contain any small parameter; especially those appear in nature with strong
nonlinearity. Therefore, many new techniques have been proposed to eliminate the “small
parameter” assumption, such as the homotopy perturbation method (HPM). In recent
years, He [5] has developed some new approaches to Duffing equation with strongly and
high order nonlinearity (I) linearized perturbation method. In another paper, He [6] has
obtained the approximate solution of nonlinear differential equation with convolution
product nonlinearities. Recently, He [7] has presented a new interpretation of homotopy
perturbation method. Belendez ef /. [8] have presented the application of He’s homotopy
perturbation method to Duffing harmonic oscillator. Lim ez a/. [61] have also presented a
new analytical approach to the Duffing- harmonic oscillator. Alam [68] has investigated a
unified KBM method for solving nth, n > 2. 3 order nonlinear systems. Also, Alam [83]

has investigated a unified KBM method for solving nth, n>3 order nonlinear

differential system with slowly varying coefficients. Later, Alam et al. [84] have
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presented an asymptotic method for third order nonlinear system with varying
coefficients. Akbar ef al. [76] have presented the KBM unified method for solving an nth
order nonlinear differential equation under some special conditions including the internal
resonance for weakly nonlinear system. Recently, Uddin e al. [9-11] have presented an
approximate technique for solving second order strongly nonlinear oscillatory differential
systems with damping effects combing by the He’s homotopy perturbation and the KBM
methods. Many physical and engineering problems occur in nature which does not
contain a small parameter, 7. e., appear with damping and strong nonlinearity. The more
difficult and no less important case, the fourth order strongly nonlinear oscillatory
differential systems with damping and cubic nonlinearity has remained almost untouched.
The aim of this chapter is to fill this gap. So in this chapter, we are interested to develop a
coupling analytical approximate technique based on the He’s homotopy perturbation and
the KBM methods to solve a certain type of fourth order strongly nonlinear oscillatory
differential systems with damping and cubic nonlinearity. This method transforms a
difficult problem under simplification into a simple problem which is easy to solve and
understand and there is no any complexity for handling this method. The presented
method has been successfully applied to solve fourth order strongly nonlinear damped
oscillatory differential system with an example. The advantage of this method is that the
first order analytical approximate solutions show a good agreement with the

corresponding numerical solutions.

3.2 The Proposed Method

Let us consider the fourth order nonlinear ordinary differential equation (ODE) with

damping in the following form

x4+ (of + @)k + olwl x=—(p¥ +qx)+ ¢ f(x), (3.1)
where over dots represent the derivatives with respect to time 7, @, and , are the
frequencies for double mode of vibrations of the systems, & is a positive parameter which
is not necessarily small, p, ¢ are unknown constants and f(x)is a given nonlinear
function. If we choose p=4k and ¢=4k"+2k(w] +®2)—12 &k’ then the eigen values
of equation (3.1) becomes —k+iw, —k+iw,, where k<<1 represents any positive

constant. Now, we are going to consider [9-11] the following substitution
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x=p(t)e ™. (3.2)
Differentiating equation (3.2) four times with respect to time 7, and then substituting the
derivatives x'V, ¥, X, X together with x and the values of p and ¢ into equation (3.1)
and simplifying them, we get

VO + (@ + @ =6 k)P + {5k — K (@] + 0}) + @} w?}y = g€ f(ye ™). (3.3)
According to the homotopy perturbation method [5-11] equation (3.3) reduces to

YO+ (@F + 02 = 6k*)j +(5k* - (0} + 02) + 020? + Ay

(3.4)
=Ay+ee f(ye ™).
Equation (3.4) can be rewritten as
Y+ (@) +o; -6k )y + @’y =Ay+ee f(ye™), (3.5)
where @ =5k* —k* (@] + 0] )+ 0] & + A. (3.6)

Herein @ is a constant for undamped nonlinear oscillator and known as the frequency in
literature and A is an unknown function which can be determined by eliminating the
secular terms. But, for damped nonlinear oscillatory differential systems, @ is a time
dependent function and it varies slowly with time 7. To handle this situation, we can use
the extended form of the KBM [2-3] method by Mitropolskii [4]. According to this
method, we choose the solution of equation (3.5) (for a single mode of vibrations) in the
following form
_ y=acosg, (3.7)

where the amplitude ¢ and the phase ¢ vary slowly with time ¢ and they satisfy the
following first order ordinary differential equations

a=gA(a,0)+e°4,(a,t)+-, (3.8)

