A STUDY ON SOME DISCRETE TRANSFORMS
OF ENGINEERING SCIENCES

BY

Barna Shil
Roll No.- 1451561

A thesis submitted for the partial fulfillment of the requirements for the degree
of
Master of Sciencein Mathematics

Khulna University of Engineering & Technology
Khulna 9203, Bangladesh
May 2016



A STUDY ON SOME DISCRETE TRANSFORMS
OF ENGINEERING SCIENCES.

Barna Shil
Roll No.- 1451561

DEPARTMENT OF MATHEMATICS
KHULNA UNIVERSITY OF ENGINEERING & THECNOLOGY
Khulna, Bangladesh



Declar ation

This is declared that the thesis entitled “A study on some discrete transforms of
engineering sciences” has been carried out by Barna Shil in the Department of
mathematics, Khulna University of Engineering & Technology, Khulha, Bangladesh.
The above thesis work or any part of this work has not been submitted anywhere for
the award of any other degree or diploma.

(Prof. Dr. M Arif Hossain) (Barna Shil)
Signature of Supervisor Signature of Candidate



Approval

Thisisto certify that the thesis work submitted by Barna Shil, Roll number-1451561 entitled
“A study on some discrete transfor ms of engineering sciences” has been approved by the
Board of examiners for the partial fulfillment of the requirements for the degree of Master of
Science in Mathematics Khulna University of Engineering & Technology, Khulna,
Bangladesh in May, 2016.

BOARD OF THE EXAMINERS

1
Professor Dr.Mohammad Arif Hossain Chairman
Department of Mathematics (Supervisor)
Khulna University of Engineering & Technology
Bangladesh

2.
Head Member

Department of Mathematics
Khulna University of Engineering & Technology
Bangladesh

Professor Dr. A.R.M. Jala Uddin Jamali Member
Department of Mathematics

Khulna University of Engineering & Technology

Bangladesh

Professor Dr.Md. Zaidur Rahman Member
Department of Mathematics
Khulna University of Engineering & Technology

Bangladesh

5.
Professor Dr. Md. Rafiqul Islam Member
Mathemeatics Discipline (External)

Khulna University
Bangladesh



T m b P
K awr SHIL
&

ALD RA  SHIL



ACKNOLEDGEMENT

All praise of Almighty God who has created us and given me a greatest status among
al creations. Thanks God to give me strength, patience and ability to complete this
study.

| would like to express my deep gratitude to my reverend supervisor Dr. Mohammed
Arif Hossain , Professor, Department of mathematics, Khulna University of
Engineering & Technology, for hisinvariable guidance, generous advice, constructive
criticism, inspiration and encouragement conveyed during my research work and for
the valuable efforts made for the preparation of thisthesis. | also remember the patience
of my supervisor during my working hour, gratefully.

On this occasion of a major work in my life, | like to pay due respect the memory of
my beloved father and mother to whom | am indebted for everything of my life. | pray
for their salvation.

| am obliged to express my heartiest thanksto my two sistersfor their cooperation, nice
and understanding behavior during my research work..

Finaly, | like to share my satisfaction of completing this task with my well wishers,
friends but the responsibility of errors and deficienciesthat still remain devolveson me
along.

Vi



Abstract

Transform methods has their great importance in the field of applied sciences,
especially in engineering sciences. To most of us Laplace transform iswell known and
we are acquainted to solve differential equations with this important tool. But it deals
with the continuous variable/analog signals. In this computer world we need the tools
to deal with discrete variable/digital signals. Unfortunately we have alittle knowledge
about themi.e. we are not familiar with discrete transforms. The main objective of this
thesis was to be familiarized with some discrete transforms. For the purpose Z-
transform, which is the most conversant one of the family of discrete transforms is
taken. Also discrete counterpart of the Fourier transform, DFT and its calculation
technique Fast Fourier Transform (FFT) is considered. Some detail of those transforms
has been addressed. Fortunately we have devised alemmafor Z-transform, along with
its proof has been presented. Finally a brief introduction to the newest transform, the
Wavelet transform is introduced.
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INTRODUCTION

Transform means shift from one form to other. The methods which transforms something
from one form to some other form are termed as transform methods. Generally it is required
or used to shift variables from one type to other type (e.g t —» s). As variables/parameters
have two different forms (e.g. continuous and discrete) so the transform methods will have
aso two types, one will handle continuous and the other will handle discrete
variables/parameters. When the whole of the space is to be considered then for continuous
variable one require integration and for discrete variable summation is used. Thus to
transform continuous variable integrals are used. We generally use the terminology “Integral
Transform” for the purpose. Similarly for discrete variables “Discrete Transform” is used.
For both the transforms some Kernel is to be used. For integral transform integration isto be
performed over the domain after multiplication by the kernel. In a similar fashion summation
is taken over the domain after multiplication by the kernel. On the basis of this kernels the
transformed are labeled. Sometimes the domain may be finite, in these cases they are |abeled
as finite transforms (e.g. Finite Fourier transforms). Transform methods have their own
meritsin the field of applied sciences, especially in the field of engineering sciences. When a
physical system is modeled sometimes differential equations (Ordinary or Partial) arises. For
example when a simple circuit is modeled a differential equation is raised. In which
inductance, capacitance, resistance and em.f. will be present. These differential equation can
be solved by general mathematical tools for solving differential equations, but also can be
easily solved by Laplace transform method. Because after introducing the Laplace transform
to the differential equation one will require some algebraic manipulation and finaly the
inverse transform will provide the required result. If the initial or boundary conditions were
given the arbitrariness present in the solution can be removed to get particular solutions. The
Laplace transform is very much useful in solving ordinary differential equation with less
effort. If partial differential equations are there (of two independent variables) Laplace
transform reduces the form to ordinary differential equations. Which are less tedious than
partial differential equations. From these discussion it is clear that Laplace transform is
useful tool especially to applied scientist and engineers. In a similar fashion it is observed
that when Z-transform is applied to difference equation one get a form which after algebraic
manipulation and inverse transform provide the solution of the difference equation.

