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Abstract

In this study the laminar mixed free and force convection flow and heat transfer of viscous
incompressible electrically conducting fluid above a vertical porous continuously moving
surface is considered under the action of a transverse applied magnetic field. The Dufour or
diffusion-thermo effect in the presence of induced magnetic filed is taken into account. The
governing differential equations relevant to the problem are solved by using the
perturbation technique. On introducing the non-dimensional concept and initiating the idea
of usual Boussinesq’s approximation, the solutions for velocity field, temperature
distribution, induced magnetic field and current density are obtained under certain
assumptions. The influences of various establish dimensionless parameters on the velocity
and temperature profiles, induced magnetic fields as well as on the shear stress are studied
graphically. The numerical results have also shown that the diffusion-thermo (Dufour)
effect has a great influence in the study of flow and heat transfer process of some types of

fluids considered.
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CHAPTER 1

Available Information Regarding MHD Heat and Mass Transfer Flows

In this chapter we have discussed some fundamental topics related to the problems of
solving the equations of the fluid mechanics, Magnetohydrodynamics (MHD), heat and
mass transfer process viz. fundamental equations of fluid dynamics, MHD approximations,
MHD equations, dimensionless parameters, free-forced convections, heat and mass transfer

flows, suction etc., which are of interest of this investigation.

1.1 Magnetohydrodynamics (MHD)

Magnetohydrodynamics is that branch of continuum mechanics which deals with the flow
of electrically conducting fluids in presence of electric and magnetic fields. Many natural

phenomena and engineering problems are susceptible to MHD analysis.

Faraday [23] carried out experiments with the flow of mercury in glass tubes placed
between poles of a magnet, and discovered that a voltage was induced across the tube due
to the motion of the mercury across the magnetic field, perpendicular to the direction of
flow and to the magnetic field. He observed that the current generated by this induced
voltage interacted with the magnetic field to slow down the motion of the fluid, and this
current produced its own magnetic field that obeyed Ampere’s right hand rule and thus, in

turn distorted the magnetic field.

The first astronomical application of the MHD theory occurred in 1899 when Bigalow
suggested that the sun was a gigantic magnetic system. Alfaven [12] discovered MHD
waves in the sun. These waves are produced by disturbance that propagates simultaneously
in the conducting fluid and the magnetic field. The largest interests on MHD in the fluid of
aerodynamics have been presented by Rossow [57] for incompressible fluid of constant

property flat plate boundary layer flow. His results indicated that the skin frictions and the



heat transfer were reduced substantially whiten a transverse magnetic field way applied to

the fluid.

The current trend for the application of magneto fluid dynamics is toward a strong
magnetic field (so that the influence of the electromagnetic force is noticeable) and toward
a low density of the gas (such as in space flight and in nuclear fusion research). Under

these conditions the Hall current and ion slip current become important.

1.2 Electromagnetic Equations

Magnetohydrodynamic equations are the ordinary electromagnetic and hydrodynamic
equations which have been modified to take account of the interaction between the motion
of the fluid and electromagnetic field. The basic laws of electromagnetic theory are all
contained in special theory of relativity. But it is always assumed that all velocities are
small in comparison to the speed of light.

Before writing down the MHD equations we will first of all notice the ordinary
electromagnetic equations and hydromagnetic equations (Cramer and Pai, [18]). The
mathematical formulation of the electromagnetic theory is known as Maxwell’s equations
which explore the relation of basic field quantities and their production. The Maxwell’s

electromagnetic equations are given by

Charge continuity V.D=p, (1.1)
Al L N, 6pf

Current continuity V= " (1.2)

Magnetic field continuity V.B=0 (1.3)

Ampere’s law VxH=J+ % (1.4)

Faraday’s law VxE= _— (1.5}
ot

Constitutive equations forDand B D =¢E (1.6)

B=uH (1.7)

Lorentz force on a change F,=q'(E+q,xB) (1.8)

Total current density flow J=c(E+qxB)+p.q (1.9)



In equations (1.1) — (1.9), D is the displacement current, p. 1s the charge density, J is the
current density, B is the magnetic induction, H is the magnetic field, E is the electric field,
€' is the electrical permeability of the medium, M. is the magnetic permeability of

medium, g, velocity of the charge, o is the electrical conductivity, q is the velocity of the

fluid and p, q is the convection current due to charges moving with the fluid.

1.3 Fundamental Equations of Fluid Dynamics of Viscous Fluids

In the study of fluid flow one determines the velocity distribution as well as the states of
" the fluid over the whole space for all time. There are six unknowns namely, the three
components (u, v, w) of velocity q, the temperature T, the pressure p and the density p of
the fluid, which are function of spatial co-ordinates and time. In order to determine these

unknown we have the following equations:

(a) Equation of state, which connects the temperature, the pressure and the density of
the fluid.
p=pRT (1.10)
For an incompressible fluid the equation of state simply
p = constant (1.11)
(b) Equation of continuity, which gives relation of conservation of mass of the fluid.
The equation of continuity for a viscous incompressible fluid is
Vq=0 (1.12)
(c) Equation of motion, also known as the Navier-Stokes equations, which give the
relations of the conservation of momentum of the fluid. For a viscous

incompressible fluid the equation of motion is

D
pE$=F—vp+ﬂvﬁ (1.13)

where F is the body force per unit volume and the last term on the right hand side

represents the force per unit volume due to viscous stresses and p is the pressure.




is known as the material derivative or total derivative with respect to time which
gives the variation of a certain quantity of the fluid particle with respect to time.
Also V* represents the Laplacian operator.

(d) The equation of energy, which gives the relation of conservation of energy of the
fluid. For an incompressible fluid with constant viscosity and heat conductivity the

energy equation is

DT oQ 2
—=——+kV'T+ 1.14
"Dt ot ¢ L

00

C, is the specific heat at constant pressure, — is the rate of heat produced per

- unit volume by external agencies, £ is the thermal conductivity of the fluid, ¢ is the

viscous dissipation function for an incompressible fluid

R CEORC R

where
Y == @ 2 Sy
X ay Ox
ov ow
=—+—
Y& Oz ay
ow Ou
L = —+—
ox 0Oz
() The concentration equation for viscous incompressible fluid is
DC 2
=D, VC 1.15
o w (1.15)

C is the concentration and D,, is the chemical molecular diffusivity.

1.4  MHD Approximations

The electromagnetic equation as given in (1.1) — (1.9) are not usually applied in their

present form and requires interpretation and several assumptions to provide the set to be




displacement current. In most problems the displacement current, the excess charge density

and the current due to convection of the excess charge are small (Cramer and Pai, [18]).

The electromagnetic equations to be used are then as follows:

VD=0 (1.16)
VI=0 (1.17)
VB=0 (1.18)
VxH=J o (1.19)
VxE=0 S of (1.20)
D=cE TP, | (1.21)
N i.\ L Bangladesh /fj (1.22)
J =o(E+qxB) N (1.23)

1.5 MHD Equations

We will now modify the equations of fluid dynamics suitably to take account of the
electromagnetic phenomena.
(1) The MHD equation of continuity for viscous incompressible electrically conducting
fluid remains the same
Vq=0 (1.24)
(2) The MHD momentum equation for a viscous incompressible and electrically

conducting fluid is

p%=F—Vp+,ﬂV2q+JXB (1.25)

where F is the body force term per unit volume corresponding to the usual viscous
fluid dynamic equations and the new term J x B is the force on the fluid per unit
volume produced by the interaction of the current and magnetic field (called a
Lorentz force).
(3) The MHD energy equation for a viscous incompressible electrically conducting
fluid is
J2

. DT 00 2
==t kV T +¢+— 1.26
PG Dt ot ¢ o (1:29)



1.6

(2) Magnetic Reynolds Number, R_:

2

2 " : . g :
T'he new term “— is the Joule heating term and is due to the resistance of the fluid
o}

to the flow of current.

(4) The MHD equation of concentration for viscous incompressible electrically

conducting fluid remains the same as

DC 5
——=p,VC 1.27
D v (1.27)

Some Important Dimensionless Parameters of Fluid Dynamics and Magneto

hydrodynamics.

(1) Reynolds Number, Re:

It is the most important parameter of the fluid dynamics of a viscous fluid. It
represents the ratio of the inertia force to viscous force and is defined as

inertial force _ pU’L UL
viscous force  uUL v

Re =

where U, L, p and u are the characteristic values of velocity, length, density and

coefficient of viscosity of the fluid respectively. When the Reynolds number of the
system is small the viscous force is predominant and the effect of viscosity is
important in the whole velocity field. When the Reynolds number is large the
inertia force is predominant, and the effects of viscosity is important only in a
narrow region near the solid wall or other restricted region which is known as
boundary layer. If the Reynolds number is cnormously large, the flow becomes
turbulent.

o
It is the ratio of the fluid flux to the magnetic diffusivity and is given by
UL

K, = S
(1.0)

o

It is one of the most important parameter of MHD. The magnetic Reynolds number
determines the diffusion of the magnetic field along the stream lines. R, isa

measure of the effect of the flow on the magnetic field. If it is very small compared



to unity, the magnetic field is not distorted by the flow when it is very large. The

magnetic field moves with the flow and is called frozen in.

(3) Prandtl Number, P:

The Prandtl number is the ratio of kinematics viscosity to thermal diffusivity and

may be written as follows

_ kinematic viscosity v
thermal diffusivity ( k
(PG,

The value of v shows the effect of viscosity of fluid. The smaller the value of v

the narrower is the region which is affected by viscosity and which is known as the

boundary layer region when v is very small. The value of —k— shows the thermal
2 P

is the narrower is

diffusivity due to heat conduction. The smaller the value of
2

the region which is affected by the heat conduction and which is known as thermal

is small. Thus the Prandtl number shows the relative

boundary layer when

P
importance of heat conduction and viscosity of a fluid. For a gas the Prandtl

number is of order of unity.

(4) Magnetic Prandtl Number, P, :

The magnetic Prandt]l number is a measure of the relative magnitude of the fluid

boundary layer thickness. It is the ratio of the viscous diffusivity to the magnetic

diffusivity and is given by
‘Pm = —U_ g &
vy R,

P, is generally small and is a measure of the relative magnitude of the fluid

boundary layer thickness to the magnetic boundary layer thickness. However, when
the magnetic Reynolds number is large, the boundary layer thickness is small and is
of nearly the same size as viscous boundary layer thickness. In this case P, is not

small.



(5) Schmidt Number, S

o5
This is the ratio of the kinematic viscosity to the chemical molecular diffusivity and

is defined as

@ B (kinematic viscosity )
© D, (chemical molecular diffusivity)

(6) Grashof Number, G _:

This is defined as

] v 3
G = %b (iﬂ)L
v

and is a measure of the relative importance of the buoyancy of the force and

viscous force. The larger it is the stronger is the convective current. In the above g,
is the acceleration due to gravity, B’ is the co-efficient of volume expansion and T
is the temperature of the flow field.

(7) Modified Grashof Number, G

-
m*

This is defined as

_8F (ar)r’
UE

G

m

where B is the co-efficient of expansion with concentration and C is the species

concentration.

(8) Eckert Number, E_:

Eckert number can be interpreted as the addition of heat due to viscous dissipation.
Thus it is the ratio of the kinetic energy and thermal energy and is defined as

2
Bl
C,(T,-T,)



e |

[

where U is some reference velocity and 7, -7, is the difference between two
reference temperatures. It is very small for incompressible fluid and for low

motion.

(9) Soret Number, S, :
This is defined as

- DT (Tw*Tuo)
" v(C,-C.)

where D, is the thermal diffusivity, 7, is the temperature at the plate, 7, is the

temperature of the fluid at infinity, C, is the concentration at the plate and C_, is

W

the species concentration at infinity.

(10) Duffer Number, D, :
mk,p
0

where £, is the thermal diffusion ratio, m is the constant mass flux per unit arca,

This is defined as Df =

o is the density of the fluid, Q is the constant heat flux per unit area, C, is the

concentration susceptibility.