@=u(r)+¢& B(a,1)+B,(a, 1)+,
where & is a small positive parameter and 7 =g is the slowly varying time. Now,
differentiating equation (3.7) four times with respect to time  and utilizing equation (3.8)
and then taking the terms up to O(g), we obtain

W+l g (5 + i y)

=Scau psing +2¢ 1 (A sin @ + a B, sin ) (3.9)

+ [ (—ausing — 26 1,(4 sin @ + aB, cos ).

Equation (3.9) can be re-written as

16



YO+ (i +12)y+ 1 15 y

,, | (3.10)

=eu(50 — uy)asin g +2¢& (1! — 12 )(A sin p+ a B, cos ).
Now,

YO+l + 1)y + sy =0, (3.11)
which leads to

e (5u — pid)asin o+ 2 1, (1 — 12 )( A sin @ + aB, cosp) = 0. (3.12)
Equating the coefficients of sin¢ and cos¢ from equation (3.12), we obtain

' 2 02
=210k —ih )3 B, =0. (3.13)
20ty — 1)

Comparing equation (3.10) with equation (3.5)

W+ =0l +o] -6k,  plul =5k -k (0] + 0})+ 0lo? + A (3.14)
Now,

= g = (0} — &Y — 8K + k) —4A. (3.15)
By solving equation (3.14) and equation (3.15), we get

th =(@F + 0F —61* + (0 — 02 — 8K (0} + 02)—42)/2, (3.16)

1y = (@7 + 0 ~6k* — (07 ~ 0 ) —8K* (@ + ) - 42)/2. (3.17)

Putting the value of y from equation (3.7) into equation (3.2) and the values of 4, and
B, from equation (3.13) into equation (3.8), we obtain
x=ae ™ cosp, (3.18)

Sy —13)a
24”1(4“12 _ﬂ;)

) (3.19)

Equation (3.18) represents the first order analytical approximate solution of equation (3.1)
by the proposed coupling technique. Usually, the integration of equation (3.19) is
accomplished by the well-known techniques of calculus [82, 85], but sometimes they are
calculated by a numerical procedure [9-11, 34, 48, 68, 76, 83, 84, 86] with the help of
equations (3.16) - (3.17). Thus, the determination of first order analytical approximate

solutions of equation (3.1) is completed by the proposed method.
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3.3 Example

As an example of the above procedure, we are going to consider the fourth order strongly
nonlinear oscillatory differential system with small damping and cubic nonlinearity in the
following form

x40 + 0, )i+ 0 0, x =—(p¥ +qx)+ ex’, (3.20)
where f(x)=x" is the given nonlinear function. Now, by using the transformation
equation (3.2) and then simplifying them and according to the homotopy perturbation
method [5-11], we obtain

YO+ + 1)y + 1y =2y +sy’e™". (3:21)
According to the extended form of the KBM method [2-4], the solution of equation (3.21)
is assumed as

y=acosg, (3.22)
where a and ¢ are given by

(545 — 1 )a , -
p— . g p=H (f) (323)
2#1(#12 '_1“22) ]

Now, putting the value of y from equation (3.22) into the right hand side of equation

(3.21), we have

3?—2&'#

3 2kt
VO (] + 1)y + 4t y§y=[1a+g—4~)cosqo+ cosdp.  (3.24)

The requirement of no secular terms in particular solution of equation (3.24) implies that

the coefficient of the cos¢g term is zero. Setting this term to zero, we obtain

3€a3e—lkr

Aa+ =10. (3.25)

For the nontrivial solution (i.e., a # 0), equation (3.25) leads to

2 J—Zkr
gt ET (3.26)
4
Now, putting the value of A from equation (3.26) into equations (3.16) — (3.17) we obtain
I = J(wf‘ + @ -6k + \/(mf -07) -8k (@} + @})+3sa’e¥")/2, (3.27)
1, = \/(mf + 0 =6k —J(0F — 02) -8k} (@} +@?)+3ea’e > ) /2. (3.28)
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Squaring equation (3.27) and expanding according to the binomial theorem and then
simplifying, we obtain