Difference equation arises in case of discrete functions as differential equations arisesin case
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of continuous function. Thus it is observe that transform methods, both integral and discrete,
is an essential tool to be familiarized to applied scientist and engineers. In the field of signa
processing time and frequency are the matter of interest. So in the field of signal processing
both integral transforms and discrete transforms are used. Many common integral transforms
used in the field of signal processing have their discrete counterpart (e.g. Fourier and wavel et
transforms have their discrete counterparts as Discrete Fourier Transform (DFT), Discrete
Sine transform (DST), Discrete Cosine Transform (DCT),Discrete Wavelet Transform
(DWT), etc.). There are some other discrete transforms, eg. Z-transform, Discrete
Chebyshev transform, Hadamard transform, Fast Fourier Transform (FFT, a popular
implementation of the (DFT), Fast wavelet transform.

With the advent of fast and cheap digital computers, there has been renewed emphasis on the
anaysis and design of digital systems, which represent amajor class of engineering systems.
However, it is amistake to believe that the mathematical basis of this area of work is of such
recent vintage. The first comprehensive text in English dealing with difference equations
was the treatise of the calculus of Finite Differences due to George Boole and published in
1860. Much of early impetus for the finite calculus was due to the need to carry out
interpolation and to approximate derivatives and integrals. Later, numerical methods for the
solution of difference equations were devised, many of which were based on finite difference
methods, involving the approximation of the derivative terms to produce a difference

eguation.

Digital systems operate on digital signals, which are usually generated by sampling a
continuous-time signal, which is asignal defined for every instant of a possibly infinite time
interval. The sampling process generates a discrete-time signal, defined only at the instants
when sampling takes place so that a digital sequence is generated. After processing by a
computer, the output digital signa may be used to construct a new continuous-time signal,
perhaps by the use of a zero-order hold device, and this in turn might be used to control a
plant and process.

In many engineering applications the function (signal) under consideration is a continuous
function of time that needs to be processed by a digital computer. To do this the continuous
time-domain signal x(t) must be sampled at discrete intervals of time. The sample signal

X(t) is then processed as an approximation to the true signal x(t).



Let x(t) be an energy-limited continuous-time (analog) signal. If we measure the signal

amplitude and record the result at aregular interval h, we have a discrete-time signal
x(n)=x(t,), n=012,...,N-1 where t, =nh

For simplicity in writing and convenience of computation, x(n) is generally used with the
sampling period h understood. This discretized sample values constitute a signal, called a
digital signal.

In order to have a good approximation to a continuous bandlimited function x(t) from its

samples {x(n)}, the sampling interval h must be chosen such that h<p/Q where2Q

is the bandwidth of the function x(t) [i.e.,X{(cw) = 0 means (Fourier transform of x(t) is

zero] for al |w|>Q. The choice of h above is the Nyquiest sampling rate, and the Shannon

recovery formula

sinp (t—nh)

x(t)=2x(nh)m

enables usto recover the function x(t).

The relation between a continuous function x(t) and its sample values x(kT), k=0, £1, £2,.....,
where T is a fixed interval of time, is one of prime importance in digital processing
techniques. If the Fourier transform of x(t) can aways be recovered from the knowledge of
its sample values x(KT), provided that the sampling rate is “fast enough” i.e. at a rate that is
at least twice the highest significant frequency of the signal. This remarkable result is known
as the sampling theorem and plays a central role in digital processing techniques. Functions
whose transform is zero everywhere except for a finite interval are known as band-limited
waveforms in signal analysis. Such signals do not actually exist in the real world, but

theoretical considerations of band limited waveforms are fundamental to the digital field.

In an ideal situation we can assume that sampling is performed instantaneously and thus

represent the sampled waveform by

o0

()= 3 x(t)d (t—KT) = 3 x(KT)d (t—KT) (0.2)

k=—o0



x(t)

.37 -2T-T 0 T 2T 3T ...
Fig.: Sample function

where d (t—KkT)is the impulse functions. The sampled function is redly a train of impulse

functionsin this sense, but it is otherwise treated as if it were a continuous function of t. We
recognize (1) as a comb function where the impulses are weighted by the sample values
X(KT). In redlity, we cannot obtain an infinite number of samples as suggested in (1).That is,
we must always settle for N samples over atotal time duration NT, and in this case, Eq.(1) is
approximated by

N-1

(1) = x(KT)d (t —KT) (0.2)

k=0

A desired portion of a signal can be removed from the main signal by multiplying the

original signal by another function, which is zero outside the interval desired. Let f(t) be a
real-valued window function. Then the product f,(t)= f(t)f(t—b) will contain the

information of f (t) near t =b. The matter will be discussed atter.

Not only analog (continuous) signals are discretized to analyze, but aso in the numerical
solution of ordinary differential equations, the derivatives are discretized by replacing them
by the finite (forward) differences. This gives rise to difference equations of the higher order.
Thus a continuous process described by a differential equation is approximated by a discrete
process described by its counterpart a difference equation. For example, in a third order

ordinary differential equation

T

ay ¥+ a.y"' +uyy + ayy = F(x)

The derivatives can be replaced by

NN CE Yn+2—<¥n+1+¥n ' — Yn+a—3¥n+2 +3Vn4s—¥n
- R h* ' h*




which result in athird order differences equation of the form

b3_111:|+5 H bE_Tu +2 ik bl_vrl +1 & bﬂ_vn = F{lj

F

A sequence is a numerical valued function whose domain of definition is the set of integers.

It is denoted by {a,}or a, or w(n). A kth order linear difference equation in the

sequence v, isof theform
Qi Vnii + Ap 1 Vn+ie—1 - 3 V41 i AgVn = f(n] (03)

where n=0,1,2,...Thus (0.3) represents not just a single equation but an infinite system of

equations one equation for every n. Here the coefficients a,,a,,a,,.....,d;.... are al constant
and do not depend on n. Here f{n) depends only on n. When a, is chosen as one (0.3) is

sad to be in the standard form. If f =0 for al n, then (0.3) is said to be non-

homogeneous, otherwise it is said to be homogeneous. The order of the difference equation
(0.3) isthe positive integer k which is the greatest difference in the index of non-zero values

of y. Equation (0.3) is linear because each term in one (0.3) is the first degree (linear) in v,.
Thus (0.3) is non-homogeneous kth order linear difference equation with constant

coefficients.