(11) Magnetic Parameter, M:
This is obtained from the ratio of the magnetic force to the inertia force and is

1
u.Hy(oL)2

(pU):

where H, is applied magnetic field.

definedas M =

1.7  Suction and Injection

For boundary layer flows with adverse pressure gradients, the boundary layer will
eventually separate from the surface. Separation of the flow causes many undesirable

features over the whole field; for instance if separation occurs on the surface of an airfoil,



the lift of the airfoil will decrease and the drag will enormously increase. In some problems
we wish to maintain laminar flow without separation. Various means have been proposed
to prevent the separation of boundary layer; suction and injection are two of them.

The stabilizing effect of the boundary layer development has been well known for several
years and till to date suction is still the most of efficient, simple and common method of
boundary layer control. Hence, the effect of suction on hydro-magnetic boundary layer is
of great interest in astrophysics. It is often necessary to prevent separation of the boundary

layer to reduce the drag and attain high lift values.

Many authors have made mathematical studies on these problems, especially in the case of
steady flow. Among them the name of Cobble [20] may be cited who obtained the
conditions under which similarity solutions exist for hydro-magnetic boundary layer flow
past a semi-infinite flat plate with or without suction. Following this, Soundalgekar and
Ramanamurthy [65] analyzed the thermal boundary layer. Then Singh [61] studied this
problem for large values of suction velocity employing asymptotic analysis in the spirit of
Nanbu [47]. Singh and Dikshit [62] have again adopted the asymptotic method to study the
hydro-magnetic effect on the boundary layer development over a continuously moving
plate. In a similar way Bestman [14] studied the boundary layer flow past a semi-infinite

heated porous plate for two-component plasma.

On the other hand, one of the important problems faced by the engineers engaged in high-
speed flow in the cooling of the surface to avoid the structural failures as a result of
frictional heating and other factors. In this respect the possibility of using injection at the
surface is a measure to cool the body in the high temperature fluid. Injection of secondary
fluid through porous walls is of practical importance in film cooling of turbine blades
combustion chambers. In such application injection usually occurs normal to the surface
and the injected fluid may be similar to or different from the primary fluid. In some recent
applications, however, it has been recognized that the cooling efficiency can be enhanced
by vectored injection at an angle other than 90° to the surface. A few workers including
Inger and Swearn [34] have theoretically proved this feature for a boundary layer. In
addition, most previous calculations have been limited to injection rates ranging from
small to moderate. Raptis and Kafoussis [54] studied the free convection effects on the

flow field of an incompressible, viscous dissipative fluid, past an infinite vertical porous



plate, which is accelerated in its own plane. He considered that the fluid is subjected to a

1
normal velocity of suction/injection proportional to ¢ 2 and the plate is perfectly insulated,

i.e., there is no heat transfer between the fluid and the plate. Hasimoto [30] studied the
boundary layer growth on an infinite flat plate started at time t = 0, with uniform suction or

injection. Exact solutions of the Navier-Stokes equation of motion were derived for the

1
case of uniform suction and injection, which was taken to be steady or proportional to 7 °.

Numerical calculations are also made for the case of impulsive motion of the plate. In the
case of injection, velocity profiles have injection points. The qualitative nature of the flow
on both the suction the cases are obtained form the result of the corresponding studies on

steady boundary layer, so far obtained.
1.8  Large Suction

When the rate of suction is very high then it is called large suction. Singh [61] studied the
problem of Soundalgeker and Ramanamurthy [65] for large value of suction parameter by
making use of the perturbation technique, as has been done by Nanbu [47]. Later Singh
and Dikshit [62] studied the hydro-magnetic flow past a continuously moving semi-infinite
porous plate employing the same perturbation technique. They also derived similarity
solutions for large suction. The large suction in fact enabled them to obtain analytical
solutions those are of immense value that compliment various numerical solutions. For the
present problem studying on MHD free convection and mass transfer flow with thermal
diffusion, Duffer effect and large suction we have to use the shooting method for getting
the numerical solutions.

1.9  Free and Force Convection

Free or natural convection is a mechanism, or type of heat transport, in which the fluid
motion is not generated by any external source (like a pump, fan, suction device, etc.) but
only by density differences in the fluid occurring due to temperature gradients. In natural
convection, fluid surrounding a heat source receives heat, becomes less dense and rises.
The surrounding, cooler fluid then moves to replace it. This cooler fluid is then heated and
the process continues, forming convection current; this process transfers heat energy from
the bottom of the convection cell to top. The driving force for natural convection is

buoyancy, a result of differences in fluid density. Because of this, the presence of a proper

11



acceleration such as arises from resistance to gravity, or an equivalent force (arising from
acceleration, centrifugal force or Coriolis force), is essential for natural convection. For
example, natural convection essentially does not operate in free-fall (inertial)
environments, such as that of the orbiting International Space Station, where other heat
transfer mechanisms are required to prevent electronic components from overheating.

Natural convection has attracted a great deal of attention from researchers because of its
presence both in nature and engineering applications. In nature, convection cells formed
from air raising above sunlight warmed land or water, are a major feature all weather
systems. Convection is also seen in the rising plume of hot air from fire, oceanic currents,
and sea-wind formation (where upward convection is also modified by Coriolis forces). In
engineering applications, convection is commonly visualized in the formation of
microstructures during the cooling of molten metals, and fluid flows around shrouded heat-
dissipation fins, and solar ponds. A very common industrial application of natural
convection is free air cooling without the aid of fans: this can happen on small scales

(computer chips) to large scale process equipment.

Forced convection is a mechanism, or type of heat transport in which fluid motion is
generated by an external source (like a pump, fan, suction device, etc.). It should be
considered as one of the main methods of useful heat transfer as significant amounts of
heat energy can be transported very efficiently and this mechanism is found very
commonly in everyday life, including central heating, air conditioning, steam turbines and
in many other machines. Forced convection is often encountered by engineers designing or
analyzing heat exchangers, pipe flow, and flow over a plate at a different temperature than
the stream (the case of a shuttle wing during re-entry, for example). However, in any
forced convection situation, some amount of natural convection is always present
whenever there are g-forces present (i.e., unless the system is in free fall). When the natural
convection is not negligible, such flows are typically referred to as mixed convection.

When analyzing potentially mixed convection, a parameter called the Archimedes number

(Ar) parametrizes the relative strength of free and forced convection. The Archimedes

number is the ratio of Grashof number and the square of Reynolds number [A" = ]:r 3 ) 2
e

which represents the ratio of buoyancy force and inertia force, and which stands in for the



contribution of natural convection. When Ar >> 1, natural convection dominates and when
Ar << 1, forced convection dominates.
When natural convection isn't a significant factor, mathematical analysis with forced

convection theories typically yields accurate results. The parameter of importance in forced

6 3 UL T - -
convection is the Peclet number (Pe = —\ , which is the ratio of advection (movement by

a )

currents) and diffusion (movement from high to low concentrations) of heat.

1.10 Porous Medium:

A porous medium is a material containing pores (voids). The pores are typically filled with
a fluid (liquid or gas). The skeletal material is usually a solid, but structures like foams are

often also usefully analyzed using concept of porous media.

A porous medium is most often characterized by its porosity. Other properties of the
medium (e.g., permeability, tensile strength, electrical conductivity) can sometimes be
derived from the respective properties of its constituents and the media porosity and pores
structure, but such a derivation is usually complex. Even the concept of porosity is only

straight-forward for a poroelastic medium.

Many natural substances such as rocks, soils, biological tissues (e.g. bones, wood), and
man made materials such as cements and ceramics can be considered as porous media.
Many of their important properties can only be rationalized by considering them to be

porous media.

The concept of porous media is used in many areas of applied science and engineering:
filtration, mechanics (acoustics, geomechanics, soil mechanics, rock mechanics),
engineering (petroleum engineering, bio-remediation, construction engineering),
geosciences (hydrogeology, petroleum geology, geophysics), biology and biophysics,
material science, etc. Fluid flow through porous media is a subject of most common
interest and has emerged a separate field of study. The study of more general behaviour of

porous media involving deformation of the solid frame is called poromechanics.

13



1.11 MHD Boundary Layer and Related Transfer Phenomena

Boundary layer phenomena occur when the influence of a physical quantity is restricted to
small regions near confining boundaries. This phenomenon occurs when the non-
dimensional diffusion parameters such as the Reynolds number and the Peclet number of
the magnetic Reynolds number are large. The boundary layers are then the velocity and
thermal or magnetic boundary layers, and each thickness is inversely proportional to the
square root of the associated diffusion number. Prandtl fathered classical fluid dynamic
boundary layer theory by observing, from experimental flows that for large Reynolds
number, the viscosity and thermal conductivity appreciably influenced the flow only near a
wall. When distant measurements in the flow direction are compared with a characteristic
dimension in that direction, transverse measurements compared with the boundary layer
thickness, and velocities compared with the free stream velocity, the Navier Stokes and
energy equations can be considerably simplified by neglecting small quantities. The
number of component equations is reduced to those in the flow direction and pressure is
then only a function of the flow direction and can be determined from the inviscid flow
solution. Also the number of viscous term is reduced to the dominant term and the heat

conduction in the flow direction is negligible.

MHD boundary layer flows are separated in two types by considering the limiting cases of
a very large or a negligible small magnetic Reynolds number. When the magnetic field is
oriented in an arbitrary direction relative to a confining surface and the magnetic Reynolds
number. When the magnetic field is oriented in an arbitrary direction relative to a
confining surface and the magnetic Reynolds number is very small; the flow direction
component of the magnetic interaction and the corresponding Joule heating is only a
function of the transverse magnetic field component and local velocity in the flow
direction. Changes in the transverse magnetic boundary layer are negligible. The thickness
of magnetic boundary layer is very large and the induced magnetic field is negligible.
However, when the magnetic Reynolds numbers is large, the magnetic boundary layer
thickness is small and is of nearly the same size as the viscous and thermal boundary layers
and then the MHD boundary layer equations must be solved simultaneously. In this case,

the magnetic field moves with the flow and is called frozen mass.



1.12 MHD and Heat Transfer

With the advent of hypersonic flight, the field of MHD, as defined above, which has been
associated largely with liquid-metal pumping, has attracted the interest of aero dynamists.
It is possible to alter the flow and the heat transfer around high-velocity vehicles provided
that the air is sufficiently ionized. Further more, the invention of high temperature facilities
such as the shock tube and plasma jet has provided laboratory sources of flowing ionized

gas, which provide and incentive for the study of plasma accelerators and generators.

As a result of this, many of the classical problems of fluid mechanics have been
reinvestigated. Some of these analyses arouse out of the natural tendency of scientists to
investigate a new subject. In this case it was the academic problem of solving the equations
of fluid mechanics with a new body force and another source of dissipation in the energy
equation. Sometimes their were no practical application for these results. For example,
natural convection MHD flows have been of interest to the engineering community only
since the investigations are directly applicable to the problems in geophysics and
astrophysics. But it was in the field of aerodynamic heating that the largest interest was
aroused. Rossow [57] presented the first paper on this subject. His result, for
incompressible constant-property flat plate boundary layer flow, indicated that the skin
friction and heat transfer were reduced substantially when a transverse magnetic field was
applied to the fluid. This encouraged a multitude analysis for every conceivable type of
acrodynamic flow, and most of the research centered on the stagnation point where, in
hypersonic flight, the highest degree of ionization could be expected. The results of these
studies were sometimes contradictory concerning the amount by which the heat transfer
would be reduced (Some of this was due to misinterpretations and invalid comparisons).
Eventually, however, it was concluded that the field strengths, necessary to provide
sufficient shielding against heat fluxes during atmospheric flight, were not competitive (in
terms of weight) with other methods of cooling (Sutton and Gloersen, [66]). However, the
invention of new lightweight super conduction magnets has recently revived interests in
the problem of providing heat protection during the very high velocity reentry from orbital
and supper orbital flight (Levy and Petschek, [41]).