. 2@+ oY) 3edte™

i 3.29)
o} — o? Haf - o) (

u = -3k

Differentiating equation (3.29) with respect to ¢ and treating @ as constant, we obtain

3kaje?"
2 ol I 3.30
b= =) (3:30)
Dividing equation (3.30) by equation (3.29) we have
. Skade [(mf ~ o) @} =5k°)—4K’e} 3eal e ) (3.31)
th Mol - o)) Gy Ao -w3))’
which can be written as
s 3kaye™*! 3eal ¢!
= 2 2y 2 2 oy P Th7 2 2 2.2 |
2p, 8{(@ —ay )@y —5k%) -4k ;) (o -0, o -5k") -4k w,}
(3.32)

Now, putting equation (3.32) into equation (3.13) and taking the terms for O(¢), we get
A =rae™*", B.=0, (3.33)

where

T 3kag (S — p3) (3.34)
8(u — u3){(0f — 07N @] ~5k*) - 4k’0]}

Thus, equation (3.23) becomes
@ =y (7). (3.35)
Integrating equation (3.35), we obtain

a=grae**,

a=ayexpl So(1-e*"Y | p=g,+[ (), (3.36)
2k 0

where a, and ¢, are the initial amplitude and phase variables for the nonlinear

differential systems respectively.

Thus, the first order analytical approximate solution of equation (3.20) is given by
x=ae " cosg, (3.37)

where a and ¢ are calculated from equation (3.36) with help of equations (3.27) —

(3.28).
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3.4 Results and Discussion

In this chapter, a new coupling analytical approximate technique has been presented to
obtain the first order analytical approximate solutions for a certain type of fourth order
strongly nonlinear oscillatory differential systems with damping and the method has been
successfully implemented to illustrate the effectiveness and convenience of the proposed
method. The first order analytical approximate solutions of equation (3.20) are computed
by equation (3.37) with the help of equations (3.27) — (3.28) and equation (3.36) and the
corresponding numerical solutions are obtained by the well known fourth order Runge-

Kutta method.

Furthermore, the presented method is simple and the advantage of this method is that the
first order approximate solutions show good agreement (see also Figs. 3.1-3.4) with the
corresponding numerical solutions for several damping effects. The initial approximation
can be freely chosen, which is identified via various methods in the references. The
approximations obtained by the presented method are valid not only for strongly
nonlinear oscillatory differential systems, but also for weak one with small damping
effects. Figs. 3.1-3.2 are provided to compare the solutions obtained by the presented
method to the corresponding numerical solutions with small damping for strongly
nonlinear oscillatory differential systems. Also, Figs. 3.3-3.4 are cited to compare the
solutions obtained by the proposed method to the corresponding numerical solutions for
weakly nonlinear oscillatory differential systems with small damping effects. From the
Figs. 3.1-3.4 it 1s seen that, the obtained analytical approximate solutions for both
strongly and weakly nonlinear differential systems show good agreement with those

solutions obtained by the fourth order Runge-Kutta method.
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Fig. 3.1 First approximate solution of equation (3.20) is denoted by —e— (dashed lines)
by the proposed coupling technique with the initial conditions a,=1.0, ¢, =0 or
[x(0) =1.00000, %(0) =-0.10003, %(0) =-99.92663, ¥(0)=30.08070] when @, =10.0,

@,=50,k=0.1,6=1.0 and f =x*. Corresponding numerical solution is denoted by -

(solid line).
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Fig. 3.2 First approximate solution of equation (3.20) is denoted by —e— (dashed lines)
by the proposed coupling technique with the initial conditions a, =1.0, @, =0 or
[x(0) =1.00000, x(0) = -0.20065, ¥(0)=-24.76098, ¥(0)=15.06427] when @, =5.0,

w,=10, k=02,£=1.0 and f =x’. Corresponding numerical solution is denoted by -

(solid line).
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Fig. 3.3 First approximate solution of equation (3.20) is denoted by —e— (dashed lines)
by the proposed coupling technique with the initial conditions a,=1.0, ¢, =0 or
[x(0) = 1.00000, £(0) = ~0.1000, %(0) =-99.93565, %(0) =30.07827] when @ =10.0,