Difference equation is also referred to as recurrence relation since it is also referred to as
recurrence relation since it expresses v, ,.in terms of one or more of the previous terms (of

the segquence) namely In this case (0.3) can be written as

Yrsk—3r 2 n+10Vae
Viak = —Op-q Va1 - — V21 — Ay Y, + f(n). The difference equation (0.3)
models a physical system. So f;, is known as system input (System excitation or forcing
sequence or driving sequence) while v, is referred to as system output (System response).

The structure of the system is defined by the values of the coefficients and order of the
equation. Thus any system output depends on the system input and the structure of the

system. The general solution of (0.3) determines the output y;,, which depends only on 7t
(but no longer on the prior terms of the sequence) and describes the complete sequence vy, in
the closed form. Thus any sequence vy, that satisfies the difference equation (0.3) is a

solution of (0.3).



First order homogeneous difference equation

To proceed to solve afirst order linear difference equation y,, ., by, = Uforrt = (0 and
b is a constant with boundary condition y, =d, let the solution be y, =r" with r = 0. Then
y.,=r"".  Subdtituting these in the given difference equation, we have

M —br"=0=r=>b

Thus the generd solution of the difference equation v, ., — by, =0 isgivenby y, =cb™

(since if b" is a solution then any non-zero constant multiple of it is also a solution). In

addition as boundary condition is y, = d then @ = y, = ¢h” « ¢ = d. Then the particular
solution is y,, = db™.The solution y,, defines a discrete function whose domain is the set

of al non-negative integers.

Second order linear homogeneous difference equation with constant coefficients

Let usconsider @, v, 4, + UV, .1 T @5V, =0 (0.4)
Let usassume (asearlier) y, =r", r=0 (0.5)

asasolution of (0.4). Then substituting (0.5) in (0.4), weget a,r™?+ar™ +a,r" =0
=ar’+ar+a,=0

Thus (0.5) is solution of (0.4) if ar’+ar+a,=0 (0.6)

The equation (0.6) which isaquadratic in r is known as the characteristic/auxiliary equation

of (0.4). Let theroots of thisequation be r, and r,. Three cases may arise.

Case 1: When theroots are real and district

In this case clearly 7;"and 735"are two linearly independent solutions. Thus the general of

(0.4) will be the linear combinations of them, i.e.
Yo = Clrln + Czrzn

Case 2: When theroots arerea and equal (say r)




In these case r" and nr" will be two different solutions. Hence the general solution in this

case will be y, =(c,+c,n)r"

Case 3: When the roots are complex

Since the complex roots occurs in pair, let the roots are given by a+ib. Then the general
solution will take the form y, =r"(c cosm +c,sinmg ), ~Ja? +b? and q= tan‘lE

This analysis can be extended to kth order difference equation by considering the nature of
the k roots of the auxiliary equation which will be a kth degree polynomial.

Before proceeding to non-homogeneous difference equations let us recollect the followings:
o The forward-difference or advancing difference operator £ is defined by

Afi = firr— fi

0 The shift operator E is defined as the operator that increases the argument of a function

by one tabular interval. Thus Ef, = Ef (% )= f (X +h)=f (X.,) = fis
0 AandEaerdlaed E=1+4.
The difference equation
A Vi + Qe-1Vnir—1 T+ @V + aodn = f(n) (0.3)
can be written in terms of E asfollows
(a,F*+a, E¥ '+ ...+, E+a,)y, = f(n) (0.7)

Non-homogeneous Equations

The general solution of a non-homogeneous linear difference equation with constant
coefficients (0.3) is the sum of the complementary function and any particular solution. Here
the complementary function (C.F.) of (0.3) is the general solution of the corresponding
homogeneous equation (0.4). Particular solution, more often known as particular integral
(P.I.) of (0.3), can be obtained by (a) method of undetermined coefficients (b) short cut

inverse operator methods.



(a) Method of undeter mined coefficients

The particular integral is assumed in a particular form depending on the form of the RHS
function f,. On the basis of the RHS functions are chosen and after taking their linear
combination P.I. is formed. That P.l. is substituted on the LHS and comparing the
coefficients are calcul ated.

(b) Inverse operator methods

The non-homogeneous equation (8) can be written as
F(E)y, = f(n) (0.8)

where F(E) = (a,E*+ a,_,E**+ .. +a,E+a,) is afunction of the operator E. Then

Pl= J%Ejf(n]l

Case L. If f(n) =a™ then

3 mn__1 n i
Pl.= L a2 , provided F(a)#0.

plo_ 1 an:n(n—l)(n—Z)....(n—k_l)a
 (E-a) ki

n—k

Case2: If f(n) = sinwun then

PI—Lsinan— 1 (em-e™) 1f 1 a"— 1 b
" F(E) ~ F(E) 2i 2i| F(E) F(E)
wherea=¢€? and h=¢e".

Similarly if f{rn}) = vosan, then




Case4: If f{n) =n™ or polynomial in 1. Replace Eby 1+ Aand expand 1/F(1+ A)
in binomial series in ascending powers of A up to A™ .Express f(n ) in afactorials and use

ﬂ[.t:]“ — 'ﬂ[_t:]ﬂ -1

Case5: If f(nn) = a™V(n)where V() ispolynomial in 7t. Then

PI= —{@"V(m)}=a" ——V(n)

It is clear that the discrete transforms have their great importance in the field of signal
processing but a little is known to us about them. Especialy at the undergraduate level a
very little information is provided to the students about them. Also some new transforms are
emerging which may have their uses in the field of signa processing, which also include
signal compression, pattern recognition etc. Though the main objective of this research isto
make familiarize the different discrete transforms, we have devised a corollary in the
properties of z-transform. The scope of utilizations of the existing discrete transforms will
also be sorted.

This thesis will address Z-transform (Chapter-2), Discrete Fourier transforms (Chapter-3)
and a brief introduction to Wavelet transform (Chapter-4).