15



Processes, heat transfer considerations arise owing to chemical reaction and are often due
to the nature of the process. In processes such as drying, evaporation at the surface of water
body, energy transfer in a wet cooling tower and the flow in a desert cooler, heat and mass
transfer occur simultaneously. In many of these processes, interest lies in the determination
of the total energy transfer although in processes such as drying, the interest lies mainly in
the overall mass transfer for moisture removal. Natural convection processes involving the
combined mechanisms are also encountered in many natural processes, such as
evaporation, condensation and agricultural drying, in many industrial applications
involving solution and mixtures in the absence of an externally induced flow and in many
chemical processing systems. In many processes such as the curing of plastics, cleaning
and chemical processing of materials relevant to the manufacture of printed circuits,
manufacture of pulp-insulated cables etc, the combined buoyancy mechanisms arise and
the total energy and material transfer resulting from the combined mechanisms have to be

determined.

The basic problem is governed by the combined buoyancy effects arising from the
simultaneous diffusion of thermal energy and of chemical species. Therefore the equations
of continuity, momentum, energy and mass diffusions are coupled through the buoyancy
terms alone, if there are other effects, such as the Soret and Duffer effects, they are
neglected. This would again be valid for low species concentration levels. These additional
effects have also been considered in several investigations, for example, the work of the
Caldwell [17]. Groots and Mozur [28], Hurle and Jakeman [33] and Legros, ef al. [46]).

Somers [63] considered combined boundary mechanisms for flow adjacent to a wet
isothermal vertical surface in an unsaturated environment. Uniform temperature and
uniform species concentration at the surface were assumed and an integral analysis was
carried out to obtain the result which is expected to be valid for P, and S_ values around
1.0 with one buoyancy effect being small compared with the other. Mathers ef al. [45]
treated the problem as a boundary layer flow for low species concentration, neglecting
inertia effects. Results were obtained numerically for £,=1.0 and S, varying from 0.5 to
10. Lowell and Adams [43] and Gill ef al. [27] also considered this problem, including
additional effects such as appreciable normal velocity at the surface and comparable
species concentrations in the mixture. Similar solutions were investigated by Lowell and

Adams [43], Lightfoot [42] and Saville and Churchill [60] considered come asymptotic
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solutions. Adams and Mc Fadden [1] presented experimental measurements of heat and
mass transfer parameters, with opposed buoyancy effects. Gebhart and Pera [24] studied
laminar vertical natural convection flows resulting from the combined buoyancy
mechanisms in terms of similarity solutions. Similar analyses have been carried out by
Pera and Gebhart [52] for flow over horizontal surfaces and by Mollendrof and Gebhart

[46] for axisymmetric flows, particularly for the axisymmetric Plume.

Mollendrof and Gebhart [46] carried out an analysis for axis symmetric flows. The
governing equations were solved for the combined effects of thermal and mass diffusion in
an axisymmetric plume flow. Boura and Gebhart [15], Hubbel and Gebhart [32] and
Tenner and Gebhart (1771) have studied buoyant free boundary flows in a concentration

stratified medium. Agrawal el al. [2] have studied the combined buoyancy effects on the

thermal and mass diffusion on MHD natural flows, and it is observed that, for the fixed G,
and P, the value of X, (dimensionless length parameter) decreases as the strength of the

magnetic parameter increases. Georgantopoulos ef al. [26] discussed the effects of free
convective and mass transfer flow in a conducting liquid, when the fluid is subject to a
transverse magnetic field. Haldavnekar and Soundalgekar [29] studied the effects of mass
transfer on free convective flow of an electrically conducting viscous fluid past an infinite
porous plate with constant suction and transversely applied magnetic field. An exact
analysis was made by Soundalgekar and Gupta [64] of the effects of mass transfer and the
free convection currents on the MHD Stokes (Rayleigh) problem for the flow of an
electrically conducting incompressible viscous fluid past an impulsively started vertical
plate under the action of a transversely applied magnetic field. The heat due to viscous and

Joule dissipation and induced magnetic field are neglected.

During the course of discussion, the effects of heating G,< 0 of the plate by free
convection currents, and G, (modified Grashof number), S, and M on the velocity and the

skin friction are studied. Nunousis and Goudas [49] have studied the effects of mass
transfer on free convective problem in the Stokes problem for an infinite vertical limiting
surface. Georgantopolous and Nanousis [25] have considered the effects of the mass
transfer on free convection flow of an electrically conducting viscous fluid (e.g. of a stellar

atmosphere, of star) in the presence of transverse magnetic field. Solution for the velocity
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and skin friction in closed from are obtained with the help of the Laplace transform

technique, and the results obtained for the various values of the parameters, S, , F, and M

are given in graphical form. Raptis and Kafoussias [54] presented the analysis of free
convection and mass transfer steady hydro magnetic flow of an electrically conducting
viscous incompressible fluid, through a porous medium, occupying a semi infinite region
of the space bounded by an infinite vertical and porous plate under the action of transverse
magnetic field. Approximate solution has been obtained for the velocity, temperature,
concentration field and the rate of heat transfer. The effects of different parameters on the
velocity field and the rate of heat transfer are discussed for the case of air (Prandtle number

P. = 0.71) and the water vapor (Schmidt number S, = 0.60), Raptis and Tzivanidis [55]

considered the effects of variable suction/ injection on the unsteady two dimensional free
convective flow with mass transfer of an electrically conducting fluid past vertical
accelerated plate in the presence of transverse magnetic field. Solutions of the governing
equations of the flow are obtained with the power series. An analysis of two dimensional
steady free convective flow of a conducting fluid, in the presence of a magnetic field and a
foreign mass, past an infinite vertical porous and unmoving surface is carried out by Raptis
(1983), when the heat flux is constant at the limiting surface and the magnetic Reynolds
number of the flow is not small. Assuming constant suction at the surface, approximate
solutions of the coupled non-linear equations are derived for the velocity field, the
temperature field, the magnetic field and for their related quantities. Agrawal ef al. [5]
considered the steady laminar free convection flow with mass transfer of an electrically

conducting liquid along a plane wall with periodic suction. The considered sinusoidal

r

suction velocity distribution is of the form V'= Vn{1+30037}, where v, > 0,is the

wavelength of the periodic suction velocity distribution, and gis the amplitude of the
suction velocity variation which is assumed to be small quantity. It is observed that near
the plate the velocity is a maximum and decreases as y increases. Also, an increase in the
magnetic parameter the velocity decreases. Agrawal ef al. [4] have investigated the effect
of Hall current on the combined effect of thermal and mass diffusion of an electrically
conducting liquid past an infinite vertical porous plate, when the free stream oscillates
about constant nonzero mean. The velocity and temperature distributions are shown on

graphs for different values of parameters. The value of P, is chosen as 0.71 for air. In



selecting the values of S, the Schmidt number, the diffusing chemical species of most

c?
common interest in air are considered. From the figures it is seen that, with the increase air.
Hall parameter, the mean primary velocity decreases, where as the mean secondary

velocity increases for a fixed magnetic parameter M and S, . However, for a fixed m, and
increase air magnetic parameter M or S, leads to a decrease in both the primary and the

secondary velocities. The mean shear stresses at the plate due to primary and secondary
velocity and the mean rate of heat transfer from the plate are also given. To study the

behavior of the oscillatory and transient part of the velocity and temperature distribution,
. ) T
curves are drawn for various values of parameters that describe the flow at Wr = 't The

non-dimensional shear stress and the rate of heat transfer are obtained. The above problem
has been extended by the same authors (Agrawal ef al. [3]) when the plate temperature
oscillates in time a constant nonzero mean, while the free stream is isothermal. The
velocity, temperature and concentration distribution, together with the heat and mass

transfer results, have been computed for different values of P., G , M and m.

1.13 Soret and Duffer Effect

In the above mentioned studies, heat and mass transfer occur simultaneously in a moving
fluid where the relations between the fluxes and the driving potentials are of more
complicated nature. In general the thermal-diffusion effects is of a smaller order of
magnitude than the effects described by Fourier or Flick’s laws and is often neglected in
heat and mass transfer process. Mass fluxes can also be created by temperature gradients
and this is Soret or Thermal diffusion effect. There are, however, exceptions. The thermal-
diffusion effect, (commonly known as Soret effect) for instance, has been utilized for
isotope separation and in mixtures between gases with very light molecular weight (Ha,
He) and of medium molecular weight ( V, , air). The diffusion thermo effect was found to
be of such a magnitude that it could not be neglected (Eckert and Drake, [22]). In view of
the importance of the diffusion thermo effect, Jha and Singh [35] presented an analytical
study for free convection and mass transfer flow for an infinite vertical plate moving
impulsively in its own plane, taking into account the Soret effect. Kaffoussias [36] studied

the MHD free convection and mass transfer flow, past an infinite vertical plate moving on
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its own plane, taken into account the thermal diffusion when (i) the boundary surface is
impulsively started moving in its own plane (ISP) and (ii) it is uniformly accelerated
(UAP). The problem is solved with the help of Laplace transfer method and analytical
expressions are given for the velocity field as well as for the skin friction for the above
mentioned two different cases. The effects of the velocity and skin friction of the various
dimensionless parameters entering into the problem are discussed with the help of graphs.
For the I.S.P. and U.A.P. cases, it is seen from the figures that the effect of magnetic
parameters M is to decrease the fluid (water) velocity inside the boundary layer. This
influence of the magnetic field on the velocity field is more evident in the presence of
thermal diffusion. From the same figures it is also concluded that the fluid velocity rises
due to greater thermal diffusion. Hence, the velocity field is considerably affected by the
magnetic field and the thermal diffusion. Nanousis [48] extended the work of Kafoussias
[36] to the case of rotating fluid taking into account the Soret effect. The plate is assumed

to be moving on its own plane with arbitrary velocity U, f (t’) where U, is a constant

velocity and f(¢') a non-dimensional function of the time . The solution of the problem
is obtained with the help of Laplace transform technique. Analytical expression is given for
the velocity field and for skin friction for two different cases, e.g., when the plate is
impulsively stared, moving on its own plane (case I) and when it is uniformly accelerated
(case II). The effects on the velocity field and skin friction, of various dimensionless
parameters entering into the problem, especially of the Soret number S, , are discussed with
the help of graphs. In case of an impulsively started plate and uniformly accelerated plate
(case I and case II), it is seen that the primary velocity increase with the increase of S, and
the magnetic parameter M. It has been observed that energy can be generated not only by
temperature gradients but also by composition gradients. The energy flux caused by
composition gradients is called the Duffer or diffusion thermo effect. On the other hand,

mass fluxes can also be created by temperature gradients and this is the Soret or thermal

diffusion effect.
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CHAPTER 2

Introduction and Literature Review

The convective heat and mass transfer process takes place due to the buoyancy effects
owing to the differences of temperature and concentration, respectively. In dealing with the
transport phenomena, the thermal and mass diffusions occurring by the simultaneous
action of buoyancy forces are of considerable interest in nature and in many engineering
practices, such as geophysics, oceanography etc. Many theoretical and experimental
investigations have been established in the literature involving the studies of heat and mass
transfer over plates by natural, forced or combined convection, and most of these studies
are based upon the laminar boundary layer approach. The mixed free-forced convective
and mass transfer flow has essential applications in separation processes in chemical
engineering or drying processes. The natural convection boundary layer flows induced by
the combined buoyancy effects of thermal and mass diffusion has been investigated
primarily by Gebhart and Pera [24] and Pera and Gebhart [52]. Furthermore, convective
flow through porous media is very important in many physical and natural applications,
namely, heat transfer associated with heat recovery from geothermal systems and
particularly in the field of large storage systems of agricultural products, storage of nuclear
waste, heat removal from nuclear fuel debris, petroleum extraction, control of pollutant
spread in groundwater, etc. The free convection flow past an infinite vertical porous plate
with suction velocity perpendicular to the plate surface was studied by Brezovsky er al.
[16], Kawase and Ulbrecht [38], Martynenko ef al. [44] and further extended by Weiss et
al. [67]. A finite difference numerical scheme was considered by Pantokratoras [50] in
order to study the laminar free convection boundary layer flow past over an isothermal
vertical plate with uniform suction or injection. Hassanien ef al. [31] has investigated the
natural convection boundary layer flow of micropolar fluid over a semi-infinite plate
embedded in a saturated porous medium where the plate maintained at a constant heat flux

with uniform suction/injection velocity.