®,=50,k=0.16=0.1and f= x*. Corresponding numerical solution is denoted by -

(solid line).
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Fig. 3.4 First approximate solution of equation (3.20) is denoted by —e— (dashed lines)
by the proposed cduph'ng technique with the initial conditions a, =1.0, ¢, =0 or
[x(0) =1.00000, #(0) =-0.20007, %(0) =—24.78982, ¥(0)=15.05779] when @, =5.0,

w,=10, k=02,£=0.1and f= x*. Corresponding numerical solution is denoted by -

(solid line).
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CHAPTER 4

Approximate Solution of Fourth Order Near Critically Damped Nonlinear Systems

with Special Conditions

4.1 Introduction

The KBM [2-4] method is one of the widely used techniques to obtain analytical
approximate solution of weakly nonlinear systems and this method was originally
developed for finding periodic solution of nonlinear systems with small nonlinearities.
The method was extended by Popov to damped oscillatory systems. Murty et al. [30]
have investigated an over-damped nonlinear system using Bogoliuboy’s method. Murty
[32] has presented a unified KBM method for solving second order nonlinear systems
which cover the un-damped, damped and over-damped cases. Alam and Sattar [70] have
extended the KBM method for third order critically damped nonlinear systems. Alam [72]
has also investigated the solution of third order nonlinear systems when two of the eigen
values are almost equal and the other is small. Akbar et al. [77] have extended the KBM
method for solving fourth order more critically damped nonlinear systems. Haque ef al.
[79] have investigated the solution of fourth order critically damped oscillatory nonlinear
systems when two of the eigen values are real and equal and the other two are complex
conjugate. Uddin and Sattar [80] have presented an asymptotic method for solving fourth
order weakly nonlinear differential system with strong damping and slowly varyng
coefficients. Recently, Rahman ef al. [81] have developed a technique for solving of

fourth order near critically damped nonlinear systems.

For the relation A, # 4, +24,, the solution obtained in Rahman ef al. [81] break-down.
The aim in this chapter is to fill this gap, that is, we are interested to investigate the
solution when the relation A, ~ A, +24, exists among the eigen values 4, 4,, 45, 4,

The solutions obtained by this technique show good coincidence with those obtained by

numerical method.



4.2 The Method

Let us consider the fourth order weakly nonlinear ordinary differential equation in the

following form

4 v . ’ . -
x4 X+, i+ex+cx=—¢f(x), (4.1)
where over dots represent the derivatives with respect to time 7, £ is a positive small

parameter, ¢,, ¢,, ¢, ¢, are constants and f(x) is the given nonlinear function. The

constants are defined in terms of the eigen values —%, i=1,234 of the unperturbed

4 4 4 4
equation of equation (4.1)as ¢, =2 A,, ¢, = YA, 6= TAML, and ¢, =TIA, .
i=l ij=1 i,jk=1 i=l
iy i# j#k

The equation (4.1) becomes linear when & =0, and suppose the eigen values —A, and
—, are almost equal (4, ~ A,) and other two eigen values —A, and —A, are distinct.

Therefore, the unperturbed solution is

eh

] - i —eh! § E
x(1,0)= > ayp(€ A pehty+ agr{ +ay e +a, e, (4.2)

A=A
where a,_,(i =1, 2,3, 4) are arbitrary constants.
When g # 0, following Alam [72] technique we choose the solution of equation (4.1) in

the form

At

x.)=a (e e )+ a2(1)££i:i}+ ™

A4, (4.3)
va, (e ™ +eu(a,a,,a,a,,0)+€" ...,
where a,(i=1,2,3,4) satisfy the following first order differential equations:
af(r)zsAl(al,az,a_ﬂ,,a,i,!)+.92--—, i=1,2,3,4. (4.4)

Confining only to a first few terms 1,2, 3,...,n in the series expansions equations (4.3)
and (44), we calculate the functions u, and A4,i=1 2, 3,4 such that
a,(f),i=1, 2, 3,4 appearing in equations (4.3) and (4.4) satisfy the given differential
equation (4.1) with an accuracy of order ™ To determine the unknown functions

u,, A. Ay, A, A, it is assumed (as customary in the KBM method) that the correction

term #, does not contain secular-type term te™', which make them large.