CHAPTER-2

Z-TRANSFORM

Before the discussion of the main topic some related topics will be addressed.
Discrete-time signal and systems

A discrete signal has values which are defined only at discrete values of time or some other
appropriate variable, for example space. Such a signal may be generated by sampling a

continuous-time signal at regular time intervalsn , n=0,1,...,where T is sampling period.
Thus if the analog input signal x(t)=€e™ is applied to a digital filter, it will give rise the

sequence  x(n)= > x(t)d (t-nT). For t=nT, the sampled signal sequence is

N=—o0

Discrete signal may also be generated, artificially via some agorithm in a computer. The
amplitude of a discrete-time signa may have discrete values (discrete time, discrete

amplitude), or it may be continuous.

By tradition, a discrete-time signal is represented as a sequence of numbers:

x(m), n=0,1,... (2.1a)
x(n ), n=0.1,... (2.1b)
Xy, n=0,1,... (2.1¢)

Where the symbol x(r1), x(n ) or x,, indicatesthe value of the signal at the discrete time n (or
n ).For convenience we will use the symbol x (i) to denote both the value of the sequence at
the discrete time n and the sequence itself unless we wish to emphasize the difference. The

meaning will be clear from the context.

Let x(t) be an energy-limited continuous-time (analog) signal. If we measure the signal

amplitude and record the result at aregular interval h, we have a discrete-time signal

10



x(n)=x(t,), n=012,.....,N -1 where t, = nh

For simplicity in writing and convenience of computation, x(n) is generally used with the
sampling period h understood. This discretized sample values constitute a signal, caled a
digital signal.

In order to have a good approximation to a continuous band limited function x(t) from its

samples {x(n)}, the sampling interval h must be chosen such that h<p /Q where2Q is

the bandwidth of the function x(t) [i.e.,X(w) = 0 means (Fourier transform of x(t) is zero]

for al |W| > Q). The choice of h aboveisthe Nyquiest sampling rate, and the Shannon recovery

formula

. sinp (t—nh)
neZ p(t_nh)

enables usto recover the function x(t).

A discrete-timeis essentially mathematical algorithm that takes an input sequence, x (1), and
produces an output sequence, ¥(rt). Example of discrete-time systems are digital controllers,
digital spectrum analyzers, and digital filters. A discrete-time system may be linear or
nonlinear, time invariant or time varying. Linear time-invariant (LTI) systems form an

important class of systems used in DSP.

A discrete-time system is said to be linear if it obeys the principles of superposition. That is,
the response of alinear to two or more inputsisequal to the sum of the response of the systems
to each input acting separately in the absence of all the other inputsis equal to the sum of the
response of the system to each input acting separately in the absence of al the other inputs.

For example, if an input xl(n) to the system givesrise to the output v, (1), and another input
xz (), produces the output v (), the response of the system to both inputs will be

ey () + s () - wy vy (n) + wavs (n) (2.2
where u,and u; are arbitrary constants.

A discrete-time system is said to be timeinvariant (sometimes referred to as shift invariant) if
its output is independent of the time theinput is applied. For example, if the input x (1) gives
the output v(r1),then the input x(ri — k) will give the output y(rt — k):

11



x(n)—>y(n) (2.39)
x(n—k)— y(n-k) (2.3b)

That is, adelay in the input causes a delay by the same amount in the output signal. The input-

output relationship of an LTI system is given by the convolution sum
y(r) = Ypo_. h(f)x(n— k) (2.4)

where h(k) is the impulse response of the system. The values of h(k) completely define the
discrete-time system in the time domain. An LTI system is stable if its impulse response
satisfies the condition

Li=—w [R(R)| < 00 (2.5

This condition is satisfied if h(k) is of finite duration or if h(k) decays towards zero as k

increases.

A causal system is one which produces an output only when there is an input. All physical
systems are casua. In general, a casua discrete-time sequence, x(ri), or the impulse

response, h(k), of adiscrete-time system is zero beforetime Othat isx(rn) =0, n < 0,k < 0

The Laplace transform plays avery important role in the analysis of analog signals or systems
and in solving linear constant coefficient differential equations. It transforms the differential
eguations into the complex s-plane where algebraic operations and inverse transform can be
performed to obtain the solution.

Like the Laplace transform, the z-transform provides the solution for linear constant
coefficient difference equations, relating the input and output digital signals in the time

domain. It gives amethod for the analysis of discrete time systems in the frequency domain.

The analysis of any sampled signal or sampled data system in the frequency domain is
extremely difficult using s-plane representation because the signal or system equations will
contain infinite long polynomials due to the characteristic infinite number of poles and zeros.
Fortunately this problem may be overcome by using the z-transform, which reduces the poles

and zeros to afinite number in the z-plane.

12



The purpose of the z-transform is to map (transform) any points=+s +iw inthe s-planeto a
corresponding point z(rL_&) in the z-plane by the relationship z=¢€" where T is sampling

period (seconds)

Under this mapping, the imaginary axis, s = 0maps on the unit circle |z| = 1 in the z-plane.
Also, theleft hand half-plane @ < 0 correspondsto theinterior of theunit circle |z| = 1 inthe
z-plane. Considering that the real part of x is zero, i.e. s =0 we have z=¢€"" =1/ +iwT

which gives the values of z (in polar form) shown asin the following table.

S:0,Ws=2—p
T
iw 0 w,/8 w,/4 3w, /8 w,/2 5w/8 3w, /4 Tw, /8 wy

z=1WT 100 /45 1/90° 1/135 1/180° 1,225 1./270° 1,315 1./360°

The z-transform plays the same role in the analysis of discrete-time signals and LTI systems
asthe Laplace transform does in the analysis of continuous-time signalsand LTI systems. For
example, we shall see that in the z-domain (complex z-plane) the convolution of two time-
domain signals is equivaent to multiplication of their corresponding z-transforms. This
property greatly smplifiesthe analysis of the response of an LTI system to various signals. In
addition, the z-transform provides us with a means of characteristic an LTI system, and its

response to various signals, by its pole-zero locations.