In recent times, the problems of natural convective heat and mass transfer flows through a

porous medium under the influence of a magnetic field have been paid attention of a
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number of researchers because of their possible applications in many branches of science,
engineering and geophysical process. Considering these numerous applications, MHD free
convective heat and mass transfer flow in a porous medium have been studied by among
others Raptis and Kafoussias [54], Sattar [58], sattar and Hossain [59] etc. Besides, Kim
[39] has been studied the effect of MHD of a micropolar fluid on coupled heat and mass
transfer, flowing on a vertical porous plate moving in a porous medium. However,
Pantokratoras [51] showed that a moving electrically conducting fluid induced a new
magnetic field, which interacts with the applied external magnetic fields and the relative
importance of this induced magnetic field depends on the relative value of the magnetic
Reynolds number (R, >> 1).

Nevertheless, more complicate phenomenon arises between the fluxes and the driving
potentials when heat and mass transfer occur simultaneously in case of a moving fluid. It
has been observed that an energy flux can be generated not only due to the temperature
gradients but also by composition gradients. The energy flux caused by a composition
gradient is called the Dufour or diffusion-thermo effect, whereas, mass flux caused by
temperature gradients is known as the Soret or thermal-diffusion effect. In general, the
thermal-diffusion and diffusion-thermo effects are of a smaller order of magnitude than the
effects described by Fourier's or Fick's law. This is why, most of the studies of heat and
mass transfer processes, however, considered constant plate temperature and concentration
and have neglected the diffusion-thermo and thermal-diffusion terms from the energy and
concentration equations, respectively. Ignoring the Soret and Dufour effects, Choudhary
and Sharma [19] studied the mixed convection flow over a continuously moving porous
vertical plate with combined buoyancy effects of thermal and mass diffusion under the
action of a transverse magnetic field, when the plate is subjected to constant heat and mass
flux. But in some exceptional cases, for instance, in mixture between gases with very light
molecular weight (H,, He) and of medium molecular weight (N, , air) the diffusion-
thermo (Dufour) effect and in isotope separation the thermal-diffusion (Soret) effect was
found to be of a considerable magnitude such that they cannot be ignored. In view of the
relative importance of these above mentioned effects many researchers have studied and
reported results for these flows of whom the names are, Eckert and Drake [22],
Dursunkaya and Worek [21], etc. Whereas, Kafoussias and Williams [37] studied the same
effects on mixed free-forced convective and mass transfer boundary layer flow with
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temperature dependent viscosity. Later, Anghel er al. [13] has investigated the composite
Dufour and Soret effects on free convection boundary layer heat and mass transfer over a
vertical surface in a Darcian porous regime. A theoretical steady with numerical solution of
two-dimensional free convection and mass transfer flow past a continuously moving semi-
infinite vertical porous plate in a porous medium is presented by Alam et al. [11], taking
into account the Dufour and Soret effects. Later, a numerical study based on Nachtsheim-
Swigert shooting iteration technique together with sixth order Runge-Kutta integration
scheme have been carried out by Alam and Rahman [8] in order to investigate the Dufour
and Soret effects on mixed convection flow past a vertical porous flat plate with variable
fluid suction. Recently, Alam et al. [9] investigated the diffusion-thermo and thermal-
diffusion effects on unsteady free convection and mass transfer flow past an accelerated
vertical porous flat plate embedded in a porous medium with time dependent temperature
and concentration. Very recently, a mathematical model and numerical study based on the
finite element method has been implemented by Rawat and Bhargava [56] for the viscous,
incompressible heat and mass transfer of a micropolar fluid through a Darcian porous
medium with the presence of buoyancy, Soret/Dufour diffusion, viscous heating and wall

transpiration.

The Dufour and Soret effects on steady MHD free convective heat and mass transfer flow
past a semi-infinite vertical porous plate embedded in a porous medium have been studied
by Alam and Rahman [7]. Next, Alam et al. [10] studied the Dufour and Soret effects on
unsteady MHD free convection and mass transfer flow past an infinite vertical flat plate.
Alam et al. [11] further extensively investigated the Dufour and Soret effects on steady
MHD free-forced convective and mass transfer flow past a semi-infinite vertical plate. In
recent times, a numerical study of the natural convection heat and mass transfer about a
vertical surface embedded in a saturated porous medium under the influence of a magnetic
field has been done by Postelnicu [53], taking into account the diffusion-thermo and
thermal-diffusion effects. Following the study to those of Choudhary and Sharma [19],
Pantokratoras [51] and Postelnicu [53], our main aim is to investigate the Dufour effect on
combined heat and mass transfer of a steady laminar mixed free-forced convective flow of
viscous incompressible electrically conducting fluid above a semi-infinite vertical porous

surface under the influence of an induced magnetic field.
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CHAPTER 3

Governing Equations and Solutions

Consider a model of steady mixed convection and mass transfer flow of a viscous,
incompressible, electrically conducting fluid past a continuously moving infinite vertical
electrically nonconducting porous plate under the influence of a transversely applied
magnetic field. Introducing the cartesian coordinate system in which the axes x and y are
chosen to be along and normal to the plate, respectively. The flow is assumed to be in the
x-direction, which is taken along the vertical plate in the upward direction. Based on the
assumptions that the magnetic Reynolds number of the flow is not taken to be of

considerable magnitude so that the induced magnetic field is taken into account. The

magnetic field is of the form H = (H »H y,O). The equation of conservation of electric

charge V.J =0, where J = (J . y,-] 2). Since the direction of propagation of electric
charge is along the y-axis and the plate is electrically nonconducting, J, =0 every where

within the flow. It is also assumed that the Joule heating effect is small enough and

divergence equation for the magnetic field V.H=0 is of the form H 6 =H,. The

schematic view of the flow configuration and coordinate system of the problem are shown

in Figure-3.1.

>
Figure 3.1 Flow configuration and coordinate system

Further, as the plate is infinite extent, all physical variables depend on y only and therefore

the equation of continuity is given by
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ZJ;_O 3.1

whose solution gives v=-VF,, where ¥}, is the constant velocity of suction normal to the

plate and the negative sign indicates that the suction velocity is directed towards the plate
surface. In accordance with the above assumptions and initiating the concept of usual
Boussinesq’s approximation, the basic equations related to the problem incorporating with

the Maxwell’s equations and generalized Oham’s law can be put in the following form:

du " d*u  pH, dH
o e - Ui 0 L S B B e 32
2
S gl 1 & 2, (.3)
dy dy oy, dy
2 2 2 2,
y 9T _ & ff_z;,"&[ﬂli) o [de] 5D e 3.4)
dy pC,dy" C,\dy) opC,\ dy ) CC,dy
dC ..
ot ke O . S 2
Cdy T dy? =

The relevant boundary conditions on the vertical surface and in the uniform stream are
defined as follows:

u=U,, Ez_g d_C:_ﬁs Hx:Hw aty=0

dy k'dy D (3.6)
u=0,7T=7,,C=C,, H =0 when y >
where g is the acceleration due to gravity, f§ is the coefficient of thermal expansion, 7'
denotes fluid temperature, C is concentration of species, 7, and C_ are the temperature
and species concentration of the uniform flow, B is the concentration expansion
coefficient, vis the Newtonian kinematic viscosity of the fluid, g, is the magnetic
permeability, H, is the applied constant magnetic field, H, is induced magnetic field, p
is the density of the fluid, o is the electrical conductivity, & is the thermal conductivity, D is

the chemical molecular diffusivity, C,, is the specific heat capacity of the fluid at constant

pressure, C, is the concentration susceptibility, &, is the thermal diffusion ratio, U, is the
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uniform velocity, Q is the constant heat flux per unit area, m is the constant mass flux per

unit area and H  is the induced magnetic field at the wall, respectively. In order to

simplify a numerical solution, we introduce the following transformations, viz:

* * * * 2 DV C _C
Vs v Y v vm
s - . H
G L) . g e B 3.7)
vQ PV
and defining the following dimensionless parameters

»
P = % (Prandtl number)

r

G

r

2
——-U—‘g—%g (Grashoff number)
kv,

*(C —
G, = vep (VC;” Co) (modified Grashoff number)
0

kVy
D

o=

[

(Eckert number)
P

D, = &f (Dufour number)

S, = % (Schmidt number)

P, =ovu, (Magnetic diffusivity)

M= % He (Magnetic parameter), where C,, is the concentration on the plate wall.
o VP

On introducing the above non-dimensional quantities, in the equations (3.2) — (3.5) with

boundary conditions (3.6) we have

* u
U =—
Vo
0r,u=V0u‘
du_ di"
dy dy
« Vi
P
v
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(3.8)

(3.9)

(3.10)

3.11)

(3.12)



Quvo’
¥,

or, I'-T, =

(3.13)

Substituting (3.8) — (3. 10) and (3.12) - (3.13) in equation (3.2) we get,
2 * * 3 2 * 2 *
P du’" gﬂ(aguJ g[ﬂmuC Jw[Vm{,du]ereﬁo_r_fg_ p aH

v ay' kv, VoD v ) p o\ @
or Vs du’ _8pve’ gﬂ moC”* +V3 d*’ th #Hy [p dH®
v dy kv, VoD v dy? v P \au, afy
- d*u’ du H, H, H, dH du __gﬁUZQH' N gp’v*mC"
A7 VW \p @ dy‘ kv pyy

2 % * * 2 * LI _
of, d z:z +MdH‘ +du* __&pPv 4Q€ _gpuvC T:’,JD(E' C,)
dy dy dy KV, vC DV

d*u’ dH' au'

or, tM—+""= GO -G, C" (3.14)

dy™ & &

where

m=t [He
Wip

G &80
r k%zj

G, = gﬁf'vz(c‘%‘m)V£3

0

Putting (3.8), (3.10) - (3.11) in equation (3.3) we have
2 2 3 2
"‘Vo Vs p dH, il _V__tc_a’uh_F 1 V5 |p d°H,

e d o d om0t ﬂe &7

_dH, _Hy |p, di’ 1 dPH,
or, + o
&, a‘y Ol dy

where M=£9- He
Wip

and 7, =ouy, .
Again equation (3.4) gives

dr k_qz_r+i(gg]2+ (dHJ Dk, d’C
C,\dv) op\ ay CC @a?
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From equation (3.13) we have

T= ovo +7,,
kv,

4T _ d [QUG +T"°J‘£
& @ dy
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Ky dy o
_Qde’
o7
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Further from equation (3.12)
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Therefore equation (3.4) becomes

* * 2 2 .
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where £t P=P,E = i , P, =ovpu,
k ouC,

and D, = mGp is the Dufour number.

5

Then equation (3.5) becomes

_VymdC” _ [ mV, da*c’
D dy‘ Do dy*2

* 2
";C‘ +2‘;y?2 =0 (3.17)
[y U

»

where — = S.
D
The corresponding boundary conditions are now transformed as follows:

y=0=y =0

u=Uaty=0= Vuu‘.:U{,::u‘:%,i.e., u =U" aty =0
0
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*

— y - — i.e_, i:—l aty*zo
dy k kdy k& dy

ac m mdC® m . dC" .
—=—-—aty=0=>——F=-—,1e., —=-laty =0
dy D D dy D dy
Hx=Hwaty=0:>——£-——=Hw:> ot =Hw:>HUH =H,ie,H =haty =0
M 1 H. Hy M
PV PV
where h=MH“’.