Differentiating equation (4.3) four times with respect to 7, substituting the derivatives



equation (4 4)and ﬁnally equating the coefficients of €, we obtain
%(e-":’(o- A+ LD =4+ ND-A4 +A)+e (D=2, +A4)x
(D= A+ 2D~y + A Ay + (D+ ANy = 2y =5 D) 7
(-4 -—D))AQ +e (D= A+ AUD =2+ LD = A+ A) A +

ey

e M (D= A+ MDD — A+ ) (D= Ay + A5) A4, +(7—ﬁ2—)(D+i)x

(4.5)

D([)“I’/’{; 11+/1)A (_ﬂ‘ﬁ%.%ﬁ (D+&_MA2+
(D + A )D+ YD+ YD+ Ay ==,
where
—d ! —Ai £

* I R Fr

o l -t -A,t
f( ) =f(xu) and X, =Ea1(r)(e U 4e Ay )+a2(r){<, &_

It is assumed that the function 7 can be expanded in power series (Taylor’s series) in

the form (see also [3] for details)

# =0 —Ayt d
FO=Y F(ae™ ae™ ){IE a(e ™+ )+ a{iﬁ'— ]} ) (4.6)
r=0 -,

where » is the order of polynomial of the nonlinear function f . This assumption is

]4— a3(f)ed-‘ ‘ta, (e

certainly valid when £ is a polynomial function of x. Such polynomial functions cover

some special and important systems in mechanics. Following Alam’s [72], in this chapter

we assume that 1z, does not contain the terms Fyand F of f ® since the system is

considered to near critically damped. Substituting the value of 7 from equation (4.6)

)‘.l _ ).gr
into equation (4.5) and equating the coefficients of like powers of [ ] we

ey
obtain
e (D= A+ 4D =2+ A )ND =2+ A )4 +e P D=2+ A)x
(D—/lﬁ%)(f)*ﬁﬁ%)/’ﬁ-j{e_) D=4+ HLND =4+ A )
(DA +A)+e ™ (D=2 + A) D=2+ A D=2y + A JiA + (4.7)

(D+ AN ™ (A=A =5 D)+ 0y - R e (%)

; D[D T &—42-/:[2_]‘42 ==Hy= ) “1(‘3_)"1 ‘+e ),

ZT
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(D+)L4)><D[D+/iﬁ-i‘+A’)Az:—a2f';, (4.8)

and

(D +A)(D + AN D+ A )ND+ A
= —i F(ae ™ e )x {% ae ™' + e+ az(“‘_e_j : Z)’}—! J} . )
r=2 1

KBM [2-4], Alam [70, 72] have imposed the condition that #, does not contain the
fundamental terms (the solution presented in equation (4.2) is called generating solution
and its terms are called fundamental terms) of f° ©) The solution of equation (4.8) gives
value of the unknown function 4, If the nonlinear function f and the eigen values
- A=Ay = Ay, — A, ‘Of the corresponding linear equation of equation (4.1) are not
specified then it is not easy to solve the equation (4.7) for the unknown functions Ay, 43
and A,. When these are specified, the values of A, 4, and A, can be found subject to
the condition that the coefficients in the solutions of 4, 4; and 4, do not become large
(see Alam [72], Akbar et al. [77] for details), as if Ay, Az and A, do not contain terms
involving re™. In this chapter, we have imposed the conditions that the relation
Ay = A +24 but 2, <24, exists among the eigen values 4,4,,4, (also 4 — 4, since
the system is near critically damped). These relations are important, because under these
relations the coefficients in the solutions of 4, A; and A, do not become large. Under
these imposed conditions, we obtain the values of 4,, 4, and 4, from equation (4.7).
Substituting the values of 4, 4,,4, and 4, in the equation (4.4), we obtain the solutions
of a(r) (i=1,2,3,4), which are proportional to the small parametere . So they are
slowly varying functions of time 7, that is, they are almost constants and by integrating
we obtain the values of a, (i =1, 2,3,4). It is laborious work to solve the equation (4.9)
for u,. However, as 4, — 4, it takes simple form

(D+ ) D+ L)D+ Ay )u, = ~SF (ae™ ae™ ){e*"l “(a —azr)} (4.10)

r=2
Solving equation (4.10), we obtain the value of u,. Finally, substituting the values of
a,(i=1,2,3,4) and u, in the equation (4.3), we obtain the complete solution of equation

(4.1).