The transform is used to characterize signals in terms of their pole-zero patterns. The z-
transform of asignal is used to obtain the time-domain representation of the signal. The one-

side z-transform is used to solve linear difference equations with nonzero initial conditions.

21 The Direct z-transform

The z-transform of a discrete-time signal x(n) is defined as the power series

X(z)= ) x(n)z™" (2.6)

n=-ow

13



where z is a complex variable. The relation (2.6) is sometimes called the direct z-transform
because it transforms the time-domain signal x(n) into its complex plane representation X(z).

The inverse procedure [i.e., obtaining x(n) from X(z)] is called the inverse z-transform .
For a convenience, the z-transform of asignal x(n) is denoted by
X&) = £{x(n)} (2.7)

Since the z-transform is an infinite power series, it exists only for those values of z for which
this series converges. The region of converges. The region of convergence (ROC) of X(2)

attains afinite value. Thus any time we cite a z-transform we should also indicate its ROC.
Let us express the complex variable z in polar form as
z=re" (2.8)

wherer = |z| and § = 4z . Then X(z) can be expressed as

z=re¥ = i X(n)r’ne’irq

N=—o0

X(2)

Inthe ROC of X(2), |X(z)| < oo . But

x()- < S [x(n)rre |- 3 x(nr

N=—c0 N=—o0

o0

> x(n)re™

N=—o0

Hence |X(z)|isfiniteif the sequence x(r)r~" is absolutely summable.

The problem of finding the ROC for X(z) is equivalent to determining the range of values of
r for which the sequence x(n)r™" is absolutely summable. To elaborate, let us rewrite the

above equation as

x(:])

X(2)< 3 x|+ 3

n=—c0 n=0

gi‘x(—n)r”

-
n=0

If X(z) convergesin someregion of the complex plane, both summations of the above equation
must be finite in that region. If the first sum of the above converges, there must exist values
of r small enough such that the product sequence x(—m)r", 1 <n < o ,is absolutely
summable. Therefore, the ROC for the first sum consists of all pointsinacircle of someradius

rywhere r; < oo. On the other hand, if the second sum converges, there must exist values of r
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large enough such that the product sequence x(r)/r™, 0 < n < oo is absolutely summable.

Hence the ROC for the second sum consists of all points outside acircle of radius > r .

Since the convergence of X(z) requires that both sums be finite, it follows that the ROC of
X(2) is generdly specified as the annular region in the z-plane, r; < r < ry., which is the
common region where both sums are finite. On the other hand, if r; > r;, thereis no common

region of convergence for the to sums and hence X(z) does not exist.
2.2 Importance Properties of the ROC for the z-transform

(1) The ROC does not contain any poles.

(i)  Whenx(n) isof finite duration, then the ROC is the entire z-plane, except possibly z=0
and/or z=oo.

(@iii)  1f x(n) isaright-sided sequence, the ROC will not include infinity.

(iv)  If x(n) is aleft-sided sequence, the ROC will not include z=0.However, if x(n)=0 for
al n>0, the ROC will include z=0.

(v) If x(n) istwo-sided, and if the circle |z|=r;; isin the ROC, then the ROC will consist of
a ring in the z-plane that includes the circle |z|=r. That is the ROC includes the
intersection of the ROC’s of the components.

(vi) If X(2) isrational, then the ROC extends to infinity, i.e. the ROC is bounded by poles.

(vii)  If x(n) is causal, then the ROC includes z=co.

(viii) I x(n) is anti-causal, then the ROC includes z=0.

23 THE ONE-SIDED Z-TRNSFORM

The two sided z-transform requires that the corresponding signals be specified for the entire
timerange—o < 1 < co. Thisrequirement preventsits use for avery useful family of
practical problems, namely the evaluation of the output of non-relaxed systems. Aswe
recall, this systems are described by difference equations with nonzero initial conditions.
Sincetheinput is applied at afinitetime, say i, both input and output signals are specified
for n > iy, but by no means are zero for 1 < ;. Thus the two-sided z-transform cannot be
used.

2.3.1 Definition and properties

The one-sided or unilateral z-transform of asignal x(n) is defined by
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No confusion will arise asin this case n will take only non-negative integral values, whereas
in the case of direct z-transform n can take both negative and positiveintegral values. The one-
sided z-transform differs from the two-sided transform in the lower limit of the summation,
which is aways zero, whether or not the signal x(n) iszerofor n< 0 (i.e., causal). Dueto this

choice of lower limit, the one-sided z-transform has the following characteristics:

o] It does not contain information about the signal x(n)for negative values of time (i.e.,
for an n<0).

o] It isunique only for causal signals, because only these signals are zero for n<0.

0 The one-sided z-transform X (z) of x(n) is identical to the two-sided z-transform of

thesignal x(n)u(n). Since x(n)u(n) is causal, the ROC of its transform, and hence

theROC of X (z) isawaysthe exterior of acircle. Thuswhen we deal with one-sided

z-transforms, it is not necessary to refer to their ROC.

2.3 Thelnverse z-transform

Often, we have the z-transform X (z) of asignal and we must determine the signal sequence.
Theinverse z-transform (1ZT) allows usto recover the discrete-time sequence x (i), given its
z-transform. The procedure for transforming from the z-domain to the time domain is called

the inverse z-transform. Symbolicaly, the inverse z-transform may be defined as
x(n) = £7X ()] (2.9
where X (z) isthe z-transform of x (1) and £~ tisthe symbol for the inverse z-transform.

The mathematical basis for obtaining x (i) from X (z) can be derive by using the Cauchy

integral theorem, as zisa complex variable.

Since X (z)= i x(n)z™", let usmultiply both sides of by 2"~ and integrate both sides over

k=—w

a closed contour within the ROC of X ().which encloses the origin. Thus we have........