0

Alos y >0 =y o

u=0when y>o0o= Vou‘=0, i.e.,u*=0 when y*—>oo

Qvb

0

T=T, when y —> 0= =0, i.e., & =0 when y’ >

C=C, when y—)oonm

=0, i.e.,C' =0 when y’ >
0

and H, =0 when y~>00:>——f£—1—~=0, i.e., H =0 when y" — oo
He

PV
Therefore, ignoring the asterisk (*), we obtain (3.14) — (3.17) as follows:
d’u . dH du

$+ME+E=—G,9—G,”C (3.18)
Pimi’j+M%+%{=o (3.19)
§+;_cj;§=o (3.21)

with corresponding boundary conditions

y=0 :u=U, ie:—l,d—cx-l, H=h (say)
dy dy (3.22)

y—ow:u=0,0=0,C=0,H=0
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CHAPTER 4

Numerical Solution and Discussion

4.1 Numerical Solution

The simplest solution of equation (3.21) can be obtained as follows:

v 2
ad + L. (ZJ =0 4.1)
dy S, dy
Let the trial solution of (4.1) be C =™ (4.2)
So the auxiliary equation of equation (4.1) is
Lm2 +m=0
S,
ie. m[l+ = ]z 0
S,
~m=0and m=-S,
Therefore, we have the trial solution C = A4+ Be *”
Applying boundary conditions on C from (3.22) we have
C=0a y—>o =>0=4ie. A=0
£=-I at y=0:then -1=-S B i.e. Je‘ffzL
dy S,
Hence
I —-S.v
C= S—e e (4.3)

To obtain a complete solution of the coupled nonlinear system of equations (3.18) — (3.20)
under boundary conditions (3.22), we introduce the perturbation approximation. Since the
dependent variables u, H and & mostly dependent on y only and the fluid is purely
incompressible one, we expand the dependent variables in powers of Eckert number E.
which is small enough such that the terms in Ec2 and its higher order can be neglected.

Thus we assume
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?

u(y):ul(J/)Jm:‘fcu2 (y]+()(Ec2)+ ...........

H(y)=H,(»)+EH, (y)+O(E?)+...... (4.4)
0(»)=6,(»)+E0(y)+O0(E?)+.......
du ' '
Now, —=u; (¥)+Eu, (¥)+.........
dy
211 " "
-‘;J}T=ul N+ Euy (V) +.inici
dH '
5=H| (y)+ECH2 (y)+ ...............
d’H ..« "
"?d;i‘-“zﬂl (y)‘i'ECHz (y)+ .........
dg '
d—=9] M+EB, (¥)+.........
18
d*0 _ .» "
Fzé’, (M+EBL () +.........

Substituting equation (4.4) into (3.18), (3.19) and (3.20), we get-
From (3.18):

2
d—’zi+Md—H+@=—G,9—Gmc
dy dy dy

or, {ul” (y)+ Ecuz" (y) + } + M {H; O+ ECHz'(y) + } + {ul' (»+ Ecu2' (»)+ }

=-G, {6 +E0,(y)+..}-G,C

Equating the co-efficient of the like powers of E. and neglecting the terms in Ef and

higher order, we have

u' +MH, +u, =-G.6,-G,C (4.5)
u," + MH, +u, =-G.6, (4.6)
From (3.19):

1 d’H
e +ﬂ+MgE:O
P, dy dy dy

1 LU n r r ' r
or, —{H" () + E.H, (y)+...]+{H, (y)+E.H, (y)+...}+M{u, )+ E,u, (y)+...}=0

m
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Separating like terms we get,

iH,” +H' +Mu' =0

m

o H"+P,H' +MPu =0 4.7)
and H," +P H, + MPu, =0 (4.8)
From (3.20):

6 +P6 =D,C"
" ' ” P ”

m

So substituting (4.4) into (3.18), (3.19) and (3.20) and equating the co-efficient of the like
powers of E, and neglecting the terms of E,> and higher order, we obtain the equations of

zero and first order approximations as follows:

Coefficient of (£, )

w' + MH, +u' =-G.6,-G,C (4.9)
H+P H'+MPu =0 (4.10)
6" +P6 =D,C" 4.11)
and coefficient of (E,) :

u, +MH, +u, =-G.6, (4.12)
H," +P,H, + MP,u, =0 (4.13)
TN —% 2 (4.14)

m

with the corresponding boundary conditions

uy=U, uy=0, H=h, H,=0, 6, =-1, 6, =0 aty=0 } (4.15)

u=0,u,=0,H -0, H, >0, § >0, 6, >0 asy >
Finally, equations (4.9) — (4.14) together with the boundary conditions (4.15) can be

written separately as follows:

B0 e e e Us i (4.16)

dy’ dv dy S,
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2y R e
4 }f' +P, ! +Mpmﬂ=0 b7y il s (4.17)
dy dy dy i/ %
i _ s } ,g
2 1 L\ Sangladesn ) 3
cYip % =8,Dye™ \& S (4.18)
% 2 ity )
d.y y \‘H;i:-h’;' _I‘_I.ﬁ: »
with boundary conditions
y=0:u4=U, fgﬁz—l, H =h
dy (4.19)
y—ow:u =0, 6,=0, H =0
2
i 2 M a8, . .ap (4.20)
dy dy dy
2
4 v, Ay o vip 2 (4.21)
dy dy dy
a6,  do du ' 1 (dH,Y
24P —2=-P [—'] + —[—i] 4.22)
dy dy dy P\ dy
with boundary conditions
y=ii o =0, B g 0 |
* dy (4.23)

y—>o:u, =0, 6,=0, H,=0
Now we are interested to solve equation (4.16) — (4.18) with boundary conditions (4.19)
and equation (4.20) — (4.22) with boundary conditions (4.23).

From equation (4.18) we have

2

Here the auxiliary equation is obtained by

m2+Rm=0
or, m(m+R)=0
~om=0and m=-P,

The complementary function is obtained by 6,, = A+ Be ™™

<&
D;S.e 4

Now the particular integral 6, N e
(_Sc ) - PrSc
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_Scy
Dse

D e %
General solution is 6, =6, +6,, =4+ Be ' —;7?
Applying boundary conditions:
6=0asy—>0o=>4=0
and
8,' =—1 at y=0 gives
fSc
-1=-BP +—
¥ _SC
DS
B= A fqe L6
Pr Pr = Sc
S, D
Hence 6, ot | o 0P Ry,
Pl B-S, (-5,
D,S DS
or, 6, o {4 L8 bgeby e
r ‘F.:' I Sc Sc (‘H - Sc)
DS,
Let us consider ———=n,
1 spy L iy
Then 8, =—(1+n,)e ™ ——n,e ™ (4.24)
P S,
Now we have from (4.16) and (4.17),
u' +MH,| +u =-G,0,-G,C (4.25)
H' +P H'+MPu =0 (4.26)
Now from (4.26) we obtain
u!! - 1 (HI" + PmHlf)
P

m

. u]ﬂ' - _L(HIII’I‘ +PmH]")
MP

m

Substituting the above two relations together with (4.3) and (4.24) into equation (4.25) we

have
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1 e rr r ]. r r —~ 1+n — Py — v G N W
——(H[ +P 1, )+MH, = (HI +PH, )="—(Jr (U+7) py 1 p-siv|_Ga s
MP, MP, P S, S,
or,
LU r r " r 1+n —_ T G MP poi
Hl +PmH| —M2PMH¥ +Hl +PmH1 =GrMPm{%e 24 __Zle -53}}4_%6 ¥
nr n r ~ 1+ 5 o, G MP =X
or, H" +(1+B,) H," + P, (1- M*) H) = G, MP, W4m) ry 1 s |y GaMEy -5
P S, 5
Here auxiliary equation is m’ +(1+Pm)inr12 +P (1 —Mz)m =0
For simplicity, let us consider, 1+ P, =n, and P,(1-M?*)=n,
Then m’ + nm* + n,m=0
or, m(m2 +nim+n2)= 0
-n i\[nz —4n
i.e. m=0 and m=— 2’ -
e Vs S L i W
The complementary function is H,, = A+ Be 2 +Ce 2
G MP (1+n7)e*ﬂy - ?_1_7 e—S(-Jr’ $e GmMPm e oY
Posticulacilogrilts Homr— L e e
articular integral is =
= & D’ +nD?+n,D
7 G, MP - G MP, s
G, MF, (l+n7)e_‘u’y rm gy e Sy “m " m =Sy
r SC SC
or, H,, = 3 2 = 3 2 e ; 0
_ MPG(1+mp)e™™™  MP,G me MP,G_ e 5
~PUBE-mPovmy) 8282 -mS;+m) ~S2HS2-mS, +m)
; MP,
Choosing G’A{P'” =m; G =Wy S #zns and %:nﬁ
r Sc Pr _nlpr +n Sc _nlSr +n,
= -Fy G" “Scy =Sy
we have H,, =-ns(1+n;)e S ge T —nge

=—n;(1+n, )e‘f’;y = [1 _%”7 Je-.g.y

m

So the general solution is
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-n —,[Jnlz—ilng 3 —n|+‘,‘n12—4n2 5 ) G <
H =H, +H,=A+Be 2 +Ce 2 —ns(1+n;)e™ ™ —ng| 1-—L-n, [e>
1 Ic 1p 5 7 (i} G 7
m

Applying boundary conditions:
H, =h at y=0, we have

andat y >0, H =0=C=0

which gives 4=0.

Therefore we have B=h+ns(1+n,)+n, [1 —Z—’”m}

Hl +1’n;2 _4”2 i AI i then

If we consider

G, -4 - G:- —S.y
fﬂ(y):{hw(lw)w[l—g’m}}e Y ny(1+m)e P’y-n{l—a-n;Je .

m m

Further from (4.25) we have " +u, =-G,6, -G, C — MH|

i.e. u,” + ul' = —%(I +n7)e"’p’y +%n7e_s"y —%e_S‘y - M[—A] {h+ P (1 + n-,)
2 C (4

m m

+r (1—% n?}}e%"v +Png(1+m) e +S.ng [1—% n,}e*&‘yj|

| _ 1 "
0= e mb e

r e
Here, auxiliary equation is m”> +m =0
or, mim+ 1) =0
ie. m=0 and m=-1
Complementary function is #,, = A+ Be™”

Particular integral is

_M[—/ﬁ {h+n5 (] +n?)+n6 (] —%Hf]}e—dﬁ +P:-”5 (l+n7)e_‘p'y +Scn6 [lﬁgr'ﬂ?]e_sc‘v}

m m

“ip = D’+D
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Gr -Py Gm Gr Gr =S¥

r

(-R)-P, (-5.)°-S

MA, {h+n5 (1+n;)+n, (I —g’-- n—,J}e_A'y

(—4)" -4
G, —Gon+ MS?n | 1= Frn Loy
{6, (em)+ MBP g () T T
-B*(1-B) -S;(1-5,)

m

+

—4(1-4)
Choosing
& _
M {h+n5 (1"'”7)"'”6[1'6"!"”7]}
(1- 4,) P
G, (1+n)+MPns(1+n,)
P’ (1-P) T
. G,
G,—-G.n, +M’S§n6 (I_Gm 1y
=Hyp s

Scz(l_Sc)

. . . A = » <
The particular integral is u,, = —mge " +nye by pne™>

ok - 4 P, -5,
The general solution is u; =, +u;, = A+ Be™” —mge™ ™ +mge”” +mjpe >

Using boundary conditions:

At y=0,uyy=U=>U=A+B-ng+ny+n,
ie. U=A+B—ng+ny+n

andat y >0, 4, =0=>4=0

Hence B=U +ny3—ng —ny,

Therefore,

4

= S T S -By ~Scy
ul—(UJrnB Hy nm)e nge "V +nge 7 +nge e
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Thus solving the above equations (4.16) — (4.18) under boundary conditions (4.19), we get

U, (y) = (U +ng — Ny —nw)e_y - nge_A‘y +n9e_’a’y +ny e el (4.27)

& .- T G -5
fﬂ(y){h+ns(1+m)+n6[l—g’m}e Y ony (1) —r%[l—gm}e Y @as)

m m

0 ()= (1, )™ —me (429)

r e

Similarly solving equations (4.20) — (4.22) under boundary conditions (4.23), we get

w," +u, + MH, =-G.6, (4.30)