4.3 Example

For an example of the above method, we consider the following fourth order nonlinear

differential equation,
4) L ,oae . — 3
W o ¥te,itextox=—€X, (4.11)

—A, ¢t At
1 . -4 4 e’
Here f(x)=x" and x0=za,(e “re™ )+ a, A +ae ™ tae™

1 g Al g™ ’
Thus, f© ={—a,(e™' +e Y +a,| ———— |+a Bl rae M,
2

F, =(ae™ +ae ™y, F=3ae™ +ae™). (4.12)
According to the equations (4.7)-(4.9), we obtain

f”ﬂ)&+Aﬂ)&+%ﬂ)%+zM+e*@>z+Aw

(D-2, + AND -2, +A4)4, +E{6F ! (D—;Ll + A, (D= A + A3) %

(D-&+&yw*ﬁ9—@+axu~a+@XD—&+&nA+wHA)x

/11 Ar_/lz —J.l
(4 -4)

it 3 42-1'2 )4, =[(ae™ +ﬂq~‘—’_g“)3 +3(ae™ +a,e) x

(e (= Ry =2 D)™ (g = Ay = DIy = )x

1 -4 —A
Ea,(e U te 2‘)],

(4.13)

=4,

(D+A)xD(D+ 2, — % ;'RL’)A2 =—3a,(a,e A rae ™Y, (4.14)

and
(D + A)(D+ A, XD + A, )(D + Ay

“At=dgt r 4.1
=FZF (a,e™",a A"){%a (e +e MHG{ET—{;—]} _ (4.15)

Solving equation (4.14), we obtain
A.=a; [nlaie_m” +n2a;,_ade"tj'-‘+'1‘ ¥ 4 n3afe"ﬂ‘f], (4.16)

where
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M A 2 0h ) A+ AN A A +2A)
3
BT R A+ 24, +44,)

Substituting the value of A, from equation (4.16) into equation (4.13). In order to

(4.17)

separate the equation (4.13) for determining the unknown functions A4,, 4, and A,, we
use the conditions as discussed in the method (see also Alam [72], Akbar et al. [77]). Itis
to note that our solution approaches toward critically damped solution (see Alam [721) if
A, — X, . However, equation (4.13) has not an exact solution unless %, —> A,. Now, we

consider A, = A, +24, but 4,(24;. Under these imposed conditions and by equating like

terms on both sides of the equation (4.13), we obtain
e (D= A+ XD =2y + A )D = A + A)4

——a,aim Ay A (A + Ay + 24Nt B 1a2a3a4n2;11(23§ + 24,4, + _
2 (4.18)

A+ Agdy + Ay + AN N —ayain oAy (A + Ay =20+
414)18-(;”l+2)~* )r.1

e_’%l(D')&x + WD~ A '+"12)(D“"13 +A4) 4,

g (G + 2 + 20y =2l Ty + 20}

—(A, t2A 0

(4.19)

—(A, +24, )t 3 -3¢

ase

+ayn, (A + 24, )(A, + 22 —14)—%a1]a§€
~Batag AN
and
e D = A+ AND = Ay + A )D = Ay + ) A,
=[%i::r2nz{(ﬂ1 + )QA + Ay +34)+ QA + 244+ A+ Ay +
Ad, + A0} —3alayae B lan{( + A~ A +34)
+ A A+ A =24, +44)} —%a.]afe_u‘ o +[“;-azﬂg(/1: )

(24, + 4 +34,) — 34,14, 4, e [an, (A + A4, = A +344)

(4.20)

& 3 =34t

3 3 (A, 424 F2A,M
1 1 3 4 +a4e ]-

-2 Jaie ~Basa’e”

The particular solutions of equations (4.18)-(4.20) yield respectively

L 2, (A=A, +2A . 9, —(a =2y +22N ; (A =Ay + A AN
A =haate ! +La,aite WV rha,aage Tt T

4.21)
; ~(Ay =Ry T A A | 2, (R Ay ¥2AN | 2, (A=A, ¥2AN T
+i,a,a,a,te +ia,a,te Wkilgaide ™ E Y,
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422
+Mdlae b (4.22)
3504 ]
and
= Y —(Ay+dq )t o 2 (At .
A4 = (Slai +61al )0‘3046 4 +(b302 +Sdal )046 A+a +(5501 +155'ﬂ|)x (4 23)
(A, +4, 1 . “ F _ ‘ 3 B :
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M, =—- >
P24 +24, A, XA +24, - 4,)
= m,
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Here u, is a correction term and has also very small contribution in the solution.