JX (2= Y x(k) 2z (2.10)

16



where C denotes the closed contour in the ROC of X (xz), taken in a counter clock-wise
direction. Since the series converges on this contour, we can interchange the order of

integration and summation on the right-hand side of (2.10). Thus (2.10) becomes
!‘[_ X(z)2"dz= Y i w(k)z2 " dz (2.11)
k== t

Using the Cauchy integral theorem, which states that

Lk=n

— || 2" dz = 212
2pi -[ ‘ {O,k;tn 212

where C is any contour that encloses the origin. By applying (2.12), the right-hand side of

(2.11) reduces to 2pi x(n) and hence the desired inversion formula be
x(n) = L ;_[ X (zyz"'dz (2.13)
2pi

Although the contour integral in (2.13) providesthe desired inversion formulafor determining

the sequence x(n) from the z-transform, it is not generally used to obtain inverse z-transforms.

In practice ,X (x) is often expressed as aratio of two polynomialsin z* or equivalently in z:

botbyz™ bz E by

gtz Y hage ™ 2t tapeM

X(2) =

(2.14)

In this form, the inverse z-transform, x (1), may be obtained using one of several methods

including the following three:

Q) Power series expansion method;
(2 Partial fraction expansion method,
3 Residue method.

Each method has its own merits and demerits. In terms of mathematical rigour, the residue
method is perhaps the most elegant. The power series method, however, lends itself most
easily to computer implementation.

2.3.1 Power series method

Given the z-transform, X (z), of a casual sequence as in Equation (2.14), it can be expanded

into an infinite seriesinz=* or z by long division (also called synthetic division):
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By+hge Yebge i ey

X =

iyt Mo em i e g M
=x(0)+x(Dz ' +x@)z* +x(B)e ™ + - (2.15)

In this method, the numerator and denominator of X (z) arefirst expressed in either descending

powers of x ascending powers of =~ and the quotient is then obtained by long division.

The long division approach provides us the following relations:

x(0)=hy,/ay; x(l):[bl—x(o)al]/ao; x(2):[b2—x(1)a1—x(0)a2]/ao;
X(3) =[b,~ x(2) 2~ x(1) 2, ~ X(0)a, ]/ 8y +vvvvvee... x(n):[bn_ix(n_i)ﬂ/ao.

i=1

n

Thus we have x(n):[bn—Z“x(n—i)ey}/a0 for n>1 and x(0)=h,/a,

i=1
2.3.2 Partial fraction expansion method
In this method, the z-transform is first expanded into a sum of simple partia fractions. The
inverse z-transform of partia fraction is then obtained from tables (such atable is presented

as Table 2.1) and then summed to give the overall inverse z-transform. As has been considered

earlier, let we have given

bbby abge 4wl

X(2) = (2.16)

oty e Yhuge 24 +ape ™
If the poles of X (k) areof first order and ¥ = M, then X () can be expanded as

C C C
1 — + 2 — ++—M —
1—pyz7'  1—pyz! 1—puz™?

X(2) =By +

=B, +

M
Gz , Gz | Cu? =B+, G2 (2.17)

z-p z-Pp,  Z-Py =i}

where g, arethe poles of X () (assumed distinct), €, are the partial fraction coefficients and
Be = by/uy (2.18)

The €}, are aso known as the residues of X (), by definition.

If the order of the numerator is less than that of the denominator in Equation (2.16), that is
N < M, then Bgwill be zero. If N > M then X (2) must be reduced first, to make N < M, by
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long division with the numerator and denominator polynomials written in descending powers

of z~1. The reminder can be then be expressed as in Equation (2.17).

The coefficient, €};, associated with the pole p;; may be obtained by multiplying both sides of
Equation 4.15by (z — pg)/z and = = py :

X(2)

C = (Z_ pk)

z=py
If X(z) contains one or more multiple-order poles (that is poles that are coincident) then extra
terms are required in equation (2.17) to take this into account. For example, if X(z) contains

an mth-order pole at z = p;, the partial fraction expansion must include terms of the form

i1 (2 py)

The coefficients, D;, may be obtained from the relationship

) :(mii)!c(ijz—n”:ii[(z_ pk)m@}

2.3.3 Residue method

z=p

In this method the IZT is obtained by evaluating the contour integral

x(n) = $| [z (2)dz (2.19)

where C is the path of integration enclosing all poles of X(z). For rational polynomials, the
contour integral in equation (2.19) is evaluated using afundamental result in complex variable

theory known as Cauchy’s residue theorem :

_ 1

x(n) = i |L_ z"X (z)dz

= sum of theresidues of 2" X (x) at all the polesinside C.

In the last section, it was stated that the partial fraction coefficients, the ;, , are also referred

to asresidues of X(z) and away of obtaining their valueswas given. Thekey point to remember
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isthat every residue, Cy, is associated with apole, p, . In the present method, the residue of

z"'X(z) atthepole p,isgiven by

Res[ F (2), pk]:(m—]_'l)!j%mll[(z— pF(2)],., (2.20

where F(2) = £"7'X (), mistheorder of the pole at p, and Res[ F (z), p, | istheresidue

of F(z) a p,. For asimple (distinct) pole, equation (2.20) reduces to

Res[F (2),p, ]=(2- ) F(2)=(2- D) ZX (2)

2.4
(i)

(i)

(iii)

(iv)

(v)

(vi)

(2.21)

Z=Py

PROPERTIES OF Z-TRANSFORM

Linearity

Z
Z{ax(n)tax,(n)j=aX(z)£a,X,(2)

Scaling in z-domain

If Z{x(n)}=X(z) with ROC:r, <|z]<r, then Z{a“x(n)} = X(a‘lz) with
ROC :|a|r, <|Z] <[a]r,

Timereversal

If Z{x(n)} = X (2) with ROC:r, <|z]<r, then Z{x(-n)}=X(z") with

ROC:—1<|z|<l
r r

1 2
Differentiation in the z-domain or multiplication effect of n

dX (2)
dz

If Z{x(n)}=X(z) then Z{nx(n)}=-z

Convolution of two sequences

If Z{x (n)}=X,(z) and Z{x,(n)} = X,(z) then
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(vii) Correlation of two sequences
If Z{x (n)} = X,(2) and Z{x,(n)} = X,(z) then

z{i xl(n)Xz(n—U}: X,(2) X, (")

N=—0

(viii) Multiplication of two sequence
If Z{x (n)} = X,(2) and Z{x,(n)} = X,(z) then
2 (% (M) = X (2)= 5 05X 2

2pi
(ix)  Parseval’s relation

If x(n) and x,(n) are complex-valued sequences, then

Z ixl(n)xz(n) :ii!j'.‘{.(v)xz vi Vv
2p

N=—o0
(x) Initial value theorem

If Z{x(n)} = X(2), x(n) iscausal [i.e, x(n)=0 for n<0], then x(0)=lim X (2)

Z—0

(xi)  Final valuetheorem.