H,"+P H, +MPu, =0 (4.31)
L] r r 2 P r 2

0," +P.0, =—P,,(ul) —P—’(H,) (4.32)

From equation (4.32) we have auxiliary equation
m*+Pm=0
or, m(m+R)=0

ie.m=0and m=-P

r

r
7y

Hence the complementary function is &,, = 4+ Be ™

2 2
- (u) -5 ()

D*+PD

Now the particular integral is &, , =

. 2
0. — - {_(U +ng—ng—myg)e” + Ange™*” — Pnge™ —Scnme‘bc}'}
< D’ +PD

ﬁ—’[—A, {k +n5(1+n;)+ng (1 - g’ n, )}e_"“y +Png(1+n,)e ™

9

+Scn5 [1 G % n, Je--Scy:|

D*+PD

24y Sey

=—P, [(U +ng —ny —n10)2 e + Ainge + P2nge Y 4+ §2nle™
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—(A,+P,)y

—(1+A‘]] ¥

24,5 (U +ng —ny =y ) e —24, b ngnge

145, )y

+2P.ny (U +ng —ng ~n10)e_(l+P’)y +28,m, (U +ng—ny —nm)e_[

—2A]Scn8nme_(A‘+S"]y + ZRSCngnme_(P’*S‘)y]

?[A,z {h+n5(1+n?)+nﬁ(

2
+8,.'ng" [1 —-n, g’ ] e %Y _2 4 Pn, (1+n?){h+n5 (1+n;)+ng (1 -1, %J}J“ﬁﬂ)y

m m /)

m

2
G -24 2

r nd P —2Py

ny |p e "4+ Pni(1+n,) e

+2P.S.nsng (141, )[1 —g—’n? ]e*”*a}” —24,8,n, [1 = é’—’m Hm ns (141, )+ng [1 L (C’ nj]}e‘(""*"""‘)’}

m m ’m'

D*+P.D

If we choose P, =1, the particular integral is

3 " s {h+n5(1+n?)+n6[l—c—’n?)} +n? g AR
2p — " 4r

(=2) —2p < (-24 ) ~2P.4,

G 985
S22l p2| 1——rpy +nk be Sy
Pr‘."{ns2 (l+n7)2+n§} e 2by C{ 6( G, 7) ]0}
+

2 2 ¥ 2
(-2P, ) -2p, (-2S8.)" -2S.P.

(1+4, )y ~(1+2.)y

24 nS(U+n8—n9—n,0)e 2Pn9(U+n3—n9 no) e

(~(1+4)) -(1+ 1))~ {~a+R)f -R(1+R)

+ SHI{J(U+HS Ry — "10) gl

~Q+8,)) -R(1+5,)

2A,R|:n5(1+n7){h+n5(1+n7)+nﬁ [1“%n7)}+ngng] ARy

m

: (4 n) -n(4+2)
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m

(~(B+8 ) -B (B +5)

24,8, lné [1 ~ g—’MTJ{h +n5(1+ ny) + ng [1 - g—rn? ]} + nsnm]e-(ﬁﬁ%)y

2P.S, {n5n6 (l +n, )[l - g’- ny ] + ngnm} o {B+Se)y

-+

m

{-(4, +SC)}2—P,,(A, +S,)

G e
v sy A [renemen(1-Gom Lot |0
( +nﬂ_n<)_n]0) e i

z—P m
r -2(£-2) -24,(P.-24,)
G 2
2) 2 r 3 | -9
112{n52(1+n7)2+n§}e—28r Se {"6(1‘(1””7} +":o}e ¥
+ 5 +
28, -28,(P.-28,)
24ymg (U +ng—ny T 2B (U +ng—ny —myg)e Y
—(1+4,)(B-1-4,) 1+ P,
ZSCnlo(U+n8—}?9—n]0)e_(l+sc)y
_(I+Sc)(Pr_1_Sc)
24,P G, ~(4+8 )y
T A,(4,+P)
2P, G, (B 45y
r“c n5n6(1+n’7) ]_”G'"'n-;r +n9n10 e
+ m
SC('PF+SC)
24,8, !:"6 (1—5” ny){fwns (I+n7)+nﬁ [l—g’-n7 ]}+n3nm:|e_(’4‘+s")y
s —(A1+Sc-)(R“A1—Sc)
Further choosing
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4, {h+n5(l+n7)+n6[l—§-r n7J+n§}

(U"""a_”‘9_”10)2 S

My “ Wk
-2(B -2) T 2(P.—24,) iz
” 2
S né[l——Ln-,J +n,20
n52(1+n7)2+n§‘n ' ‘ G, e
) = M3 2(1)_,.—2SL) 14>
2A1nB(U+n8—n9—nm]=n _ 2Rn9(U+n3—n9—nm):n
(ed)pa) 1+E, °

-(1+8,)(R-1-8,) '

2}?,[n5(1+n7){h+n5(1+n7)+n6[1—g’ np,]}+n8n9}

A +P

2B {”5"6 (l+n7)[1—§1-n7}+n9nw}

Tm

=My,
£ +8,

214,81_[1'16 [1— %n,]{hﬂns (l+n—,-)+n6(1_ gr n?]}+n8nm]

—(4,+8.)(P-4,-5,)

=Hhy

the particular integral is now

i —{1+A4 i ,
25Y _p e ( ')y+nlﬁe (1+B.)y

_ -2y -4y 2Py
92.5'__})}'[”]!8 —Wy | rhpe Tt —hye 15

—{1+5. A+LB |y P +S. —(A,+S. )y
+n”e (+ n)y_nlse( 1 ’) +nlge( rt (-}y_nzoe ( 1 ""} ]

The general solution of &, is

_ - ~-Py -2y 24,y -2Ry -25.y
0,=0,.+6,,=A4+Be" —P,[n“e -y, +ne Y —mue 0 —ny.e

~(1+8,)y ~(145,)y 4+ )y ~(B+S,)y 4

Applying the boundary conditions:

6, =0 at y = 0 implies

43

(1 4,)y

1+Se )y :l



0=-BP.-P. [—2n,, +24y, = 2Py +28,my + (14 4, Y mys — (14 B ) mg —(145, ) my,

+(A1 i ‘Pr)an _(Pr +8, )my +(A} +So)”zn]
0, =0 as y— oo implies 4=0

Then B=2n, ~2A4ym; +2Bm3 =28, my —(1+ A, )ms +(1+ P ) mg +(1+ S, )y

_(Al+f;)n,8+(P, +Sc)nl9_(Al+Sc)n2[}]=A2 (Say)
Hence 32( ) Ae by P[n”e 2 n|2 +t11 o2t —n, &S ‘('Mt])’ —{1+P

e (A, +P (P4S {4,+5,
+n,e L —hge (1i+2 )y + e S — € F )V} (4.33)

From (4.31) we have

u2 = - (Hz”+PmH2')

MP

m

Substituting %, and u," in equation (4.20) we get,

"

1 - " e "
Uy :_E’;(H2+Pm1{2 )“M—RH(HZ PmH2 )—

iD (Hz" +P.H, )+ MH, =-G.6,

m

e

or, H," +P,H," +H)"+ P, H, ~M*P, H, = MP,G.6,
or,

Hy" +(1+B,) Hy" + B, (1-M? ) H, = MP,G I:Aze_P'y—R{n“e_zy—n,z_u‘y+n]3e"zpfy

m-r

I+4 ~(1+P, —(1+8, A +h )y —~(B+S,)y ~{A4,+S. )y
+ ’)y+nlﬁe (+’)y+n”e & ‘)ymnlse (4+7) +nyge (£+S2)y — nyye (d+s:) }:[

=28,y
—TheE L

Now auxiliary equation is
m’ +nm’ +n,m=0

or, m(m2 +n,m+n2)=0

ie. m=0and m=

—n,—‘,Jni —4n2 - —nﬁ-ﬁf—dn;

Therefore the complementary functionis H,, =A+Be 2 +Ce 2

and the particular integral is
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m-r

T 3y
MP,G . Ae '™ i { ne

. P (-BY +(=B) n —n,P. (L2) #(E8) n~2n,
- "12‘3_2A'y i ”13“3_2})'})
(24,) +(-24,) m-24m, (2B) +(-2B)' m—2Bn,
) nme—zscy J ??]56_(I+Al)y
(=28.) +(=28.) n,—28.n, {—(14“41i )}‘ +(1+4, )2 m—(1+4,)n,
. n!6e—(I+P,)y . nl7e—(l+5’r)y
(~(+B)Y +(+BY m~(14R)n,  {-(1+8,)} +(1+5, ) n—(1+5,)n,
pe
B nlse—(/fﬁpr}y N nl9e_(Pr+Sc)-V
3
{_(Al +P,)} +(4, +R)2 m—(4,+P)n, -2 +Sc)}3 +H(B+S8.) m~(B+5.)m
) nzoe—(A]-f—Sc}y
3 2
{—(A, +SC)} +(Al +SC) n, —(A] +Sc)n2
_ MERGRTT me? npe
. 1 (Rz -mh+ ”z) T 2(4-2m +n) 24, (414% —24,n + ”2)
4 nla‘f_P'y + ”14‘3_25“}’
& 2P (4P -2Pm+n,) -28,(4S.2-2S.m+n,)
) ”153_(I+A1)y . nge (1+P)y
(A a) - (e )nem| 0 R){0+B) -0+ B)m )
3 ”i?e_(HSc} _ ”lse_(mm)y
~(+SONS. = (S )memf (a2 )|+ 2 ) (42 )]
. pge BSW ) nme_(’"”“ )y
_(Pr +Sc){(Pr +Sr:)2 ¥ (Pr +Sc)n! +n2} —(A; +Sc)l(A] +Sc)2 —(A] +SC]I‘Z1 +n2}
If we choose _
4 4 - My b’ = nyy;

R(RZ_R’II+'72) 7 2(4_2”1"'”2) { 2A1(4A%_2A1”1+"2)
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IE! S My

23(4¢2—23m445)“n“’zg(4gz—zgm4qby=%5’
s e
=M =hy
(1+Al){(1+A,)2—(1+A,)11+n2} (1+2) {1+ B) ~(14 B)m 41y
e 91 k3
= Ny = My}
(1+Sc){(1+SC)2—(1+Sc)n|+n2} : (4+B){(4+BY (A +B)m +m) ’
M9 Mo
=M, =M
(B+S{(B+8) (B +8)memf  (4+5)|(445.)] ~(4+5)m +n]
and P, =1, then the particular integral is
Hyy =MPG[ ™ 41,0 1™ 41,6 g™ g "W gy Y

—(1+S —(4.+P, = S, “\A1+S. )y

General solution of H>is

—m—\In~4n, ’ —n,+,_W—4r,t2 ’

H,=H, +H, =A+Be ? +Ce 2 +Mp G, [—nme_”’-"

(]+A|)y + _(]+R‘ )Jr'

2Py 25,
ny,e

=2y 24y 2Ry _ % 3 ¥
+n,,e n,e +n,e n,se Rl

~(148,)y ~(4+h )y

5 o0

with respect to boundary conditions:
H,=0 at y =0 implies
A+ B+C+Mp,G, [~ny; + iy — iy + My = Myg = My + Ny + Mg — g + 1139 — 113 | = 0
and H,=0as y—>o =C=0.
Hence 4A=0.
Then
B=-MPG, [_”21 1y — Ry + My =W — By + Ry + Mg — Mg + By — n31]
or, B=MPG, 4,

where 4, =1, =1y, + 1y — Ny + My + 15 — Ny =Ny + 1y — 1y + 1
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- =4 - - -24y 2P 25,
So H,(y)=MP.G, [A3e e I e O N g

—+4 ~ ~(1+S, A +F —(B.+S, —(4,+58
—nyee (e ']y+n27e R 4 poge (M‘]J’—nzg (4 )y+n3[,e (BS)y _ e (4 ‘)y] (4.34)