Ss—

(4.24)

10—

However, it is laborious work to solve the equation (4.15) for ;. So, we can ignore the
calculation of #,. Putting the values of 4, 4,, A, and 4, from equations (4.21), (4.16),

(4.22), (4.23)' into equation (4.4) and integrating, we obtain
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(4.25)
Thus, we obtain the first approximate solution of the equation (4.11) is
]. -A, —A,t ehjyll . _;hzr -A,1 —A,t
xt,e)=—a(e™ +e ) +a,| ——— |+a,e ¥ +a,e (4.26)
2 A -4,

where a,, a,, a,, a, are given by the equation (4.25).
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4.4 Results and Discussion

To test the accuracy of the approximate analytical solutions obtained by the presented

technique have been compared to the numerical solutions. Firstly, x(7,)is calculated by
the equation (4.26) by using the imposed conditions 4, — 4,, 4, ~ A, + 24, but 2, <24,
in which a,,a,,a,,a, are calculated by the equation (4.25). The corresponding

numerical solution of equation (4.11) is computed by fourth order Runge-Kutta method.
The approximate analytical solutions and numerical solutions are plotted in the Figs. 4.1-
4.4 for different initial conditions.
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Fig. 4.1 First approximate solution of equation (4.11) is denoted by —e — (dashed lines)
by the presented method with the initial conditions
4,=06, a,,=06,0,,=06,4,,=06  or  [x(0)=1.80000,(0)=—261561,

X(0)=3.33514, X(0) =-3.88353] when 1 =0.7,14,=095 4 =118 1,=135¢=0.1

and f =x’. Corresponding numerical solution is denoted by - (solid line).
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Fig. 4.2 First approximate solution of equation (4.11) is denoted by —e — (dashed lines)
by the presented method with the initial conditions
a,=10, a,,=05a,,=10,a,,=05  or  [x(0)=2.50000, %(0) = —2.88042,

#(0)=3.13488, ¥(0)=-3.07011] when 4 =025, A4, =08, 4 =12 4, =143 =01

and f =x’. Corresponding numerical solution is denoted by - (solid line).
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Fig. 4.3 First approximate solution of equation (4.11) is denoted by —e — (dashed lines)
by the presented method with the initial conditions
a,=04, a,,=04,a,,=04,a,,=04  or  [x(0)=120000, £(0)=—174277,

#(0)=222474, ¥(0)=-2.65437) when 4 =07,4,=095 A =118 4, =135 5=0.1

and f =x*. Corresponding numerical solution is denoted by - (solid line).
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Fig. 4.4 First approximate solution of equation (4.11) is denoted by —e — (dashed lines)

by the presented method with the initial conditions

a,=05, a,,=05,a,,=05,a,,=05  or  [x(0)=150000, £(0)=-2.17901,
#(0)=2.78047, ¥(0)=-3.28167] when 4 =0.7,4,=095 A =118 4 =1.35, £=0.1

and f = x’. Corresponding numerical solution is denoted by - (solid line).
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CHAPTER 5

Conclusions

The determination of amplitude and phase variables is crucial question in strongly
nonlinear damped oscillatory differential systems and they play very important role for
any physical problem. The amplitude and phase variables characterize the oscillatory
processes. In presence of damping, amplitude @ — 0 as 7 — o (i.e., for large time 7). It
is also noticed that the some limitations of He’s homotopy perturbation (without
damping) technique and the KBM method (weak nonlinearity) have been overcome by
the proposed method in chapter 3. Moreover, the proposed technique in chapter 3, is able
to give the desired results for both strongly and weakly damped nonlinear oscillatory

differential systems with small damping effects.

Also, in chapter 4, the KBM method has been extended for solving the fourth order near
critically damped nonlinear systems under some special conditions with small
nonlinearities, when the four eigen values of the corresponding linear equation are real
and negative numbers. From the Figs. 4.1-4.4, it is noticed that the solutions obtained by
the presented method show good agreement with those obtained by the numerical

méﬂlod.
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