If Z{x(n)}=X(2) then Iimx(n):lzigl](z—l)x(z)

n—oo

Corollary-1: As Z{a"} = then
l-al/z
7 n(n—l)(n—2)...(n—m—1)an,m _d 1 nem
m! da"|1-al/z
Proof: From the definition Z{a"} = > a"z " =1+az ' +a’z* +..... =(1—az‘1)_l: .
rrt 1-alz

. 1
i.e. Zia"t= .

{ } l1-alz
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If we consider a as parameter then we can differentiate both sides with respect to a, thus we

will have i[z{a"}}i{ ! } Upon interchanging the differentiation and
da da|1-a/z

transformation operator we get Z {na”‘l} = ﬁ; n>1
z(1-alz

The above result can be easily verified using the properties, as follows:

Z{a”’l}:ia”’lz’”:z’1+az’2+azz’3+ ......
n=1
] -1 22 _ 1 _ 1
-z (1+az +a’z +"")_z(1—a/z)_z—a

So Z{na"*} can be obtained using the muitiplication effect of n. Thus

Z{na“‘1}=—zdi{ 1 }: z = 1 - nx1
zlz-a] (z-a)" z(1-alz)

Continuing the process m times and after simplification we will get the result.

Table 2.1: Some important Z-transform, with ROC

x(n) X(2) ROC
d(n) 1 Entire z-plain
1 17>1
u(n) 1-z7*
a'u(n) 1 |7 >d]
1-az*
e"u(n) 1 7> e
] 1-ez*
cosbn)u(n 1
( Juln) 1-z*cosb 4>
(sinbn)u(n) 1-z*'cosb +z? 17>1
z'sinb

1-z'cosb + 272

Now some example will be presented.
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Problem 2.1: Find the z-transform and indicate the ROC of the following problems

()  x(n)={2,534,9}

x(n) _ {l,—l,?,&?}
Gy x(n)=d(n)

i) x(n)

v x(n)=d(n+k

(i1)

vy Xm=u)=1" g

Solution:

() Given that,
x(n)={2534,9}
Here, x(1)=2,x(2)=5,x(3)=3,x(4)=4,x(5)=9,

Weknow, X (z)= Zw: x(n)z™"

-n

X
—~
N
~
I
Mo

X
—~

>
~

N

=x(0)2°+x(1) 2+ x(2)z*+x(3)z° + x(4) z**
=2+52"'+3z?+4z2°%*+9z*
ROC: Entire z-plane except z = 0.
(i)  Giventhat, x(n)={1’_1’$’5’7}
Here, x(-2)=1,x(-1)=-1,x(0)=2,x(1)=5,x(2)=7,

Weknow, X (z) = > x(n)z "

nN=-ow
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2

=2 x(

=x(-2)z* +x:(_ )z+x( )2’ +x(1) 2z +x(2) 2
=7 —7+2+52"'+727

ROC: Entire z-planeexcept z = 0 and Z=00

(iii)  Giventhat,x(n)=d(n)={10,0,0.....

Z{x(n)}=2{d(n)}=3d(n)z"
=1z°+ 0z "+ ....,snced (n)={1,0,0,0.....}

ROC: Entire z-plane.
(iv)  Given that,
x(n)=d (n-k)
Weknow, if Z{x(n)}= X(z )then Z{x(n-k)} =z*X(z) and Z{d (n)} =1
z*1=

Z{d(n-k)}=

ROC: Entire z-plane except z = 0.
(v) From the definition

Z{d(n+k)}=id(n+k)z‘”:0+0+....+1.z“""+0+0+ ..... =z
1L n=-k

=0
Since d (m) = ol ,thus d (n-k)=
0, m=0 0, n#-k

ROC: Entire z-plane except z=o0

(vi)  Giventhat, x(n)=u(n) :{i’ :ig

Weknow,u(n)={111,....}

Thus Z{x(n)} = i u(n)z"=..0+0+1.2° +1.2 +1.2% +...

N=—00
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ROC: The ROC istheinterior part of thecircle |7 =1 i.e, where |7 <1

Problem 2.2: Find the z-transform of x(n)=a"u(n)+b"u(-n-1)

0 m<0

Solution: ~ We know, u(m)z{1 >0

, thus u(—n—l)z{

and Z{x(n)}=> x(n)z"

Z{x(n)} =Z{x(n)}+Z{x,(n)}, from linearity property

= Z{a”u(n)} + Z{b”u(—n—l)}

= i a"z"+ i b"z™"
n=0

N=—o0

= i a'z"+ Zw:b‘“z”
n=0

n=1
= (1+ azt+a’z?+ ....)+(b‘lz+ b2z +b3Z + )
= (l+ az'+a’z?+ ) + b‘lz(1+ blz+b?Z + )

1 bz
= ot 1
l1-az= 1-bz

provided ‘az‘l‘ <1 and ‘b‘lz‘ <1

The first condition requires that |z>|a| and that for the second is |z]<|b| . If both the

conditions are not satisfied simultaneously then we will not get the required transform. Both

the conditions can only be satisfied if |a| < |b| , thus z will lie within an annular region. In this

case z-transform will exists and ROC be |a| < z<|b].

Problem 2.3: Find the z-transform of

() x(n)=u(-n) (ii) x(n)=na"u(n)
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(i)

Solution:

From the definition we have

0 0

Z{x(n)}=> x(n)z"=> u(-n)z" = i z" zgz“ =1le; 1z<1

N=—o n=—w n=—w

(i) To determine the z-transform we first try to find the z-transform of a"u(n) . From the

definition we have,

Z{a”u(n)}: i a”u(n) :ganzn —1+azt+azri+.. =(1—az‘1)_l

N=—o00

— provided ‘az‘1‘<1 e, |Z>[a

1-azt’
But we know if Z{x}(n)=X(z) then Z{x(n)}:—z%X(z)
Z{na”u(n)}:—zi( 1 j: az’ with the condition |z > |a
dz\1-az™ (1_ az‘1)2

Problem 2.4: Find the inverse z-transform of Iog(1+ az‘l), ERE!