"

From (4.20) we have u, + u; =—G 0, —MH;

—(]+A1 ]y

1 R . -By =23 24y 2Ry =28,y
uy, +u, —~G,I:Aze —R{nlle —npe " Ange T —nge T —nyse

% (145, A+ ~(P+S, ~(4,+S. )y
e B Sy AARY L 2as)y_, AAS) H
-4 - K 24 K
-M?*PG, [—A1A3e Y Prye ™ —2ny,e7 + 2my0e” Y — 2Py e
e ’ —(1+4 -4 —(1+58
+28S, n,.e 25 +(1+A1)n26e (Lt —(1+ P )nye (]+P’)y—(1+Sc)nzse (H+5c)y

+(A1 +P,)n29e+4‘+'"’)y (B, +8, Y rpe \FH5D +(A, +Sc)n3,e_(‘4'+s")y}

_ ~Py -24 24,y 2Py ~28,y —(1+Al)y
=-G, A,e 7 +G.P. {n“e —ny,e +n3e 7 —ne 7 —nyse

£ ~(4,+P K ~(4,+8,
tryge (1+8.)y +nl7€(l+8“)y —nyge ( i+ r].V + e (P+S.)y — e ( 1t {,)y}
~M?*PG, {A,A3e"4”” +Prye ™ —2n,e? +24npe " —2Pn,e 2
-28.y (ki) —(1+£)y ~(1+S.)y

+(A1 * R)”z‘;e_(mm)y (2 +Sc)"309‘m+sc)y +(A1 "‘Sc)nsie_(fﬁﬂ;)y}

= —(G,_A’2 + M 2Pr(}'rnzi)e~-”r_v PG [{n“ LOM 2n22}e_2y 3 (?712 4 2M2A1n23)e_“1fy

+(ms +2M2 By )e 5 — (myy +2M2S iy ) e 5 L+ M2 (14 Al)nzﬁ}e‘('“’l}y
M0 Y (5 )M
~{ma+(4+P, )Mznzg}e_(/jﬁp’)y g +(B+5,) MPmy e 5

_{nm +(4, +L~;C)M2n3!}e—(xn.+.sc)y +M2P,G,A|A3€_A'y}

The auxiliary equation is m* +m=0=m=0,—1

47



Hence the complementary function is u,, = A+ Be™”

and the particular integral is

(G,,A2 +M* PG ny, ) By
b=~ (_R)z P

(n|3 +2M2Rn34)e‘2‘"ry ("14 +2M256”25)e_23“'v {"ls +(] '*‘AI)MZnZé}e_(

h, +2M2n32 e ny, +2M2A|ﬂ'23 8_2*‘11,"
)

(-2 (24)-24

I+A,)y

(—2P,)’ 2P,

2 Ay
(i

S {—(I+A,)}2_(1+Al)

{n,6 + M? (1+Pr)2 nz?}e—(lu’,}y {n” + M2 (1 +Sﬂ)n23}e_(}+s“)y {n],g +(A| i R)Mznzg}e-(,a,u;}
N yes

{~O+E) -(1+2)

{—(I+SC)}2 -(1+5,)

(B ()

{mo+M* (P, +Sc)n30}e—(f’,+s‘.)y {nm M2 (4, +Sc)n3|}e—(:4.+sc] +M2ﬂG,A,A3e"’""

{_(,c; +SC)}2—(11 +5,)

(G,A2 +M?P2G iy, ) o By

== +PrG,,

—Pr(]+Pr)

(71]3 +2MZR”24)8 2P,y (”14 +2M2Scngs)e_2s“y {”15 +(1 s Al)Mzn%} e_(

{—(A, +Sc)}2 ~(4,+5.)

R e e

(A)

2 24, (1—2,4])

1+Ai )Jr

2P, (1-2P,))

225,(1-25,)

4,1+ 4y)

{n“‘ +M? (1 * Pr]2 ”27}8_(I+R")y {”I? +M? (1 + Sc)nzs}e‘(“é})y {nla +(A] + fj',)Mznzg} e—("‘l’ff’r)

B(i+E)

(g + M (B4 S m L B4 g M? (4148 )y e (

S.(1+28,) - ~(4.,5)(1-4,-F)

(A, +S. .
M*PG A 4e ™V

T o@S)-F-5.)

If we substitute

G, 4, +M*P’G,n,, .

.F: (I_R—) R
‘PrGr (nl2 +2M2Al”23) L

24,(1-24,) *
KG, (”m * 2M28c”25)

o5 (=o5) | %

RG, {”15 +(1+ R)M2n27}
F(1+F)

= Hgg:

~(4,+5,)(1-4,-5.)

—4,(1-4,)

PG, (m,+2Mns, )

? =H33;

£G, (”}3 g5 M2Pr”24)

TACECT B

ac,{n,5+M2(1+A,)n26}

4,(1+4)) e

PG, {n,7 +(1+SC)M2n28} -

S.(1+S,) I
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RG, {”m +(A| +R)M2"29} KG, {”19 +(P, +SC)M2”30}
= Hyps =Hyy5
(AI+R-)(1 AI—'R‘) (PP'+SC)(1_IT"—SC)
FG, {n20+(A|+Sc)M2”3|} M?P.G 4,
=np; — L =ny;
(4,+8.)(1-4,-85,) 1-4,
Then the particular integral is
Uy, = e +nge ™ +n34€_2’4”v —ne” " +ny e —nne_(lm‘)y +nsse_{“‘°r]"’
myge S nme“(/"w')y e n426~(/1;+8c)y i

So the general solution is

_ oLl -y ~Py -2y 241y _ -2Py
Uy =y +Uy, =A+Be~ +nye " +nge 7 +nye nyse

(I+A1)

-2S.y —(I+A!)y

—hgz€ = n3?e_ WSy

(1+5)

Y = y
+n36€ = o€ + 71399

—4,+P. )y —(P.+S. — A4, +S, |y —A

Applying the boundary conditions

u, =0 at y =0, we have

A+B+ng,+n+ny, —ny+ng—ny,+ngetng+ng—n,+n,—ns=0
as y —oo then u, =0

Hence A=0.

Therefore, B = —(n32 Flgy F Ry — W 1~y + Py i+ By — Ty AT — n43)
If A, =—(n32 F I Wy — Wy F Wy — Py Py F Wy Ny — N R, —n43), then

= -y -EBy -2y 24,y - —2hy 25y _ _(HA’))'
u, ( y) =A,e” +n,e +nge Tt nae n,.e +n,e n,,e

—(1+P —(1+S.. —| Ay +F )y P48, ~(A,+S. )y A
+nyge RV 4 e P 4 pyge (4r+2) —nye SV 4y e (41+5c) —nge "V (4.35)

Therefore, the solution of above equations (4.16) — (4.18) with boundary conditions (4.19)
and equation (4.20) — (4.22) with boundary conditions (4.23) correspond to the following:

6,(») :%(] +ny)e —ASI—me‘Sv—” (4.36)

r C
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H, (J’)=[h+ns(1+n7)+n6 [1—%@)}3“’” —n5(1+n.,)e"’)""—n6[1—~ g‘" n,Je_S‘y (4.37)

m m

-y _Al oy r i
w(¥)=(U+n—ny—ny)e”? —me™™ +ne™™ +me™ (4.38)
0, (J’) = 4¢P, [”1 L ”ne_uly e = He e — ”tse_(HAI]y * ”163_(|+my

—(1+5. -4 +F )y —(P+S,)y -4 +S: )y

24y 2Py 28y —(1+4,)y
+ne " —nyse Y —nyge

H2 (y) = MRGr |:A3e_t{ly oz nZIe_ZPry an nne_zy s n23€

~(14+5,)y (145, )y (448 )y ~(B+S.)y
+n27e + nzse = nzge + n30€ =

njle‘(""”‘)’i (4.40)

4, ~(1+4,)y

Chd -y -hy -2y 24y _ -2y 28,y _
u,(y)=Ase” +nye”” +nye™ +nye ne ine n,,e

—(1+P, —(1+S, {4, +5 ~(B+S, {41 +Se -4
= ’)y+n3ge (”S‘)y+n4ne (4 )y—n4le (& ‘)y+n4ze (elly oy v (4.41)

+ryg€ 43
where
MP
nl=(1+Pm); nlsz(l—Mz); ny = I:;Gr;
MP G, n, n, _
Ll I B sain. | RS
e r Fi | n, Sc _Sc'nl +n2
MIh+ns(1+n;)+ng I—in?
JDfS‘r G,
n, = ——: He = .
) ] ] "
!)r_S(' ]_Al‘

G, —G,n, +Sng (1 - g’ n, ]

m

G, (14+n)+MPns(14+n;) -
Prz(l_[fr) i Sc(l_Sc)

]

2
A, {h-kns (1+n?)+n6[1—%n7j} +ng

7 z_(U+”a_"9_nlo)2 1 o - .
= sfp=2) = 2(P.-24,) ’
G 2
S. n§{1+ T n-,] +n]20}
_n§(1+n?)2+n§ : i G, )
G G BT T R T ’
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 24yn (U +ng—ny—ny)

2Prn9(U +Hg — Ny — nm) )
s = s e =
(1+4,)(1+4,- ) 1+P
o 2Semo (U +ng—ng—myo)
T g
2P [n5 (1 +n,,){h+n5 (1+n,)+ng {1~%n?]}+n8nq:| [f'--'.': ( \, T \r..ﬁ |
g =

E_ = 'rl;_-}‘lld.""'.." i T__;H!
A kw\ &)
Al i Pr ™ } i -/,:, ‘?"}
N e bty
\,x:i-t,f\li.- ;
Gr'
2P, {n5n6 (1+n7)(1 7 n, |+ngny,

m

B +S. ;

24,S, [n6 [l— g’---nj]{h+n5 (1+n-,)+n6(l— g’ n-,J}+ngnm}

m

(4,+5,)(4,+S.-R) ;

Nyy =

My =

M,

Wa—2n +n,)’

2 4 > Ry =
P:-(Pr _”lpr +n2)

L)

” o LE .
24, (441 -24ym +n,) TP aP 2P n + 1)

M3 =

Ny

s = s, (45‘3 Ak nz) |

My = T :
(1+ Al){(l w4,) -(1+4))P +n2}
Ry = ki

- Pyq

(1S ){(1+5.) =1+ S, +1y ;

(1 B+ B =(1+ B +my) ;

(4, +P,){(Al +B) —(4,+P)n +n2} ;

n
s 19
=

(P "‘Sc){(ﬁ +Sc)2 ~(B.+S.)m +”2} ;

n
s 20
=

2 ; My = G, 4, + M*P’G,my,
(4455 = (5. )mvm) Pi-r)
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PG, {m, +2Mn,} PG, (s +2M>4ynyy)

r

- 2 j e 24,(1-24,)
B PrGr(”ls +2M2[T»”24) ; D hG, (”14 +2MZS¢”25) _
T ol gy T s 28y
e hG, {”ls +(1+AI)M2”26} : e kG, {"16+(1+£)M2"27} .
o 4,(1+4,) ; » P(1+P) ’
. hG, {”1? +(1 +SC)M2”28} : I hG, {"ls +(A| +R)M2”29} _
2 S, (1+8,) i ® (a+R)1-4,-R)
8. == £G, {”19+(Pr +SC)M2"30} _ o ol 5G, {”20+(A1"'*qc)M2”31} _
! (R+Sc)(1—R—SC) , ” (Al"'Sc)(l_Al_Sc) ,
M*PG, 4, |
Hy3 :ﬁ’
. n +Jnl2 —4n,
i AR
2

Ay =2m, —2A,my +2Pnyy =28,my —(1+ A, ) s + (14 B ) mg +(1+ 5, )y —(A4, + B ) mg
+( B, +5 ) “(Al +Sc)”20

Ay =1y — Ny +yy — My +Pys + Myg — Myg — Fag + Myg — M3 + 113

A4, = —(n32 t N33 13y —H35 T g — Hyq + Mg T 139 + Ny — Fyy + 1y _"43)

The shearing stress at the plate is given by

SOREYRECS
ay y=0 ay y=0 ay y=0

; or"
and the rate of heat transfer per unit area of the plate is given by 0 =—k - .
y'=0

o

Therefore, the dimensionless heat transfer coefficient, which is usually known as the

*U I
Nusselt number (Nu) , is obtained by Nu = Q* = (-) :
W (T7-1.7) \6),
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o HE, . aC" _—
The rate of mass transfer is given by m =—pl)[ < ] and hence the dimensionless
y =0

mass transfer coefficient, which is generally known as the Sherwood number (S:), is
obtained by Sh'$=[iJ =S,. Consequently, it is observed from this
pVOD(C —(_‘m) CJio

equation that there exists a linear relationship between the Sherwood number and the

Schmidt number.

4.2 Numerical Results and Discussion

The system of coupled, nonlinear, ordinary differential equations (4.16) — (4.18) and (4.20)
— (4.23) governed by the boundary conditions (4.19) and (4.23), respectively are obtained
by using perturbation technique. In order to get insight into the physical phenomena of the
problem, the approximate numerical results of the first order solutions (4.39) — (4.41)
concerning the velocity, temperature and induced magnetic field have been carried out for
small values of Eckert number E. (which is the measure of the heat produced by friction)

with different selected values of the established dimensionless parameters like Dufour
number (Df), Grashof number (G, ), Schmidt number (S, ), magnetic parameter (M),

etc. Since the two most important fluids are atmospheric air and water, the values of the
Prandtl number (P,) are limited to 0.71 for air (at 20°C) and 7.0 for water (at 20°C) for

numerical investigation. Following the work of Choudhary and Sharma (2006), other
parameters like magnetic diffusivity (7,), modified Grashof number (G, ) for mass
transfer, and 4 are chosen to be fixed values 1.0, 3.0, and 1.0, respectively. It is also
mentioned here that for the sake of brevity the values of the viscosity/temperature
parameter are taken to be positive (G, >0, for a cooling Newtonian fluid), which
correspond to a cooling problem that is generally encountered in engineering in connection
with the cooling of reactors. The numerical results obtained for dimensionless velocity,

temperature and induced magnetic field versus y for different selected values of the

FEArYe

parameters (Df,G P.,S. and M) are presented in Figures 4.1 —4.19.
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The effect of Dufour number on the velocity and temperature profiles and induced

magnetic fields are illustrated in Figures 4.1 — 4.3 for Prandtl number P. =0.71 (air),
G, =3.0, S, =0.30 and M = 5.0. It is observed from Figure 4.1 that the velocity decreases
quantitatively with the increase of D, from 0.00 to 0.80. Figure 4.2 shows the effect of

Dufour number on the temperature fields. Like velocity, we observe that the temperature

profiles decrease with the increasing value of D . It is also observed from Figure 4.3 that

an increase in the Dufour number leads to a decrease in the induced magnetic field.

Figures 4.4 — 4.8 exhibit the behaviors of velocity, temperature and induced magnetic field
profiles respectively for air (2, =0.71) and water (F, =7.0) taking the different values of
S, (S, =0.30 for helium at 25°C temperature and 1 atmospheric pressure and S, =0.78

for ammonia) with G, =3.0, D, =0.05 and M =3.0.
Figures 4.4 shows the velocity profiles for the variation of Schmidt number (SC) from 0.30

to 0.78 with Pr=0.71, G, =3.0, D, = 0.05 and M = 3.0. We observe that the velocity is

high for helium (S, =0.30) than ammonia (S, =0.78) for air at 25°C temperature and 1
atmospheric pressure. But it is observed from Figure 4.5 that for a fixed value of Schmidt
number (SC =0.30) the velocities are found to be dominated highly in the case of air

(P, =0.71) than of water (P, =7.0). A comparison of the variation of velocity profiles for

different Prandtl number (£,) and Schmidt number (S,.) with G, =3.0, D, =0.05 and

M = 5.0 is shown in Figure 4.6. As might be expected, the velocity profiles increase
gradually near the plate, become maximum in the vicinity of the plate, and then decrease
slowly away from the plate.

The effects of S, on the temperature profiles are shown for both air (£, =0.71) and water

(Pr = 7.0) in Figures 4.7 and 4.8 respectively. With the increase of S,. the temperature

profiles decreases for both air and water. Figure 4.9 shows a comparison of temperature

profiles for the variation of both P. and Sc. It is observed that the influence of Prandtl
number on the temperature profiles is very significant. A rise in P, through P, =0.71 (air)
to P.=7.0 (water) corresponds to a dramatic decrease of temperature throughout the

domain and therefore leads to a decrease in thermal conductivity of the fluid.
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Further, Figure 4.10 exhibits that the induced magnetic fields extensively decreased with

increasing S, but the rate of decrease is superior for water, where P, = 7.0, than air, where
P.=0.71.

Figures 4.11 and 4.12 investigate the variation of velocity profiles for varying G,
corresponding to the values of P.=0.71 (air) and P, =7.0 (water), respectively, with
S, =030, D, =0.05 and M = 3.0. A comparative study of the curves is shown in Figure
4.13, which reveal that the values of the velocity increased with an increase in G, for
P.=0.71, where as, a reverse effect is observed for P. =7.0. Therefore, it implies the

physical fact that higher G, values boost up flow velocities through air (P} = 0.71) but

slow down through the water (7, =7.0).

The variation of temperature profiles for different Grashof numbers in case of air and water

are plotted separately in Figure 4.14 and 4.15 with S, =0.30, D, =0.05 and M = 6.0,
where as a comparison of the variation of temperature profiles for different Grashof
number (G, ) and Prandtl number (£,) is shown in Figure 4.16 . We observed from Figure

4.16 that temperature decrease with the decrease of the Grashof numberG, for air

(2. =0.71) but the variation is negligible in case of water.

Figure 4.17 exhibits the variation of velocity profiles for different Magnetic parameter (M)
and Grashof number (G, ) with P, =0.71, S, =0.30 and D, =0.05. From the figure it is

noticed that an increase in M gives rise to a decrease of the velocity.
Figure 4.18 observes the effect of the magnetic parameter M on the temperature profiles for

£ =0.71, §,=0.30, G, =3.0 and D, =0.05. Here we see that the temperature decreases

with the increase in M.

Figure 4.19 shows the variation of magnetic fields for different values of Magnetic

parameter M with £, =0.71 S, =0.30, G, =3.0 and D, =0.05. It is observed from the

figure that as M rises, the induced magnetic fields are decreased substantially.
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'——Df=0.00
—=—Df=0.05
—— Df=0.10
——Df=0.30
—»— Df = 0.80

.....

Figure 4.1 Variation of velocity profiles for different values of Dufour number (D J,-) with
P.=0.71, G, =3.0, S, =0.30 and M=5.0.

1'8 ) L S —
1.6 4 '—o—Df=0.ooi
a3 |—=—Df=0.05
L '+ Df=0.10

—*-Df=030

Figure 4.2 Variation of temperature profiles for different values of Dufour number (D_f)
with P. =0.71, G, =3.0, S. =0.30 and M= 5.0.
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| |
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0 T T == = g
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Figure 4.3 Variation of induced magnetic fields for different values of Dufour number
(D, ) with P, =0.71,G, =3.0, S, =030 and M=5.0.

| ——Pr =071 Sc =030
| —=a—Pr=0.71 Sc=0.78

Figure 4.4 Variation of velocity profiles for different values of Schmidt number (S.) with
Pr=0.71, G. =3.0, Df =(0.05 and M= 3.0.
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|—e—Pr=071 Sc=0.30 ‘

|—a—Pr=7.00 Sc=0.30

Figure 4.5 Variation of velocity profiles for different Prandtl number (£, ) with S, =0.30,
G, =30, D, =0.05 and M=3..

——Pr=0.71 Sc=0.30]
—=—Pr=7.00 Sc=0.30
——Pr=071 Sc=078
—%—Pr=7.00 Sc=0.78

Figure 4.6 Comparison of the variation of velocity profiles for different Prandtl number
(P.) and Schmidt number (S,) with G, =3.0, D, =0.05 and M =5.0.
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——Pr=071 Sc=0.30
—+—Pr=071 Sc=078
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y

Figure 4.7 Variation of temperature profiles for different values of Schmidt number (Sc]
with Pr=0.71, G, =3.0, D, =0.05 and M =3.0.

| 0.35

0.25

—=—Pr=7.00 Sc=030
|—*—Pr=7.00 Sc=0.78

Figure 4.8 Variation of temperature profiles for different values of Schmidt number (Sc)
with Pr=7.0, G, =3.0, D, =0.05 and M=3.0.
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D 0.8 -
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Figure 4.9 Comparison of the variation of temperature profiles for different Prandtl number
(P.) and Schmidt number (S,) with G, =3.0, D, =0.05 and M=3.0.

12 ——Pr=0.71 Sc=0.30/
10 —a—Pr=7.00 Sc=0.30
| —+—Pr=071 Sc=078

—*—Pr=7.00 Sc=078

Figure 4.10 Variation of induced magnetic fields for different Prandtl number (P,,) and
Schmidt number (S,) with G, =3.0 and M=3.0.
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~=—Pr=0.71 Gr=500
——Pr=0.71 Gr=10.0

Figure 4.11 Variation of velocity profiles for different Grashof number (G,) with
P, =0.71, S,=0.30, D, =0.05 and M =3.0.

| 5 —+—Pr=7.00 Gr=5.00
' —a—Pr=700 Gr= 10.0_

|

Figure 4.12 Variation of velocity profiles for different Grashof number (G,) with
P=170,5,=030, Df =0.05 and M= 3.0.
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Figure 4.13 Comparisc:r; of the variation of -_\}éié)-city profiles for different Prandtl number
(2.) and Grashof number (G, ) with S, =0.30, D, =0.05 and M= 6.0.

SR SR o R R —

1.8
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14 |
124

——Pr=071 Gr="500
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0.8 -
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0.4 -
0.2 4

Figure 4.14 Variation of temperature profiles for different Grashof number (G,) with
P =0.71, §,=0.30, Df =0.05 and M= 6.0.
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Figure 4.15 Variation of temperature profiles for different Grashof number (G,) with
P =170, S,=0.30, D, =0.05 and M=6.0.
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Figure 4.16 Comparison of the variation of temperature profiles for different Prandtl
number (£, ) and Grashof number (G, ) with S, =0.30, D, =0.05 and M= 6.0.
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Figure 4.17 Variation of velocity profiles for different Magnetic parameter M and Grashof
number (G, ) with P, =0.71, S, =0.30 and D, =0.05.
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Figure 4.18 Variation of temperature profiles for different values of Magnetic parameter
M with £, =0.71, S, =0.30, G, =3.0 and D, =0.05.
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CHAPTER 5

Concluding Remarks

In this paper we have studied Dufour or diffusion-thermo effect on the laminar mixed free-
force convection flow and heat transfer of viscous incompressible electrically conducting
fluid above a vertical porous plate under the action of a transverse applied magnetic field.
The transformed system of nonlinear, coupled, ordinary differential equations governing
the problem were solved numerically by using perturbation technique. The influences of
various establish parameters on the velocity and temperature profiles as well as induced
magnetic fields for the first order approximation are exhibited in the present analysis. From
the numerical investigation it was observed that the Dufour number has a considerable
effect on some exceptional types of fluids considered. It was also found that the

dimensionless Prandtl number (7.), Grashof number (G,), Schmedit number (S,) and

magnetic parameter (M) have an appreciable influence in the study of flow and heat
transfer process. Therefore, it can be confirmly predicted for fluid with medium molecular
weight the Dufour effect can play an important role on the effects of velocity, temperature
and induced magnetic field, so that this effect should be taken into account with other
useful parameters associated. Furthermore, it is necessary to study the Soret (thermo-

diffusion) effect for the problem in order to get more useful results.
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