Solution:

Let, X(z)= Iog(1+ az‘l)
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= z{(-a)" " u(n-1)} = e n>1
2{a(-a)"u(n-1)} - 1fzaz ns1

Againweknow if Z{nx(n)} =-z—X(2)

tusit 220 x(2)] = y(n) e 2 * (2 =1

()™ a"u(n-1)

Hence Z {(1+ az‘l)} =

Problem 2.5: Find the inverse z-transform of (1— 27+ 2‘2)(1+ 27 +47%+87°3 +16z‘4)

Solution:

We have the convolution theorem as:

If Z7*{X,(z)} =x(n) and Z*{X,(2)} =x(n)

then Z‘l{Xl(z)Xz(z)}:mimxl(m)xz(n—m)

Here Z'{1-27-77%}={1-21}

and Z*{1+27'+42° +82°+162*} ={2"} where 0<n<4

zt {(1— 271+ 7?)(1+22" + 427 +82° +162°* )}

= > % (m)x,(n-m)

where x, (m)={1-2,1} and xz(m)z{zm} ,0<m<4
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%(1)=0,i<0, % (0)=1, x(1)=-2,%(2)=1, x(k)=0; k>2
and
%(i)=0,i<0, %(0)=1, % (1) =2, %,(2) =4, %(3) =8, %,(4)=16, X,(j)=0; j>4.
Sowewill have to calculate terms
%(0)%(0) 3 %(0)% (1) +% (1)%(0); % (0) % (2)+x% (L)% (1) +x(2)%(0);
%(0)%(3)+%(1)%(2)+%(2)%(1); % (0)%(4)+% (1) % (3) +%(2) % (2);
% (1) % (4)+%(2) %, (3)+%(2)x,(2) and x,(2)x,(4)
Andthevaluesare 1, 2—2, 4-4+1, 8-8+2, 16-16+4, —32+8,16
i, {1,01,2,4,-24,16)
Thus we have the required inverse transform as
{1.0.1,2,4,-24,16}
Note: The result can also be obtained by the following way

(1— 2zt + 2‘2)(l+ 2z'+47%+87° +l6z‘4) =1+722%2+27°%+47%-247°+167°°

which is nothing but the z-transform of ~ {1,0,1,2,4,-24,16}

Problem 2.6: Find the inverse z-transform of >
(1-a2”)

Solution:

Weknow, Z {
1-az

1 1}: a"u(n)

and the convolution theorem as Z*{X,(z) X,(z)} = i % (M) x, (n—m)

where Z7*{X,(2)} =x(n) and Z*{X,(z)} = %,(n)
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- iama”’m = a”ilz (n+1)a“

m=0 m=0

Problem 2.7: Solve the difference equation using Z-transform
y(n+2)-4y(n+1)+3y(n)=5"; given y(0)=1,y(1)=1
Solution:  Given that,

y(n+2)-4y(n+1)+3y(n)=5"; y(0)=1,y(1)=1
Let Z{y(n)}=Y(2)
Taking Z-transform on the both sides of the given equation we get

Z{y(n+2)}-4z{y(n+1)}+3Z{y(n)}=Z {5}

z z(z-3)

(z-3)(z-1)(z-5) " (z-3)(z-1)

or, Y(z)=
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1 1 1 1

21 (z-1)(1-3)(1-5)  (3-1)(z-3)(3-5) ' (5-1)(5-3)(z-5)

1 1/8 1/4 1/8
= + - +
z-1 z-1 z-3 z-5

B 9/8_ 1/4 N 1/8
z-1 z-3 z-5

1 1 1 1 1
1-1/z 4 1-3/z 8 1-5/z

i.e, Y(z):g

Taking inverse z-transform we get

9 1 1
:_1n__3n _5n
y(n) 8 4 +8

. 9 1 1
e, =—--3+=5
i.e, y(n) 523 g
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CHAPTER-3

DISCRETE FOURIER TRANSFORM AND FAST FOURIER TEANSFORM

Frequency analysis of discrete-time signalsis usualy and most conveniently performed on a
digital signal processor, which may be a general-purpose digital computer or specially
designed digital hardware. To perform frequency analysis on adiscrete-time signal{x (1)}, we
convert the time-domain sequence to an equivalent frequency-domain representation. We
know that such a representation is given by the Fourier transform X (w) of the sequence
{X(r)}. However, X(w) is a continuous function of frequency and therefore, it is not a
computationally convenient representation of the sequence {X(r1)}. The discrete Fourier
transform (DFT) and inverse discrete Fourier transform (IDFT) are computational tools that
play a very important role in many digital signal processing applications, such as frequency
analysis (spectrum analysis) of signals, power spectrum estimation, and linear filtering. The
importance of the DFT and IDFT in such practical applicationsis due to alarge extent on the
existence of computationally efficient algorithms, known collectively asfast Fourier transform
(FFT) agorithms, for computing the DFT and IDFT. For the sake of quick understanding to

the engineers, in this chapter V=1 will be represented by j, though generally we represent that

by i. Before discussing about DFT and others we will present some related topics first.
TheFourier Transform

Recall that a periodic signal x,(t) with periodic T and its exponential Fourier series

coefficients X [k] arerelated by

TI2

X, (t) = i X [k]e!® X[k]:% I x, (t)e 't (3.1)

k=—0 -T/2

If the period T of a periodic signal x,(t) is stretched without limit, the periodic signal no
longer remains periodic but becomes asingle pulse x(t) corresponding to one period of x, (1)
The harmonic spacing f,=1/T approaches zero, and its Fourier series spectrum becomes a
continuous curve. In fact, if we replace f, by an infinitessimally small quantity df — 0 the

discrete frequency kf, may be replaced by the continuous frequency f. Thefactor 1/T inthe
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